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1. Introduction

Until recently it was impractical to use general purpose computer algebra systems to
investigate Chevalley groups except for those of small rank over small fields. But computer
algebra systems (such as Magma (Bosma et al. 1997) and GAP (Schonert et al. 1994)) now
have the power to deal with some aspects of all finite groups of Lie type. A natural way
to represent these groups is via matrices over the defining field. Thus, for computational
purposes, there is a need to provide matrix generators for these groups. This has been
done for the classical groups (Taylor 1987, Rylands and Taylor 1998) and now it remains
to extend this to all finite groups of Lie type.

It is the purpose of the present paper to give a uniform method of constructing gen-
erators for groups of Lie type with particular emphasis on the exceptional groups. The
constructions described here could be carried out within any computer algebra system
and, in particular, have been implemented in Magma. This completes the determination
of matrix generators for all groups of Lie type, including the twisted groups of Steinberg,
Suzuki and Ree (and the Tits group).

The Lie algebras and related Chevalley groups of types A,, B,, C, and D,, can be
identified with classical groups (Carter (1972), §11.3), and in Taylor (1987) and Ry-
lands and Taylor (1998) this identification was used to translate the generators given by
Steinberg (1962) to matrix forms.

The constructions in this paper rely on an investigation of the root systems of Lie
algebras, providing a uniform approach and avoiding case by case discussions of non-
associative algebras. In each case (except Eg) we obtain the lowest dimensional module
for the Lie algebra via an embedding in a Lie algebra of higher rank.

2. Modules

In this section we prove two theorems about Lie algebras and root systems for use in
the remainder of the paper. For notation and general facts about Lie algebras see Carter
(1972) or Humphreys (1972).

Let £ denote a complex semisimple Lie algebra with root system ®, fundamental roots
A, Cartan subalgebra H and Cartan decomposition £ = H @ @ .4 Lao- For each a € ®
choose e, € L, so that { e, | & € ® } together with the elements h, = [eq €_4] for a € A
forms a Chevalley basis for £ (Carter (1972), Theorem 4.2.1). In particular, { hy, | @ € A}
is a basis for H, @ is a subset of the dual space of H and [heg] = B(h) for all h € H. We
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let ®T denote the set of positive roots with respect to A and put &~ ={—a | a € ®* }.
The height of a root is the sum of its coefficients when expressed as a sum of fundamental
roots.

Let x denote the Killing form on the dual of H. Then («, ) = 2x(«, 8)/k(5, ) is
linear in the first variable and if A = {a,...,as}, the i j-th entry of the Cartan matrix
is (s, ).

When a + 8 € ®, write ¢, g for the structure constant given by [eq 5] = a5 €ats-
For convenience, define c, g to be 0 when « 4 3 is neither 0 nor a root.

As usual, the adjoint action of £ on itself is defined by (ad x)y = [z y].

THEOREM 2.1. Let L be a semisimple Lie algebra with root system ® and fundamental
roots A. Given a subset Ay of A, let &1 be the root system generated by Ay and let L4
be the corresponding Lie subalgebra of L. For v € ®\ &y, let

X ={ae®|a—ryisin the span of Ay }.

Then the subspace V' of L spanned by the e, where a € X is an L1-module of dimension
| X1

PROOF. The restriction of the adjoint action of £ to £; allows us to view £ as an £;-
module. For @ € ®; and # € X it is clear that a + 3 — ~ is a linear combination of
elements of Aj. Therefore, if o + § € ®, then o+ 8 € X and hence ad(e,)es € V.
To complete the proof that V is an Li-submodule of £ we note that we cannot have
a+ 3 =0, otherwise —y would belong to the span of Ay, contrary to the choice of . O

Beginning with a Dynkin diagram for £, and a finite field IF, we give an algorithmic con-
struction of an £1-module V' and of the matrices representing the action of exp(t ad(ey))
on V (with respect to the basis indexed by X of Theorem 2.1), where o € ®; and t € F.

In each case we label the fundamental roots with lower case letters a,b,c,... . This
provides a natural total order < on A and we suppose that A\ A; = {w} where w
is the last element of A. Let V' be the £i-module corresponding to v = w. We see
from the proof of Theorem 2.1 that X consists of the roots in which the coefficient
of w is 1 when expressed as a linear combination of fundamental roots; in particular,
X C ®*. The Dynkin diagram is conveniently described by its Cartan matrix and, given
this information, the algorithm of Jacobson (1962), p. 122 (and sketched in §11.1 of
Humphreys (1972)) constructs the positive roots of ® such that roots of equal height are
ordered lexicographically. We shall write a < 3 to indicate that o comes before § in this
order.

To obtain upper triangular matrices for the linear transformations ad(e,) when « is
positive, we order X, and hence the basis {e, | @ € X } of V, according to the reverse of
Jacobson’s ordering. Given a € ®4, the matrix of the restriction of ad(ey) to V has ¢o 3
in the row indexed by a + 3 and the column indexed by 3, whenever o + 3 is a root.

The assumption that we are working with a Chevalley basis for £ means that the c, g
are determined up to a sign. In fact co 3 = £(r + 1) where r is the greatest integer such
that § — ra is a root. In order to determine the sign we follow the method of Carter
(1972), §4.2. For each positive root v which is not a fundamental root we choose the
least fundamental root « (in the total ordering <) such that § =y — « is a root. In the
terminology of Carter, («, 3) is an extraspecial pair. The signs of the structure constants
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Ca,p for extraspecial pairs (a, 3) may be chosen arbitrarily and then all other structure
constants are uniquely determined.

Given the ordered set of positive roots it is a straightforward matter to determine the
extraspecial pairs. Then for roots a and 3 (a4 # 0) we may use the following algorithm
(derived from Carter (1972), Theorem 4.1.2) to determine the ¢, g recursively, given that
we take ¢, 5 to be positive whenever («, ) is an extraspecial pair. The Killing form on
the dual of the Cartan subalgebra of £ is completely determined by the Cartan matrix;
namely

4t
klag, o) = Y where
! tiitj;
tiiy = Y (aai){aa;).
acd

STEP 1. «+ (8 is not a root.
In this case co,3 = 0 and from now on we may suppose that a + 3 is a root.

STEP 2. height(a) > height(03).
Then cq,3 = —¢B,o and now we may suppose that height(a) < height(3).

STEP 3. « is negative.

STEP 3A. [ is negative.
Then ca,3 = c-8,-a-
STEP 3B. [ is positive.

If £ = a+ B is negative, then co,3 = M, whereas if £ is positive,
k(o @)
K’(£7 g)cfa 13
then co,3 = —>—=——=. Return to STEP 2.
’ T R(8.5)

STEP 4. « is positive.

Let (g,m) be the extraspecial pair for o + 3 so that a + 3 =¢+n. lf ¢ = q,
then ca,p = r + 1, where r is the greatest integer such that 8 — ra is a root. If
€ = f3, then co,3 = —1. Otherwise,

k@t B.a4f) [ ceptya __cewe s
o r+1 k(B—¢e,B—¢) kla—g,a—c¢))’

where r is the greatest integer such that n — re is a root.

The same choice of structure constants is made in Gilkey and Seitz (1988).

For the case in which all elements of ® have the same length a considerable improve-
ment to the algorithm can be obtained via the following theorem. Furthermore, in this
case, ad(e_q)€ats = C_a,a+p€s = Ca,p€p (see STEP 3B above) and so the matrix of
ad(e_q)|v is the transpose of the matrix of ad(eq)|v .

THEOREM 2.2. Given that ® is a root system with fundamental roots A where ®* is
totally ordered by < (as above), suppose that all roots have the same length and that the
structure constants are determined by the algorithm just described. Then for a € A and
B € ® such that o+ 3 € ® where the expression for B as a sum of fundamental roots
involves some w = «, we have

_ 1 ifBedr
BTN 1 ifged.
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PROOF. Suppose at first that 3 € &+ so that o+ € ®*. All roots have the same length
and so the a-chain through £ is 3, a+ 3. By Carter (1972), §4.2 this forces ¢, g to be £1.

Because « is positive, we determine ¢, g via STEP 4 of the algorithm. If (e,7) is the
extraspecial pair for a + (3, then a + 8 = ¢+ n and n — € is not a root. Because € < a,
it is not possible to have ¢ = [ whereas if ¢ = «, then ¢, 3 = 1 and in this case we
have finished. Thus we may suppose that ¢ < a. Then c, 3 = c_. gc_yo since o — ¢
is not a root and therefore c_. o = 0. Now ¢4 g # 0 and therefore c_. g # 0, whence
0 = f—e =n—ais a (positive) root which involves w > €. Thus STEP 3B of the algorithm
shows that c_. 3 = cc s = 1 by induction. Again using STEP 3B we have c_y o = ca,s =1
by induction. It follows that c, 5 = 1.

It remains to consider the case in which 3 € ®~ and a + 3 € ®. Then —a — 3 € &+
and, as in STEP 3 of the algorithm, we have ¢, g = —Ca,—a—p and the result follows from
the case already dealt with. O

COROLLARY 2.1. Suppose that ®, ®1, A, Ay and X are as above with A\ Ay = {w}. If
all roots have the same length, then cq 3 =1 for all« € Ay, B € X such that o+ € X.

3. Lie algebras and groups of types Fs, E7, Fs, Fy and G,

The Weyl character formula shows that the smallest degree of a non-trivial (irreducible)
representation of the complex Lie algebra of type G2, Fy, Eg, E7 and Ejg is respectively
7, 26, 27, 56 and 248 (Tits (1967), pp. 41-50). Theorem 2.1 enables us to write down
representations of the Lie algebras of types Eg and E; of degrees 27 and 56 respectively
whereas the dimension of the adjoint representation of Fg is 248.

In order to obtain representations of minimal degree for the Lie algebras of types
Gy and Fj we realize them as the fixed points of graph automorphisms of D4 and FEjg
respectively (see § 3.4). The modules for the Lie algebras of types Dy and Eg obtained
from Theorem 2.1 via the inclusions Dy C Dg and Eg C E7 restrict to modules for Go
and Fj of dimensions 8 and 27 respectively. In both cases there is an invariant submodule
of codimension 1 affording representations of dimensions 7 and 26 respectively. It turns
out that all the representations considered so far are subrepresentations of the adjoint
representation of Fg.

The use of a Chevalley basis in our construction of the modules means that each module
comes equipped with a Z-form, and therefore the usual Chevalley construction (Carter
1972, Chapter 4) yields matrix groups over all fields. In general the group so constructed
is a central extension of the simple group. Steinberg (1962) has given pairs of generators
for the simple groups, and hence we obtain pairs of generators for the central extensions.

In most cases the representations obtained are irreducible. However, when the Lie
algebra has type Gy or Fy and the field has characteristic 2 or 3 respectively, there is a
submodule of dimension 1 whose quotient is an irreducible module of dimension 6 or 25,
respectively.

For the remainder of the paper we shall consider a simple Lie algebra £ and a repre-
sentation ¢ : L — gl(£,C) of L by £ x ¢ matrices. For each e, € L, the matrix ¢(e,)
will have integer entries and be the restriction of ad(e,) to a suitable module, hence
nilpotent. Moreover, for any field F and £ € F the sum

2

7a(€) = (€6 (ea)) = 1+ E6(ea) + Sy6(ea)? + -
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will be finite (it will never have more than 3 terms) and defined over F. The Chevalley
group associated with £, ¢ and the field F, of order g is

Golg) = (2a(§) | £ € Fy, € @).

In what follows we let I denote the identity matrix and Fj;; denote the elementary
matrix with 1 in the 7j-th position and 0’s elsewhere; £ will be always be an element of
the relevant field.

Following Carter (1972), §6.4, for each positive root o we take

na(g) = xa(g)x—a(_g_l)xa(g) and
o, o (§)na(—1).

Then h ¢ satisfies
hagrg(W)hy e = xa(6 7 v)

for all v € F and 3 € ® and so may be identified with the element h in Theorem 3.4 of
Steinberg (1962). In each case the matrix hq, ¢ will be diagonal.

Finally, n will always be a product (in some order) of the n, (1) where a € A; that is,
it will correspond to a Coxeter element of the Weyl group.

3.1. Fy

Label the fundamental roots as indicated in the diagram
O—O—Ib—Q—O—O—Q
a c d e f g h

The degree of the smallest representation is 248. This is the dimension of the Lie algebra
of type Eg, and so the Chevalley construction for the field F, produces the (simple)
adjoint group Fs(q).

In this case, for e € L, ¢(e) is the matrix of ad(e) with respect to the Chevalley basis.
The Lie algebra is generated by the matrices ¢(ey), where +a € {a,b,...,h}. Each
matrix has at most 61 of its 61, 504 entries non-zero but this is still too large to be given
here. However, Theorem 2.2 and the fact that ¢(e_,) is almost the transpose of ¢(ey)
allows these matrices to be computed rapidly. From these we get generators for the group
Es(q):

1
za(§) = T+&d(ea)+ §£2¢(ea)2 for £a€{a,b,... h},
where ¢ € [Fy. Using these elements we have

na(€) = 2o(6)r_o(—E Hra(€) for a € {a,b,..., h},
n nn(ng (Dn g (Dne(Dna(L)nc(1)ny(1)na(1)  and

hng = na(Enn(=1).

It follows from Steinberg (1962), Theorem 3.11 that Eg(q) is generated by

{ hi,u and xp(1)n for ¢ > 3

xp(1) and n for ¢ < 3,

where p is a primitive element of F,.
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3.2. B,

The Dynkin diagram for E; is

labelled to be consistent with the diagram of type Eg. We use Theorem 2.1 with A; =
A(E7), A = A(Es) and v = h to construct a representation space V of dimension 56 of
the Lie algebra of type F7. The basis for V is { e, | « € X } with X defined and ordered
as in §2 (so that X = {2a+3b+4c+6d+5e+4f +3g+h,....,f+g+h,g+h,h}).
The ordering ensures that the matrix ¢(e,) of ad(e,)|v is upper triangular for each root
a € T (FE7). By Corollary 2.1, for all @ € Ay, every nonzero entry of ¢(e,) is 1.

Since ¢(e_, ) is the transpose of ¢(e,) for any root «, the following elements and their
transposes generate the Lie algebra:

¢lea) = Ers+ Egi10+ E1112 + E13.15 + E1618 + E19,22 + Es5,38
+ E39,41 + E42,44 + Fu5.46 + Ea7,48 + Ea9 50,

dley) = FEse+ Erg9+ Eg 10+ Eoo23 + Eoa.26 + Ea7,29 + Eas.30
+ E31,33 + E34.37 + Ey749 + Eug 50 + Es1,52,

¢lec) = Esz+ Eso+ E1214+ E1517 + E1s.21 + Ea2,25 + E32.35
+ E36,39 + Ea0,42 + E43 45 + Esg 51 + E50,52,

¢leq) = FEas+ Egi11+ Evo12 + Ei7,20 + Eo1,24 + Eo5.98 + Eag 32
+ E33,36 + E37,40 + Eu5,47 + Ei6,48 + Es2 53,

¢lee) = Esa+ E1113+ Ei2,15 + E1a,17 + E24.27 + Fag 29 + Eog 31
+ E30,33 + E40,43 + E42 45 + Ea4,46 + E53 54,

dley) = Ea3+ Ei1316+ E1518 + E17.21 + E20,24 + F23 96 + E31.34
+ E33,37 + E36,40 + E39.42 + Ea1,44 + Fsa55 and

dleg) = FEia+ Ei19 + Eig22 + Eo1,95 + Foa 28 + Eo6,30 + Eor31

+ FEag 33 + E32 .36 + E35,39 + E35 41 + Es5,56-

The matrix group G,(q) is generated by the elements z,(£) = I +£¢(eqn) (as ¢(eq)? =
0) for +a € {a,b,...,g} and £ € F,,.

In general we have ny(§) = 24(§)z—a(—E Hza(§) and hae = na(€)na(—1). The
centre of Gy(q) is generated by hy _1he —1hg—1 = —I and thus Gy4(q) is 2E7(q) (the
central extension of the simple group FE7(g) by a group of order 2) when ¢ is odd or
E7(q) when ¢ is a power of 2.

The diagonal matrix hg ¢ has its ith diagonal entry equal to

& if ¢ = 1,16, 18,21, 24, 26, 27, 29, 32, 35, 38 or 55,
€71 ifi=2,19,22,25,28,30,31, 33,36, 39, 41 or 56,
1 otherwise.

A Coxeter element is the matrix n = ny(1)n(1)ne(1)nq(1)n.(1)np(1)ng(1). Its nonzero
entries are equal to 1 for the indices
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(17, 26),(18,25),(19,5),(20,29),(21,30),(22,7),( 3,3 ),( 4,33 ),( 6 ,41),

(27,37), (20, 44), (32, 46), (35, 50), (38, 52), (39, 32), (41, 35), (42, 36), (44, 39),

(45,40), (46,42), (47,43), (48,45), (51,49), (52, 53), (53, 54), (54, 55), (55, 56)
and —1 for

(2,1),(3,2),(4,3), (5,4), (6,8), (7,6), (8,9), (25, 11), (28, 13), (30, 20), (31, 16),
(33,24), (34,19), (36, 27), (37, 28), (40, 31), (43, 34), (49, 48), (50, 51), (56, 47).

It follows from Steinberg (1962), Theorem 3.11 that G4(q) is generated by

hg.. and z4(1)n  for ¢ >3
zg(1) and n for ¢ < 3,

where p is a primitive element of F,.

3.3. Eq

The Dynkin diagram for Fg is

labelled to be consistent with the diagram of type F;. We use Theorem 2.1 with A; =
A(Es), A = A(E7) and v = g to construct a representation space V' of dimension 27 of
the Lie algebra of type Fg. The basis of V' is indexed by X and ordered as in §2, that is,
X ={2a+204+3c+4d+3e+2f+g,...,e+ f+g,f + g,9}. This choice of ordering
means that for @ € A; the matrix ¢(e,) of ad(eq)|v is upper triangular. (Note that
there are two 27-dimensional representations of the Lie algebra of type Ejg; one is the
contragredient of the other.) By Corollary 2.1 the nonzero entries of the matrices are 1
and a straightforward calculation produces the following 27 x 27 matrices:

oleq) = Ei12+ Ei113+ Eia16 + Ei718 + E19,20 + Eo1,22,
d(ev) = Eas+ Eg7+ Esi10+ Fr9,21 + E20,22 + Ea3 24,

¢lec) = Ea3+ Fg11+ Ei214 + E1517 + E20,23 + Ea2 24,
dleq) = FEsza+ Erg+ Eio12 + Ei7,19 + E1820 + 24,25,
¢lec) = Euie+ Es7+ Ei215+ Era17 + Ei6,18 + Eas 26 and
¢ley) = Ess+ Er10+ Eg12 + E11,14 + E13,16 + Ea6 27-

The matrix ¢(e_,) is the transpose of ¢(e, ) and the Lie algebra of type Eg is generated
by the ¢(ey) for a € {a,..., f}.

The matrix group G4(q) is generated by the elements z,(§) = exp(£d(eq)) = I+Ed(eq)
for ta € {a,b,...,f} and £ € F,.

If ¢ = 1mod 3, the field F, contains an element w of order 3 and the centre of G4(q)
is generated by the scalar matrix hg 2hewhe 2Py of order 3. Thus when ¢ = 1 mod 3,
the group G4(q) is 3Es(g) (the central extension of the simple group Fs(g) by a group
of order 3); otherwise it is the simple group Eg(q).
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The diagonal matrix h, ¢ has its ith diagonal entry equal to

€ ifi=1,11,14,17,19 or 21
€1 ifi=2,13,16,18,20 or 22

1 otherwise.

A Coxeter element is given by n = n.(1)n.(1)nq(1)n.(1)ns(1)ny(1); it has nonzero
entries equal to 1 for indices

(1,10), (7,12), (9,14), (10,15), (11, 16), (12,17), (14, 18), (15, 21), (17, 22),
(18,9), (19,24), (20,11), (21,27), (22, 19), (23, 13), (24, 20), (25, 23)

and —1 for
(2,1),(3,2),(4,3),(5,8),(6,5),(8,7),(13,4), (16, 6), (26, 25), (27, 26).
It follows from Steinberg (1962), Theorem 3.11 that G4(q) is generated by

ha,, and z,(1)n  for ¢ >3
z4(1) and n for ¢ =2 or 3,

where p is a primitive element of F,.
3.4. THE FIXED POINTS OF A GRAPH AUTOMORPHISM

Suppose that all the roots of the simple Lie algebra £ have the same length and
that o is an automorphism of the Dynkin diagram of £. Then o determines a linear
transformation of the Cartan subalgebra (and its dual) which permutes the fundamental
roots A and fixes the full root system ®. In fact this permutation of ®, which we also
denote by o, extends to an automorphism of £ such that, in the notation of §2, h,,° = hae
and e,” = te,o (Carter 1972, Proposition 12.2.3).

Let £ be the subalgebra of fixed points of ¢. In the cases of interest to us, namely
D, and Eg, L7 is a simple Lie algebra of type G5 or Fy, respectively.

For each e € L let € be the sum of the elements in the (o )-orbit of e. Then for h € H
such that h% = h and for a € ® we have [hé,] = a(h)é,. Thus the roots of L7 are the
restrictions to H = H N L of the roots of £. Also, for & € A we have hy = [Ea €—al-

For types Dy and Fg and a € A such that o # o we have (@, a” ) = 0. Thus a(hy) = 2
and it follows that a Chevalley basis for £ can be obtained by taking elements &, where
e runs through a set of representatives for the orbits of the group { —1,¢ ) on a Chevalley
basis of £. We label the fundamental roots of L7 as A, B,.... If A is the restriction of
the root a, we choose e4 = é,, and so on. The remaining elements of the Chevalley basis
are determined by ea,ep,... up to a sign and we choose the signs to agree with the
algorithm of §2. The Cartan matrix of £7 can be obtained from the Cartan matrix of £
by taking, for each pair of representatives of the (o )-orbits on A, the sum of the entries
in the row of « corresponding to the columns indexed by the elements in the (o )-orbit

of 3.
3.5. Fy

We begin with the complex Lie algebra £ of type Fg given in §3.3 and with its Dynkin
diagram as given there. In this case the graph automorphism has order 2. The restrictions
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of a, ¢, d and b to H? are the fundamental roots A, B, C' and D of L%, and we have
€A =€q=¢€q+ef, e =E =e€c+ e ec = €q = €q and ep = &, = e

2 0o -1 0 0 0
0 2 0 -1 0 0
Sj —1 0 2 -1 0 0 . : .
ince O -1 -1 92 —1 ¢ | 18 the Cartan matrix of £, the Cartan matrix
0 0 0 -1 2 -1
0 0 0 0 -1 2
2 -1 0 0
of L7 with respect to the ordering A, B, C, D is 73 _g 7; _? and therefore
0 0 -1 2
its Dynkin diagram is
A B Cc D
of type Fjy.
Take ¢ to be the representation of dimension 27 for Eg with representation space V'
defined in §3.3 and let vy, v, ..., va7 be its basis defined there. We note that ¢(e_x) is

the transpose of ¢(ex).
The restriction of ¢ to L7 is reducible. There is an L£7-invariant subspace U with basis
u, = 1,...,26, where

v; for1 <i<13
V13 + V14 for i =13

V14 + 15 Tfor i =14

Vi1 for 14 <1 < 26

In characteristic 0 the representation splits into the sum of the (irreducible) 26-
dimensional representation on U and the zero representation on (ug), where ug = v13 —
v14 + v15. In any characteristic (ug) is the unique 1-dimensional £7-submodule of U.

If we let ¢ denote the representation of £% on U we obtain the following matrix
generators for the Lie algebra of type Fjy.

Y(ea) = Er2+ Ess+ Er10+ Eg12+ 2E1113 + E11,14 + E13.15
+ FE16,17 + E18,19 + F20,21 + Eo5,26,
Y(ep) = Faz+ Esg+ Es7+ Egi1+ Er1213 +2FE1214 + E14,16
+ Eis,17 + Eig,20 + Ea1 23 + Eay 05,
Y(lee) = Esza+ Er9+ Ei0,12+ E1618 + E17,19 + Ea3 24,
Y(ep) = Eis+ Esr7+ Esi0+ Eig20 + Ei9,21 + Ea2.93,
Y(e—a) = FEon+ Ege+ Eior + Fiag + Eiz11 +2E1513 + Ei5,14
+ Ei7,16 + Eig,18 + E21,20 + Eag,25,
Y(e_p) = Eso+ Esa+ Ers+ E119+ Eia12+ Ei613 + 2E16,14

+ Ei7,15 + Eag,19 + E23 21 + Eas 04,
Yle_c) = (ec)! and
¢(e_p) = t(ep)".

JFrom these we obtain

P(eaprc) = —FEa— Es511+ Eio,16 + F12,18 — Fi522 — E2125  and
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Y(e_2p+cy) = WY(eapio)

The group Gy(q) is generated by the elements z4(§) = I + &(eq) + 562 (eq)? for
ta € {A,B,C,D} and £ € F,,. It is isomorphic to the simple group F4(g).
In particular we have:

1
ra(l) = IT+9(ea)+ §¢(€A)2 =1+ FEi2+ Egg + E7 10+ Eg 12 + 211,13
+ Ei114 + B35 + Eigir + Eigie + Eao01 + Eas06 + Fi1,15,
zc(l) = I+yYlec) =1+ Esa+ E79+ E1012+ Ei6,18 + E1719 + E23 04 and
1
r_p(l) = I+vY(e_p)+ §¢(€—B)2 =1+ E3o+ Ega+ Ers5+ Ei19+ Eia12

+ Ei6,12 + Eie,13 + 2E16,14 + Ei7,15 + Faz,19 + Fa3 21 + Fas 4.
The ith diagonal entry of ha ¢ =na(§)na(—1) is equal to

¢ ifi=1,6,7,9,16,18,20 or 25
€1 ifi=2,8,10,12,17,19,21 or 26

£ ifi=11
€72 ifi=15
1 otherwise

and the ith diagonal entry of haopic,¢ is equal to

£ if 1 =2,5,10,12,15 or 21
&1 ifi=6,11,16,18,22 or 25
1 otherwise.

The Coxeter element n = na(1)np(l)nc(1)np(l) has nonzero entries equal to 1 for
indices

(1,5),(4,7),(5,9), (6,10), (7,12), (9, 20), (11,21), (13, 14), (18, 23), (19, 16),
(20,24), (21,18), (22,17), (23, 19), (24, 25), (25, 26), (26, 22)

and —1 for
(2,1),(3,2),(8,3),(10,4),(12,11),(14,13), (14, 14), (15, 6), (16, 15), (17, 8).

It follows from Steinberg (1962), Theorems 3.11 and 3.14 that Fy(q) is generated by

ha, and za(1)n for ¢ odd and ¢ > 3
z4(1) and n forg=3
hapyc,, and zc(1)z_p(1)n  for g even and ¢ > 2
zc(l)z_p(1) and n for ¢ = 2,

where p is a primitive element of F,.

Except when F, has characteristic 3 this representation of Fy(g) is irreducible. In
characteristic 3 we have ug = ujz+uy14 € U and the quotient U/(ug) affords an irreducible
representation of Fy(q) of dimension 25.
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3.6. Go

Let a, b, ¢, d and e be the fundamental roots for the root system of type D5 as shown

in the Dynkin diagram:
a
c d e
b :

The root system of type Ds has 20 positive roots and that of D4 has 12. The ordering
given in §2 for the roots in ®(D5) \ @7 (Dy) isa+b+2c+2d+e,a+b+2c+d+e,
at+b+c+d+e, btc+d+e a+c+d+e c+d+e, d+ e e. Applying the methods of
§2 gives an 8-dimensional representation ¢ of the Lie algebra £ of type D4 such that

plea) = FEza+ Esg,
pley) = Eszs+ Eyg,
plec) = Ezz+ Egr,
dleq) = FEio+Erg

and where ¢(e_,) is the transpose of ¢(e,) for all a € A.

We regard the Lie algebra of type (G2 as the subalgebra of fixed points £ of the
diagram automorphism o of order three of £. The restrictions of a and ¢ to H? are the
fundamental roots A and B for £7 and we have e4 = €, = e, +ep+eq and eg = &, = e..

2 0 -1 0

The Cartan matrix of £ is 7? 7% _é 7(1) and the considerations of §3.4 show
0 0 -1 2

that the Cartan matrix for £ is ( 7; _; ) and hence its Dynkin diagram is of type Go,

namely &e==» .
The restriction of ¢ to L gives an 8-dimensional representation V' of G with basis

v1, ..., vg. This representation is reducible and there is an L7-invariant submodule U
with basis u;, i = 1,...,7, where
; for1<i<4
u; =1 vgtwvs; fori=4
Vit1 ford<i<7
In characteristic 0, we have V' = U @ (ug) as L7-modules, where ug = —v4 +v5. In any

characteristic, (ug) is the unique 1-dimensional £7-submodule of V.
Let ¢ denote the restriction of ¢ to L7 with respect to the basis u; of U. We have

Y(ea) = FEi12+2E34+ Ey5+ Eg7,
Yle—a) = FEo1+ Ey3+2E54+ Erg,
Y(ep) = FEa3+ Esg,
Yle_p) = K32+ Egs
and later we shall need
Y(earp) = FEi13—2Es4+ Es6— Es7,
Y(e_a-B) = —E31+ Esp—2Es4+ Er 5,

Y(eaatp) = —2E14+Ess5+ E3g— Es7 and
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Y(e—oa—B) = —Es1+Es2+ Eg3—2E7.4.

The group Gy (q) is generated by the elements z4(§) = I + &(eq) + 26%¢(eq)? for
+a € {A, B} and £ € Fy; it is isomorphic to Ga(q).
In particular we have

2aA(§) = I+EF12+26F34+&Eys+EEsq + & Es 5,
_A(§) = I+EFoy+EEs3+28E54+ EBrg+ & Fs 3,
rp(§) = I+&ep=1+EFy3+ s,
r_p() = [+ _p=I1+EF32+EFq5,

n = na(l)np(l) =FE13—FEs1+ E36 — Esa— E52+ Eg7+ E75,
hae = EB11+E " Boa+&Fs3+ Ega+& *Ess5+EFse+ & 'Erg,
hpe = FEig+E&E o+ & B3+ Eyg+E&Fss+& "Eeg+ FErr and

hoatpe = E*F11+EByg+EB33+ Eyq+ & 'Ess+ & 'Eeg+ & 2Ery.

It follows from Steinberg (1962), Theorems 3.11 and 3.14 that Go(q) is generated by

hoatp,, and 2p(l)z_a(1)n for ¢ = 0mod 3
ha, and z4(1)n for ¢ # 0mod 3 and q # 2
xa(1) and n for ¢ =2,

where p is a primitive element of F,.

Except for characteristic 2 this representation of Ga(q) is irreducible. In characteristic
2 the subspace spanned by the fourth basis element is fixed, and so by taking the quotient
an irreducible representation of dimension 6 is obtained.

4. The twisted groups

This section deals with the twisted groups 2Bsy, 3Dy, 2Eg, 2F, and 2G4. Each twisted
group *G(q) is generated by fixed points of an automorphism of G(¢*) or G(q) of order k
which arises from a field automorphism and an automorphism of order k of the underlying
graph of the Dynkin diagram. In the case of a single root length, the twisted group *G(q)
is a subgroup of G(¢*) and the field automorphism is the Frobenius map. On the other
hand, when there is more than one root length, a power of the field automorphism is the
Frobenius map over the prime field. A consequence of this is that ¥G(q) is defined only
for some values of ¢, and is a subgroup of G(gq). See Chapters 13 and 14 of Carter (1972)
for the definition and a discussion of these groups.

For € F, write {7 for the image of £ under the field automorphism, for a € ® write
@ for the image of o under the map on ® corresponding to the graph automorphism and
write T for the image of z under the associated group automorphism.

Except for 2B3(2), 2F4(2) and 2G2(3), the twisted groups are simple (Steinberg (1967),
p. 186 and Carter (1972), Chapter 14).

4.1. THE GROUPS 2B,

The Dynkin diagrams of types By and Cs are the same ( &=, ) and the underlying
graph has an automorphism of order 2. When the order ¢ of the field is an odd power
of 2 there is a field automorphism which, when combined with the graph automorphism,
induces an automorphism of the group Ba(q). The group 2Bs(q) of fixed points is also
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known as a Suzuki group. They were first described in Suzuki (1960) and then interpreted
as twisted groups of Lie type by Ree (Tits 1960). Thus in this section F, will denote the
field of order ¢ = 22™*! and o will be the automorphism of F, such that 7 = £2"; that
is, 202 = 1. This field automorphism combined with the graph automorphism extends to
r+(£7) X along root

2+(£27) X ashort root

Even though we refer to the groups as 2Bs(q), we use the four dimensional (symplectic)
representation obtained from the embedding of Cy in Cs. The following elements of % By (q)
will be needed:

an automorphism of the group given by zx (§) = {

110 1
001 1 1
z = zoDzp(Dzasn()=1| g ¢ 1 1 |
00 0 1
00 0 1
00 1 0
no = 01 0 0 and
100 0

h(&) = ha(§)ha(§) = ha(§)hs(7)
= diag(¢7, &7, €77 €70).
It follows from Steinberg (1962), Theorem 4.1 that ?By(q) is generated by

h(p) and an  for ¢ > 2
x and n for g =2

where p is a primitive element of F,.

4.2. THE GROUPS 3Dy

The simple group ®Dy(q) is a subgroup of the orthogonal group Q% (8,¢?), which we
identify with the Chevalley group of type Dy over Fs. It is defined in terms of an
automorphism of 2% (8,¢%) of order 3 which arises from the diagram automorphism of
order 3 and the Frobenius map of order 3.

b:>’c—'d

For £ € Fys the Frobenius map sends § to {9. The group automorphism is given by
Ta(§) = z(£9).

We begin with the 8-dimensional representation of the Lie algebra of type D4 given in
§3.6. From the matrices ¢(e, ), +a € {a,b, c,d}, we obtain the following elements of the
Chevalley group of type Dy.

8
2

= I +&B34+&F5,
I+ EE35 + By,
I+E&Fy3+ &R 7,
= I+&Fi 2+ EErg

8
<

8
a

~— ~— ~— ~—
|

8
Y
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and z_, (&) = 24(€)" for a € {a,b,c,d}. From these elements we derive

na (&) E11+Eap+EF3 4 — & 'Eys +€Bs6— & "B s+ FErp + Ess,
ny(§) = Ei1+Fas+ B35+ EEye— & "By — & "Egu+ Er7+ Esgs,
ne(€) = E11+E&F3—E 'E3o+FEyu+Fss+E8Es7—& 'Erg+ Egs,
na(€) = EE12—E& 'Eo1+ Es3+Eya+ Ess+ Ege+EBrs — & 1By,

hae = diag(1,1,6,¢71,6,¢71,1,1),

hb7£ = diag(1717£,£7£717£71’1’1 b)

hee = diag(1,€6,6711,1,€,67 1) and

hae = diag(&, €71 1,1,1,1,€,¢671).

We take 2r(€) = 24(€)xy(£7)mq(€77) for € € Fys and z.(n) for n € Fy to be the
fundamental root elements for the group 2Dy (g). Then we have

vr(1) = I+ Eip+E34+ E35+ E36+ Eyp+ Esg+ Erg,
nr(l) = zr(l)z_r(-1)zr(l) = ne(1)ns(1)na(1)
= FEi9—FEs1+FE36—Ey5—Es4+ Es3+ Erg— Egr,
n = ng(L)n.(l)=E13—FEs1+FEs7—Ey5—Es4—FEsa+ Ers+ Esg and

hR(ﬁ) havfhbvga hd,g"z = dia’g(gg ’570 a§G+1a 66717 570+17€7‘7717 EU 7&.70 )
It follows from Steinberg (1962), Theorem 4.1 that 3D4(q) is generated by
hr(p) and zg(1)n

where p is a primitive element of the field Fgs.

4.3. THE GROUPS 2Eg

Label the fundamental roots as in §3.3:

The diagram automorphism of order 2, combined with the Frobenius map & +— £7 = &4
of the field F2, gives rise to an automorphism g — g of the group Gy(¢?) of type Eg

(defined in §3.3) such that z,(§) = z5(£7). The fixed points of this automorphism form
the group G4(q) of type 2Eg. If 3 divides ¢ + 1 and if w is an element of order 3 in F 2,
then hy w2hfwhewhe o2 is an element of order 3 in the centre of Gy (g). In this case Gy (gq)
is the central extension 32FEg(q) of the twisted simple group 2Es(q); otherwise it is the
simple group 2FEg(q) itself.

As fundamental root elements for the group G4(q) we take (&) = z4(£)z¢(£7) and
zs5(§) = xo(§)xe(§7) for £ € Fyz and x4(n) and xy(n) for n € F,. Then

zr(l) = I+ Ei2+ Ess+ Er10+ Eg12+ E11,13 + E1114 + E11,16 + E13,16
+ Ei4,16 + E17,18 + E19.20 + Ea1,22 + Eag 27, and
xs(l) = I+ Ey3+ Ese+ Es7+ Eg1 + Er214+ Ei12,15 + E1217 + Ei417

+ Ei5,17 + Ei6,18 + E20,23 + E22,04 + Eos 26.
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(From these elements and similar expressions for z_g(1) and z_g(1) we derive ng(1l) =
zr(1)z_r(—1)zr(1) and ng(1) = zs()ax_s(—1)zg(1).

Then a Coxeter element is given by n = ngr(1)ns(1)nq(1)ny(1); it has nonzero entries
equal to 1 for indices

(1,5),(4,7),(5,9), (6,10), (7,12), (9, 21), (11, 22), (13, 15), (19, 24), (20, 17),
(21,25), (22,19), (23, 18), (24, 20), (25, 26), (26, 27), (27, 23)

and —1 for
(2,1),(3,2),(8,3), (10,4), (12,11), (14, 13), (15, 14), (16, 6), (17, 16), (18, 8).
The diagonal matrix hg(§) = hachyreo has its ith diagonal entry equal to

13 1=1,17,19 or 21
¢t 1 =2,18,20 or 22
'3 1=06,7,9 or 26

&7 1 =28,10,12 or 27

§0+1 i =11
got 1=13
ol =14
o7l =16
1 otherwise.

By Steinberg (1962), Theorem 4.1 2FEg(q) is generated by hr(u) and xz(1)n where p
is a primitive element of Fg2.

4.4. THE GROUPS 2F; AND THE TITS GROUP

The Dynkin diagram of type Fj is

*———o——0o —0
A B c D

The underlying graph has an automorphism of order 2. The groups 2Fy(q) were in-
troduced by Ree (1961a) and are defined only when the field has order an odd power
of 2. Thus let F, be the field of order ¢ = 2*™*!. There is an automorphism o of
F, such that £7 = €2"; that is, 202 = 1. This field automorphism combined with
the graph automorphism X — X extends to an automorphism of the group given by

— [ wxle?) X along root
X(f) = xf(g%) X a short root

We use the representation and elements given in §3.5. Let = zp(1)zc(1)z2p+c(1);
its matrix has 1’s on the diagonal and the other nonzero entries are 1 for indices

(27 3)7 (2’ 4)7 (27 6)’ (37 4)7 (4’ 6)7 (57 7)’ (57 9)7 (5? 11)5 (77 9)’ (97 11)7 (107 12)7
(10,16), (10, 18), (12,13), (12, 16), (14, 16), (14, 18), (15, 17), (15, 19), (15, 22),
(16,18), (17,19), (19,22), (21, 23), (21, 24), (21, 25), (23, 24), (24, 25).

The matrix for
n=mnzpic(Lnc(Hna()np(1) = (ne(1)nc(1))*na(l)np(l) =
zapro()ro(l)z_ap_c(-1)z_c(-1) x
zaptc(Drc()za(l)zp(l)z—a(=1)z_p(-1)za(l)zp(1)
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has nonzero entries equal to 1 for indices

(17 2)7 (2? ]‘O)’ (37 5)’ (45 3)7 (5’ 15)’ (67 1)7 (7’ ]‘2)5 (87 7)’ (95 8)7 (107 21)7
(11,4),(12,17), (13, 13), (13, 14), (14, 14), (15, 23), (16,9), (17, 20), (18, 6),
(19,16), (20,19), (21,26), (22, 11), (23, 24), (24, 22), (25, 18), (26, 25).

The diagonal matrix h(§) = hp chp¢ = hp chceo has ith diagonal entry
£ 1=2,5,150or 21
€1 i=6,11,22 or 25

€7+l §=14,919 or 24
€1 §=3,7,17 or 23

£’ 1=10
702 =12
£o—2 1=16
& 1=18
1 otherwise.

It follows from Steinberg (1962), Theorem 4.1 that 2F,(q) is generated by

h(p) and zn for g > 2
x and n for g =2

where p is a primitive element of F,.
The Tits group is the simple group (?F4(2))’; it has index 2 in 2F;(2) (Carter 1972,
§14.4). The group (2F4(2))’ is generated by

znz 'n~ ! and n.

4.5. THE GROUPS 2G4

Ree (1961b) describes these groups and gives a matrix representation for them equiv-
alent to the one given here.

Let ¢ = 32™*! and let o be the automorphism of F, defined by ¢7 = ¢3” (and so
302 = 1). The field automorphism o combined with the graph automorphism X
X (interchanging roots A and B) extends to an automorphism of the group given by
— (&7 X a long root
rx(8) = { z;EES‘z) X a short root °

We use the notation from §3.6, but choose different structure constants for the Lie
algebra of type G5 to ensure that the graph automorphism has a nice form (Carter 1972,
§12.4). The structure constants are determined by putting ¢, 3 = —(r + 1) instead of
r+ 1 whenever («, 3) is the extraspecial pair for a + (3 in the algorithm in §2. We obtain
the following elements of 2Ga(q).

2(€) = zal€)rp()rarn(E T )r2ar B (27T,
1100 1 2 2
0112 1 0 1
001 2 10 2

z(l) = 000 110 0 [,
0000 1 1 1
00000 1 1
00000 0 1

n' = (na(l)np(1))* =FE17—Es6+ FE35 — Eqa+ Es3— Eg2+ E71  and
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hE) = ha(©ha(é) =ha(§hp(€*)
= B 1+ g + B 3+ By + & P B 5+ € B+ € By

It follows from Steinberg (1962), Theorem 4.1 that 2G3(q) is generated by h(u) and
z(1)n’ where p is a primitive element of F,.

5. Availability

The generators for all the groups described in this paper have been included in Magma
since V2.4.
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