DIFFERENTIABILITY OF TRANSITION SEMIGROUP
OF GENERALIZED ORNSTEIN-UHLENBECK
PROCESS: A PROBABILISTIC APPROACH

BEN GOLDYS AND SZYMON PESZAT

ABSTRACT. Let Ps¢(x) = E@(X?(s)), be the transition semi-
group on the space By(E) of bounded measurable functions on
a Banach space E, of the Markov family defined by the linear
equation with additive noise

dX(s) = (AX(s) + a)ds + BAW (s), X(0)=z€E.
We give a simple probabilistic proof of the fact that null-controlla-
bility of the corresponding deterministic system

dY (s) = (AY (s) + BU(t)z)(s)) ds, Y(0) ==z,

implies that for any ¢ € By(E), P;¢ is infinitely many times Fréchet
differentiable and that

ant¢(x)[y1, s 7yn} = E¢(Xw(t))(71)nlf(yl, cee 7yn)7
where I}'(y1,...,yn) is the symmetric n-fold Itd integral of the
controls U (t)y1, ... Ut)yn.
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1. INTRODUCTION

We will consider the following linear stochastic differential equation
(1.1)  dX(s) = (AX(s) +a)ds+ BdW (s), X0)=zekl,

where F is a Banach space and A generates a strongly continuous
semigroup on £ (see Section 2 for precise formulation). Under condi-
tions specified in Section 2 this equation has, for every z € E, a unique
mild solution X* known as a (generalised) Ornstein-Uhlenbeck process.
Since the family {X?*; x € E} is Markov in E, we can define the cor-
responding transition semigroup Pi¢(x) = E¢(X*(t)). Investigation
of differentiability of P,¢ was initiated by Kolmogorov in [16], where a
simple version of equation (1.1) is considered in R?. If E = R? and the
pair (A, B) satisifies the Hérmander hipoellipticity condition (see [15])
then the function P;¢ is Fréchet differentiable for every bounded Borel
function ¢ and

C
(12) IDPle < slldlloes £<1,

where the value of k follows from the Hormander condition as well.
It has been known for a long time that the Hormander condition
holds if and only if the deterministic controlled system

%(t) — AY(t) + Bu(t), Y(0)=z

is null-controllable for every x € R? and if and only if the transition
semigroup (FP;) is strongly Feller. It was proved in [7] that this formu-
lation can be carried to Hilbert spaces, where the estimate (1.2) takes
the form

(1.3) 1D Fiolloe < (24 (2)][H]|0]so,

with [|U/()]] being the norm of the controllability operator.
In many problems it is important to estimate the gradient of the
transition semigroup in function spaces such as weighted LP spaces or
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weighted Sobolev and Besov spaces, in which case (1.3) is not satisfac-
tory. The aim of this paper is to derive a pointwise formula for DP,¢
that may be used to derive norm estimates in various function norms.
Our main result, see Theorem 2.6, provides a probabilistic formula

(1.4) D" Bp(x)yr, - yn] = B (X" (@) (=1)" I (51, -, ),

where I}'(y1, . .., Yn) is the symmetric n-fold It6 integral of the controls
U(t)yr, ... U(t)y, driving points yi,...,y, in E to zero. This result is
obtained under rather mild assumptions on (A, B). In particular, the
process BW (hence the null control Bu) can take values in a Banach
space bigger than E (see Section 2 for details) if the Cy-semigroup
generated by A has appropriate smoothing properties. As a result, we
obtain smoothing properties of P; and the estimate (1.3) as well as the
estimates for || D" P;¢||. One of the main results of the paper are the
formulae and estimates for D" P;¢ in the case of boundary noise studied
recently in [14]. Let us note that the case of boundary noise requires
use of weighted LP-spaces, where the pointwise formula (1.4) for the
gradient of the transition semigroup has to be used.

We easily recover the known results (1.2), (1.3) in the hypoelliptic
case in R%. Theorem 2.6 will also allow us to give rapid proofs of some
known facts such as the Liouville property and absolute continuity of
transition measures.

While some of our results are known, the method of proof based on
the Girsanov theorem seems to be new. Let us recall that a probabilistic
formula for the gradient of the transition semigroup is also provided by
the famous Bismut-Elworthy-Li formula [12] extended later to Hilbert
spaces in [19]. However, this formula requires the operator B in (1.1) to
be invertible for £ = R? or the process BW close to cylindrical Wiener
process if E' is a Hilbert space. We do not require these assumptions.

Additionally, we will provide detailed arguments for the null control-
lability of equation (1.2) in the case of boundary control.

2. FORMULATION AND MAIN RESULTS

Let (Wy) be a finite or infinite sequence of independent standard
real-valued Wiener processes defined on a probability space (€2, F,P).
Let (E,|| - ||lg) and (V,]| - |lv) be Banach spaces. We assume that
E is continuously and densely embedded into V. Let (H,(-,-)u), be a
Hilbert space endowed with an orthonormal basis (ex). We will consider
the following linear stochastic evolution equation with an additive noise

(2.1) dX(s) = (AX(s) + a)ds + BdW (s), X(0)==z.
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We assume that

W(S) = Z Wk(s)ek,

is a cylindrical Wiener process on H, B is a linear operator from H into
V., (A,Dom(A)) is the generator of a Cy-semigroup S = (S(s); s > 0)
on K, and a € V.

Our first assumption ensures the existence of a solution to (2.1) in
E.

Hypothesis 2.1. For each s > 0, S(s) has an extension to a bounded
linear operator from V to E. Moreover, for each k and s > 0, the

mapping
[0,s) 27+ S(s—r)Be

1s integrable in E with respect to Wy, and the series

Z/ S(s —r)BerdWy(r)
k 0
converges in probability in E. We also assume that for any s > 0 the

integral fos S(r)adr converges in E.

Remark 2.2. If E is a Hilbert space then the first part of Hypothesis
2.1 can be formulated equivalently: for each r > 0, S(r)B is a Hilbert—
Schmidt operator from H into E and

/ IS()BIZ o .mydr < +00, 5> 0,
0

where || - ||%(HS)(H7E) stands for the Hilbert-Schmidt operator norm.

Explicit conditions for stochastic integrability in LP-spaces are also
known, see for example Proposition A.1 from [3].

Clearly, under Hypothesis 2.1, equation (2.1) has a unique mild so-
lution

X*(s) = S(s)x + /OS S(s —r)adr + Z/o S(s — r)BepdWi(r).
In particular
XO(s) = /O S(s —r)adr + Z/o S(s — r)BerdWi(r)

is a solution starting from x =0 € E.

Moreover, (2.1) defines on the space By(E) of bounded measurable
functions on E, the transition semigroup Ps¢(z) = E¢ (X*(s)), ¢ €
By(E), s >0,z € E.
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2.1. Some definitions. Let L?*(0,7; H) denote the Hilbert space of
measurable square integrable mappings u: [0,7] — H.
Consider the following deterministic system

(2.2) dY(s) = (AY (s) + Bu(s)) ds, Y (0) = z.

Definition 2.3. The deterministic system (2.2) is said to be null-
controllable at time T if for any t > T there exists a bounded linear
operator U(t): E — L*(0,¢; H), such that:

S(t)x + Z /Ot S(t — s)Bu(t,z;s)ds = 0,

where u(t,z;s) = (U(t)z) (s).

It is easy to see that the system (2.2) is null controllable if and only
if the system

dY (s) = (AY(s) + a + Bu(s))ds, Y(0)==z

is null-controllable.

Connections between null-controllability and strong Feller property
of linear stochastic evolution equations on Hilbert spaces with addi-
tive noise were establish in the following series of papers and books:
Zabczyk [25], Da Prato and Zabcezyk [10, 11], and Da Prato, Pritchard,
and Zabczyk [3].

Definition 2.4. System (2.2) is null-controllable with uniform vanish-
ing energy, if it is null controllable at some time 7', and the control-
lability operator U(t) — 0 in the operator norm as t — +oo. It is
null-controllable with vanishing energy if U(t)x — 0 in the L?(0,¢; H)
norm as t — 4o0 for any x € E.

The connections between null controllability with vanishing energy
and the Liouville type property was established in [15], [21], and [22],
see also our Corollary 2.8.

Definition 2.5. Let (P;) be a transition semigroup on B,(E). A func-
tion ¢: E +— R is called (P;)-harmonic if Pa) = 9 for any s > 0.
We say that (P;) has the Liouwville type property if any bounded (P;)-
harmonic function is constant.

2.2. n-fold symmetric Itd’s integral. Assume that the determinis-
tic system (2.2) is null-controllable at time 7. Let us fix ¢ > T and a
control operator U(t). Given y and a sequence (y;) of elements of E,
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and s € [0, ], write

L(y) = / ult, g ), AW ()

(2.3) Ty y;) = /Os<u(t,yl;r),U(t,yj;7“)>Hd7“,

u(t,y;r) = Ut)y) (r).
For n > 1 we define n-folde symmetric integrals I7(y, . .., y,) putting
I}(y) = I,(y) and

IP(yi, - Yn)

= Z/ Iﬁil(yla s Y1 Y541, - yn)<u(tayja 7"), dW(r»H
j=1"90
2.3. General result. Given u € L?(0,t; H) define

M0 = e { [ tulo). aw o — 3 [ futslfas}

The following result is a generalization of Theorem 9.26 from [10].
We denote by D the operator of Fréchet derivative in space variable.

Theorem 2.6. Assume that the deterministic system (2.2) is null-
controllable at time T. Then for ¢ € By(E), t > T and x € E we
have

(2.4) P () = E (X (D)Mo (1).
Moreover, for any n and ¢ € By(E), Py is n-times differentiable, and
(2.5)  D"Ro(x)[yr, - yn] = E(XT () (=1)"I] (g1, -, yn)-

Finally, we have

D" P (@)l yall < IU@E 5,220,000 19302y [T N0l -
=1

Proof. Let t > T. By the Girsanov theorem
W*(s) =W(s) — / u(t, z;r)dr, s € 10,1,
0

is a Wiener process under the probability measure
AP* = My (1,0 (t)dP = /()75 71(@0),
Then

-1

E (X7 (t)) = E"¢(X"(t)) (Mugeain(t)
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—1
(Mot (1))

~en{- | {ult )W+ [ tuu(t,x;s)uzds}
~en{- | Calts )W D~ 5 [ e s}

and from the null-controllability assumption

t t
X7 () = / S(t — s)ads + / S(t — $)BAW* (s).
0 0
Hence we have (2.4), and moreover,

antﬁb(x)[yla e 7yn] = E¢(X0(t))DnM—U(t,w,-)(t>[yl’ cee 7y'fl]‘
Under the measure dP* = M_, 4. (t)dP the process
W*(s) = W(s) +/ u(t, z;r)dr
0

is a Wiener process. Moreover,
t t
XO(t) = / S(t — s)ads + / S(t — s)B (dAW*(s) — u(t, z; s)ds)
0 0

¢ ¢
=S(t)r + / S(t — s)ads + / S(t — s)BAW™(s).
0 0
Therefore

D"Pp(x)[y1; - - yn] = ES(XT()Y (t, 41, Yn),

where Y (¢,y1,...,y,) can be obtain from
D" M 2y (E)[y1, - - -5 Yl

M—u(t,x,~) (t)
_ eIt(m)+%Jt(gj,z)Dneflt(f)féc]t(x,z) [yb 7yn]

by replacing above dW(s) by dW (s) — u(t, x; s)ds, that is each I;(y)
by I;(y) — Ji(y,z). In particular, we have

Y(ty) = — / (ult,y5), AW (s) — ult, 5 5)ds)y
—/0 (u(t, z; s),u(t,y; s))pds
_ / (ult, ;) AW (8)) i = —L(y),
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and

Yt y1,92) = Li(y) Le(y2) — Je(y1, y2)-

In order to see that for any n, Y (¢, y1,...yn) = (=)™ 1" (v1,- -+, Yn),
let us fix ¢, x, n, y1,...,Yn, and let us write

Zn(s) = Danu(t,:p,-) (t)[yla s 7?/71]7
ZZL(S) = Dn_lM—u(t,a:,-)<t>[y17 e Y1 Y415 - - 7y7‘b]

d

M- uitan(t) Moy () [{utt, ;), AW ()i + llult, ; 9)ll7] ds,

and consequently, for

Zy(s) : Z(s)
Va(s) == and VI(s) = &
M_u(tvx") (t) M—u(t’z7-)<t)
we have
dZ,(s) 1
AV, (s) = ——=2 — 4+ Z,(s)d——
M,u(tyL.) (t) Mfu(t,a:,') (t)
— Va(s)llu(t, z; 8)|[5rds = > VI (s)(ult, 25 5), ult, ys3 5)) nds
Jj=1

= = Vals) (ult, z; ), dW (s)) y — Z Vi(s) (ult,yz:5), AW (s))
+Va(s) (ult, z55), AW (s)) y + Va(s) u(t, 3 5) [ fds

= Va()llult, @ 9)l7ds = Y Vi(s)(ult, ;5), ult, gy 9)) ds

J=1

- Z VI (s) [(ult, ys;8), AW (s)) ;4 (ult, z;5), u(t, y;; s)) uds] .
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Now, let Y,,(s) and Y7 (s) be obtained from V,,(s) and V) (s) by replacing
dW (s) by dW (s) — u(t, z; s)ds. We have

&@@%:—ijﬁ@<wtww%ﬂywﬁg,

as required. O

Corollary 2.7. If the deterministic system s null-controllable with
vanishing energy then for any ¢ € By(E), n, and y1,...,y, € E,

sup | D" Pp(x)[y1, .-, Yal| = 0 ast — +oo.

zel
Corollary 2.8. If the deterministic system s null-controllable with
vanishing energy then (P;) has the Liouville property.

Proof. Let 1 be a bounded harmonic function. Then Py = 1 for any
t > T. If the system is null-controllable with vanishing energy, then
by Corollary 2.7, for all z,y € E we have DP)(x)[y] — 0 as t — +o0.
Since Pip = 1, we have Diy(x)[y] = 0 for z,y € E, and therefore 9 is
constant. U

Corollary 2.9. Under assumptions of Theorem 2.6, for any t > T,
the laws L(X*(t)), x € E, are equivalent.

Proof. Taking in (2.4), as ¢ the characteristic function of a Borel subset
I' of E, we obtain

P{Xx(t) € F} = M,u(t,x;.)(t)dp.
{XO(t)er}

Therefore £(X*(t)) is absolutely continuous with respect to £(X°(t))
for any . We can now repeat the arguments leading to (2.4). Namely,

X*(t) = /O S(t — s)ads + ) /0 S(t — s)Bey [AWi(s) — ug(t, x; s)ds]

t t
= / S(t — s)ads + Z/ S(t — s)BerdW; (s),
0 — Jo
where i
Wi(s) =W(s) — / ug(t, —x;r)dr
0
is a Wiener process with respect to dP* = M, 4..)(t)dP. Therefore
/ My 0 (0)dP = P*{X*(t) e T} =P{X°(t) € T},
{X=(t)el'}

hence £(X°(t)) is absolutely continuous with respect to £(X?*(t)). O
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Corollary 2.10. Hypothesis 2.1 and null-controllability at T of (2.2)
imply that the operators S(t), t > T, on E are radonifying, and in
particular compact.

Proof. By Corollary 2.9, the gaussian laws L(X*(t)), x € F, are equiv-
alent. Let H(t) be the Reproducing Kernel Hilbert Space of £(X°(¢)).
By, the Feldman-Hajek theorem, S(t)x € H(t). Since the embedding
H(t) — E is radonifying, see e.g. [17], the result follows. O

Example 2.11. In the case of the classical Liouville theorem for the
Laplace operator A on R, A =0, B = I € M(d x d), and W is
a standard Wiener process on R?. The corresponding deterministic
system is of the form

dv (s) = %u(s)ds, Y(0) = z.

Clearly, it is null-controllable with vanishing energy at any time 7" and
U(t)z = —2=. Consequently, the classical Liouville theorem saying that
any bounded harmonic function on R? is constant follows.

Remark 2.12. A natural question is if in Corollary 2.8 one can replace
the assumption of the boundedness of a harmonic function by its ap-
propriate integrability. Clearly, under hypothesis of Theorem 2.6, for
any p,q > 1 such that 1/p + 1/¢ = 1, there exists a constant ¢(q)
depending only on ¢ such that

VP (2)[y]] = [E(X* () L(y)| < (B |o(X7(6)F)" (B [L(y)] ")
< c(q) (B [ (X)) U 20,1 -

If 7 is harmonic, than in order to show that ¢ is constant, or equiva-
lently, that Vi (x) = 0, we need to show that

(2.6 i B[O U020, = 0
If the deterministic system is null-controllable with vanishing energy,
then [|U(t)yll 2,z — 0 as t = +oo. Therefore (2.6) holds if
(2.7) supE [¢(X*(1))| < +o0.
>0

In the Wiener case, Lebesgue measure is invariant, but there are no
finite invariant measures. Therefore

ERCCOF » [ WP

Consequently, any harmonic integrable function is constant. However,
since integrable continuous functions are bounded this is not an ex-
tension of the classical property. On the other hand, if there exists a
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unique finite invariant measure, say u, that is if

/ ' S(t — 5)BAW(s)

converges weakly to p as t — +o00, then the Liouville property can be
stated as follows: if the deterministic system is null-controllable with
vanishing energy than any harmonic function ¢ such that ) € LP(E, p)
for a certain p > 1 is constant.

Remark 2.13. If E is a Hilbert space, then, see e.g. [10, 11], there exists
a finite invariant measure p (say) for (2.1) if and only if

+oo
| IS8 it < o

If there exists the spectral gap for the generator L of the transition
semigroup (P,) in L*(E, ) then the Liouville property holds for func-
tions in LP(E, pu) for every p € (1,400), see [1, 5] for more explict
conditions.

3. GRADIENT ESTIMATE IMPLIES NULL-CONTROLLABILITY

Assume that for all ¢ > T and « € E there is aintegrable Y (¢, z): Q —
E* such that for any ¢ € B,(E) and any z € E,

DF¢(x)[2] = Eo(X* ()Y (£, z)[2].
Taking non-zero but constant ¢ we see that EY (¢, z)[z] = 0.
Proposition 3.1. Assume that Y (t,z)[z] are square integrable. Then

the deterministic system is null-controllable at time T'. Moreover, for
anyz € E, U(t)z = -EV(t,x;-)[z], z € E, where V is such that

E(Y(t,z)[z]|lc(W(s): s <t)) = /Ot(V(t,x; s)[z], dW(s))u.

Proof. In the first step note that the gradient formula holds for ¢(z) =
elx] where e is an arbitrary element of £*, that is

DF, e[ X*(8)][2] = Ee[X*(0)]Y (£, z)[2].
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Let (ex) be an orthonormal basis of H. Given e € E* let ¢(z) = e[z].
We have

DPy¢(x)[z] = De [S(t)z][2] = e[S(t)?]
_Ee [S(t)x—i— / S(t—s)BdW(s)} /0 (V(t, 2 8)[2], AW (s)) i
_EZ / S(t — ) Beg dTWi(s) /0 (V(t 22 5)[2], ex) nd Wi (s)

= Z/ S(t — s)Beg| (EV(t,7;5)[2], ex) uds.
Set v(t, x;s)[z] = EV(t,2;5)[2]. Then

Z/ S(t — s)Beg] (v(t, z; s)[z], ex) gds.
Since the above identity holds for any e € E*, and

o(t,z;8)[2] = > (v(t, ;) (2], ex) e,

k

we have

Stz=>_ /0 S(t — s)Beg(v(t, z; 5)[2], ex) pds

:/O S(t — s)Bu(t, x; s)[z]ds.

4. CONDITIONS FOR NULL-CONTROLLABILITY

Assume that E is reflexive, which is true in the case of LP spaces.
Let

Qt): L*(0,t; H) > u Z/tS(t — s)Beg(u(s), ex)gds € E.

Then the deterministic system (2.2) is null-controllable at time T if
and only if range S(¢) C range Q(¢) for t > T..
A simple proof of the following useful observation is left to the reader.

Lemma 4.1. For any 0 < t < t', range Q(t) C range Q(t'). Conse-
quently, if for given Ty > 0,

(4.1) range S(t + Ty) C range Q(t) fort >0,
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then for any T > Ty, the deterministic system (2.2) is null-controllable
at time T'.

The following lemma follows directly from more general result from
[10, 11],
Lemma 4.2. The following conditions are equivalent:
30: {8 Jalls <1} € {QWu: ullpzoem < C),
and

(4.2) 30 |1S*(4)2

B < Cl Q1) 2l 2(0.1:m) for z € E”.

Corollary 4.3. System (2.2) is null-controllable at time T if and only
if (4.2) holds true fort > T. Moreover, U(t)| Lz, 1204y < C, where
C'is a constant in (4.2). If for t > 0,

@3)  3C: S+ To)sle < CIQWY 2lizoum for = € F,
then (2.2) is null-controllable at any time T > Ty.

Note that

[Q(1)"2] (s) = D {[S(t — 8)B]" 2, ex) y €.

k
Therefore (4.2) and (4.3) have the forms

(4.4) 15*(#) 2% < CQZ/O ([S(s)B]" z,ex)5 ds, =z € E*,

and

(4.5)  ||S*(t + To)=|

¢
2 < 022/ ([S(s)B]" z,ex)2 ds, z € E*,
— Jo

5. THE CASE OF INVERTIBLE B

In this section we apply our results to a well understood case, when
when £ =V = H is a Hilbert space and B is a bounded invertible
linear operator on £, see [7], [L0] and references therein. In this case
Hypothesis 2.1 and the null-controllability of (2.2) can be easily veri-
fied. Then, see Remark 2.2, Hypothesis 2.1 holds if and only if

t
(5.1) / 1S(5)|2s)ds < +00, ¥t >0,
0

Clearly the system (2.2) is null-controllable at any time 7" > 0, as one
can takie

U (s) = ult,z: ) = —%Bls(s)x.
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For, we have

t 1 1 t
/ S(t— S)BZB_ls(s)xds = ;/ S(t)xds = S(t)x.
0 0
Note that (2.2) is null-controllable with uniform vanishing energy if

(5.2) sup IS Le,E) < +o0.
t>

Finally, note that there is a finite invariant measure for (2.1) if S is
exponentially stable (and in order to have a solution in £, (5.1) holds
true).

Consequently, by Theorem 2.6 we have the following result. The
theorem provides a formula for the gradient of the transition semigroup
corresponding to linear equation. It is a special case of the Bismut—
Elworthy-Li formula valid for non-linear diffusions, see e.g. [19].

Theorem 5.1. Let ¢ € By(F), t > 0 and x € E. Then Pi¢ has
deriwatives of all orders and for any y,z € F,

DPo(z)[y] = E[p(X*(t)) (Ie(w))],
D?Pp(x)[y1, y2] = E[d(X* (1)) (L (yi) e (y2) — Je(y1,2))]

where

h) = =3 3 [ (B8 (6).e0) sdWi(s),

Ko = 35 3 [ (BS(9m B (s)adeds.
& 0

Finally we have

sup sup || D" P (x)||L(exE..x5) = O (t_%) ast | 0.
By (E): ||¢ll g, (p)<12€E

Example 5.2. Consider the one-dimensional Ornstein—Uhlenbeck equa-
tion
dX = (=X + a) dt + bdW,

where v > 0, a € R, and b # 0. Then there is a unique invariant
measure = N (a/v,b*/(27)). Moreover, the corresponding determin-
istic system is null-controllable with vanishing energy. Therefore, see
Remark 2.12, the following Liouville property holds true: if 1 € C? is
such that

b2

T+ (et @) P@) =0, seR
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and for a certain p > 1,
_ _a)y2/p2
/ |ip(2)[Pe™ Y@= 4z < o0,
R

then ) is constant.

5.1. Analytic semigroup on a Hilbert space and degenerate
noise. Assume that F is a Hilbert space, the semigroup S is analytic,
and A\ is in the resolvent set of its generator (A4, Dom A). Then, the
fractional powers (A — A)", r € R, are well defined. Given r > 0, let us

equip .
H" :=(\—A)"2E =Dom ((A — 4)?),
with the scalar product and norm inherited form E by the mapping
(A—A)"z.
Let » > 0 and let W be a cylindrical Wiener process in H = H", and
let B: H" — H" be invertible. Consider the following linear equation

(5.3)  dX =(AX +a)dt +dW = (AX +a)dt + Y  BerdWy
k

Given t > 0 and z € E write

0 for s < L
5.4 t,z;s) = 27
(5:4) ult, ;) {—%BlS(s)x for s > L.

Theorem 5.3. Assume that a € E, and that for some or equivalently
foranyt >0,

t
_rn2
(5.5) /OHS(S)()\—A) 2HL(HS)(E7E)ds<+oo.

Then (5.3) defines Markov family (X*: v € E) on E. Moreover, for
the corresponding semigroup (P;);

DP()ly) = T {¢<Xx<t>> / <Bls<s>y,dw<s>>m}

2

and there is a constant C' such that for ally € E andt <1,

/(S(s)y,dW(s))Hr Z[(B_ls(s)y,ek)HTde(s)

2 2

E
(5.6)

=K

o~

1—7r
< Cllyllet™="
FEventually,

147

DRl < O lllolnym)-

Finally, (5.2) guarantees that the corresponding deterministic problem
1s null-controllable with uniform vanishing energy.
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Proof. (5.5) is an if and only if condition for the existence of a solution
X7 to (5.3) for some or equivalently any initial value x € E. Therefore
Hypothesis 2.1 is fulfilled.

We will show that the deterministic system (2.2) is null-controllable
at any time. To do this, ¢ > 0, and z € E. Then

S(t)yr = — /Ot S(t — s)Bu(t, z; s)ds,

where u(t,z;-) is given by(5.4). We need to show that u(t,z;-) €
L*(0,t; H"). Since S is analytic S(s)z = S(s —t/2)S(t/2)x € H" for
5> %, and there is a constant C' such that

1S (s)z||gr < Ct™2||z||g, <s<t<l.

In the same way we show (5.6). O

6. EXAMPLES
Example 6.1. Consider the following stochastic heat equation on R,
dX = AXdt + dW,
driven by space-time white noise W. Thus H = L*(R). Since

/0 t S(t — s)dW(s)

is stationary in space, it cannot live in L?(R). It is well-defined, however
in weighted space L2(R, p(x)dz), where p(x) = (1 + 22)~'. Therefore in
our case V = E = L*(R, p(x)dz), H = L*(R), and B is the embedding
operator. It is known, see eg. [20], that A generates Cy-semigroup on
L*(R, p(x)dz), and Hypothesis 2.1 holds true. Unfortunately, the null-
controllability hypothesis is not satisfied. For, assume that the initial
condition z is the constant 1 function. Then S(t)z = z ¢ L*(R). On
the other hand, for any u € L?(0,¢; L*(R)),

/Ot S(t — s)u(s)ds € L*(R).

Example 6.2. Consider the infinite system of independent scalar lin-
ear equations

de = —Oéijdt + Udej,

where (a;) and (o) are sequences of strictly positive numbers. Assume
that sup, 0; < +oo. Then B: > = [, B(x;) = (0jx;) is a bounded
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linear operator. Moreover, the diagonal operator A(z;) = (—ajz;)
generates Cp-semigroup S on /%, and S(s)(z;) = (e"**x;). Note that

—ay( 0'] —2ay S.
ZE{/ aj(t—s) dW :| Z/ ajs 2d
r 0

Therefore Hypothesis 2.1 holds true in the case of V = E = H = [?,

provided that
2

o
Z L < 4o0.
— O
J
Let us check the null-controllability hypothesis. Given z = (z;) € 2
and ¢ > 0 we are looking for u = (u;) € L*(0,¢;1?) such that

t
cost | e,
e Yy = J]/e i, (s)ds.
0

Clearly,

— 2.
U:(8) = e—()th_]
) = et

solves the equation. We need to verify whether u = (u;) € L*(0,;1?).
We have

2

2 Coa,
Z/ ds— 2t2aja [1—e2 t}.

Therefore the null-controllability hypothesis holds true if inf; crjzaj > 0.
Moreover, in this case the system is null-controllable with vanishing
energy. For more information on such systems we refer the reader to

[10, 11].

7. FINITE DIMENSIONAL DEGENERATE LINEAR SYSTEM

Consider now a finite dimensional case £ =V = R? and H = R™.
Then (2.1) has the form

dX = (AX +a)dt + BdW,  X(0) =z € R?,

where A and B are d X d and d X m matrices, W is a standard Wiener
process in R™, and a € R? Obviously, Hypothesis 2.1 is satisfied.
Moreover, the corresponding deterministic system is null-controllable
if and only if

(7.1) rank B, AB,...,A"'B] = d.

For the proof of the following result we refer the reader to the work of
Seidman [2].
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Theorem 7.1. Assume (7.1). Let K be the minimal exponent such
that
rank [B, AB,... ,AKB} =d.
Then the deterministic system is null-controllable at any time T > 0,
and
U@ || e, L200,6mm)) = O (t_(KH/z)) ast — 0.

As a direct consequence of Theorems 2.6 and 7.1 we have the follow-
ing result.

Theorem 7.2. Assume (

5.1) and let K be as in Theorem 5.1. Then
for any t >0 and ¢ € B,(R"

), P;¢ has derivatives of all orders and
sup D" P (@) s < 60 O (17759 st - 0.
z€R4

7.1. Kolmogorov’s diffusion. Consider the so-called Kolmogorov dif-
fusion introduced in [10]

dX; = Xadt, dX, =dW.

We have
dX = AXdt + BdW,
where
01 0
a=[oo] B=[]
Thus

rank [B, AB] = rank [ (1) (1) } = 2.

Therefore the rank condition holds with K = 1, and by Theorem 7.1,
the deterministic system is null-controllable and the linear mapping
U(t): R? — L*(0,#;R) is such that
Hu(t)HL(RQ;LQ(O,t;R)) = O(t_3/2> as t \L 0
By direct calculation on can show that
u(t,z;s) = a(t,x)s + b(t,z), se€l0,t],

I 351’2
a(t.x) = 155 ~ 1gp

1 T T2
W)= —35 (5 + 37)

has the desired properties. Moreover, the system is null-controllable
with vanishing energy as for the above controls

U ()| rz,r2(0m2)) = Ot /?) as t — +00.
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Remark 7.3. 1t is easy to check that in the case of Kolmogorov diffu-
sion there are no finite invariant measures. Note that in the case of
Kolmogorov diffusion, ¢ € C*(R?) is harmonic if

1 0% oY

58_1’%(3:1’1.2) + xza—xl(l’l,l'g) = O, (371,1'2) c R2.

8. THE CASE OF BOUNDARY NOISE

8.1. Well posedness. Let O be a bounded region in R?. We assume
that O satisfies the conditions from [I1]. In particular it is enough
to assume that d = 1 and O is an interval, or d > 1 and O is a
bounded region with boundary of class C'™®. Given p € (1, +0c0) and
0 €[0,2p—1) set L := LP(O, dist (£, 00)" d¢).

Let us denote by S the semigroup on E = L§ generated by the
Laplace operator A on O with homogeneous Dirichlet boundary con-
ditions, see [11]. The semigroup is given by the Geeen kernel G;

S(t)(€) = /O G(t, &, m)(n)dn.

Given A > 0 let D, be the Dirichlet map. Let us recall that given
A > 0 and a function v on 00, u = Dy~ is, the possibly weak, unique
solution to the Poisson equation

Au(§) = Au(§), £€0,  u(§) =7(§), §€090.

Let H — L*(00) be a Hilbert space, and let (e;) be an orthonormal
basis of H. Finally let (W}) be a sequence of independent real valued
standard Wiener processes defined on a probability space (€2, §,P).

Let us recall, see [11], that the boundary problem
0X
g(S,g):AX(S,f), S>07 5607

(8.1) X(0,8) ==, £€0,
) = Zek(é)dw’“(s), s>0, € €00,

X (s,

I

ds

can be written in form (2.1). Moreover, it is well posed on the state
space Ly if and only if, for a certain or equivalently for every T > 0,

Jr({er},p,0)

p/2

R [Z [ - Msepie? ©s| i, 00)
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is finite. Here A is the Laplace operator with homogeneous Dirichlet
boundary conditions. Moreover, it solution X is given by the formula

X%(s,) = S(s)a() + 3 / "= A)S(s — r) Daen ()W (r)

- /O G(s, - m)z(m)dn

N Z /08 /8(9 3n?(77) G(s —r,-,n)er(n)ds(n)dWi(r),

where n = (nl, e ,nd) is the outward pointing unit normal vector to

the boundary 00, and s is the surface measure.

For more information on the deterministic and stochastic boundary
problems see e.g. [2, 9, 13, 11].

Hypothesis 2.1 can be written now in the following form:

Hypothesis 8.1. For any T > 0, Jr({ex},p,0) given by (8.2) is finite.

We define the transition semigroup on By(E) = By(Ly); Psp(x) =
E¢(X®(s)). In the case of the boundary noise problem the null-
controllability criterion of the corresponding deterministic problem can
be formulated as follows.

Hypothesis 8.2. Assume that for each t > 0 there is a bounded linear
operator U(t): L — L*(0,t; H), Ut)z)(s) = u(t,x;s) such that for
any x € L,

/O G(t, - m)a(n)dn

3 [ GGl = s e sttt ), ) s

Remark 8.3. Let us note that if O is unbounded then it is not possible
that Hypotheses 8.1 and 8.2 hold simultaneously. For, by Corollary
2.10 the semigroup S need to be compact.

Remark 8.4. Note that
G(t’ §7 77) - Z e_kltfl(f)fl(n%

l

where (f;) is the orthonormal basis of L*(Q) of eigenvectors of the
Laplace operator and (—J;) are the corresponding eigenvalues. There-
fore the null-controllability condition has the form

(z, fi)r20 Z/ NS (u(t, s s ek>Hds/ 31(1]2 )(n)ek(n)ds(n).

00
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and it is enough to verify this identity for any z € L?*(O) and of course
any [, see Lemmas 8.6 and 8.7 below.

8.2. The case of white noise. The following result is proved in [23].
Its formulation is adapted to notations of this paper.

Theorem 8.5. Then there is a bounded linear control operator U(t)
acting from L*(O) into L*(0,t; L*(00)), and

(8.3) log [[U#) || Lz20),2(0,51200y) = O(1/t) ast ] 0.
The following result was established in [1/][Lemma 5.1].

Lemma 8.6. Let p > 1, 6 € [0,2p — 1). For any t > 0, S(t) is

a bounded linear operator from LY into Li = LP(O). Moreover, the
operator morm is of order t_%, that is there exists a C > 0 such that

HS(t)HL(LZ,Lg) < Ct % fort <1.
Since O is bounded we have also the following result.

Lemma 8.7. Let p > 1. Then for any t > 0, S(t) is a bounded linear
operator from L = LP(O) into L3 = L*(O). Moreover, there exists a
C > 0 and a(p) € [0, +00) such that [|S(t)|| iz L2) < Ct=o®) fort <1.

The main result of this section is the following theorem

Theorem 8.8. (i) Assume that O = (a,b) is a bounded open interval
i R, and that Wy, Wy are independent Wiener processes. Let p > 1
and 0 € (p—1,2p—1). Then the problem (8.1) with boundary conditions
X(t,a) = Wi(t) and X (t,b) = Wy(t) defines a Markov family on E =
Ly
(ii) Assume that O is a bounded region in R* with boundary C*® for
some a > 0. Let (ex,) be an orhonormal basis of L*(00) and let (W},)
be a sequence of independent Wiener processes. Let p > 1 and 0 €
(% — %}, 2p — 1). Then the problem (8.1) defines a Markov family on
E=1.

Moreover, in both cases for any ¢ € By(E) = By(Ly) and t > 0, Pp

has deriwatives of all orders and
Cn
SUE | D" Pip(x)||L(exEx..xp) < Cet SUJIE) 191l B, () ¢ € By(E),
xe xe

with C' > 0 independent of ¢, t < 1, and n.

Proof. Parts (i) and (iz) are related to Hypothesis 2.1, or Hypothesis
8.1, and are know, see [l4][Propositions 8.1, 8.7, 8.10], and they are
recall here only for the sake of completeness. To show the last claim,
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we need to verify the null-controllability Hypothesis 8.2. Let z € Lj
and t > 0, By Lemmas 8.6 and 8.7, S(t/2)z € L*(O) and

d+6
1S(t/2)l 2 < Cot™ % ||| 1.
By Theorem 8.5 there is a
Ut/2): L*(O) — L*(0,t/2, L*(00)

such that for the control u(s) = U(t)[S(t/2)x](s), s € [0,t/2], u €
L*(0,t/2; L*(90)), we have

o~

0=S(t)z + / (A= A)S(t/2 — 5)Dyu(s)ds

0

=Stz + /t(A — A)S(t — s)Dy\Tyu(s)ds,

where Ty: L%(0,t/2; L*(00)) — L*(0,t; L*(00)) is bounded linear op-

erator defined as follows

o for s <t/2,
Tiu(s) = {u(s —t/2) for s € [t/2,1].

O

8.3. The case of coloured noise. White noise case is restricted to
subdomains of R, d = 1,2. In this section we consider the case of the
so-called coloured noise, that is the case where (ey) is not an orthonor-
mal basis of L?(90). Assume that O is a bounded domain in R? with
CY a > 0, boundary 0. By Proposition 8.10 from [14], we have the
following result dealing with the verification of Hypothesis 8.1.

Proposition 8.9. Assume that

8.4 sup e’ < 400
(8.4) zk:nea% (1)

and 1 < p < +oo and 0 € (p—1,2p — 1). Then the boundary problem

(%1) defines a Markov family with continuous trajectories in E = Lj) :=
Ly o
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What is left is to find conditions on (e;) which guarantee for a given
t > 0, the null-controllability of the corresponding deterministic bound-
ary problem

aa—i(s, ) =AY (s,€), s€(0,t), £ €O,
(8.5) Y(0,§) =x(§), £€0,

Y(s,8) =) _exQu(t,zss),  s€(0,t), £ €00.

Taking into account Lemmas 8.6 and 8.7, it is enough to establish
null-controllability in unweighted space L?(O).

8.3.1. The case of a unit ball in RY. Here we give an example of an

equation with colored noise satisfying (8.4) and such that the corre-

sponding boundary problem (8.5) is null-controllable in L?(O). Namely,

let O = By(0,1) be the unit ball in R% Then O = S !. In polar

coordinates the eigenvectors of the Laplace operator have the form
Hyx(r,0) = ha(r) fu(0), 7 €[0,1], 8 €87,

n € Nand k € N¢=1\ {0} := (NU{0})?1\ {(0,...,0}.
Above (h,,) are Bessel functions and (fx) is an orthonormal basis of
S9! the-so called harmonics. For our purposes it is important that

(8.6) sup sup |fx(0)| < +oc.
k fesd-t

In the theorem |k|?> = Y07 k2.

Theorem 8.10. Assume that e = ay fi, k € N1\ {0}, where (ay)
1s a sequence of real numbers such that

(8.7) Zai < 00,
k
and
(8.8) Vi>038(t)>0: Yk a2e K < B(1).

Letp > 1 and 0 € (p—1,2p —1). Then the problem (8.1) defines a
Markov family on E = Lj. The corresponding deterministic system is
null-controllable at any time T > 0, and for any ¢ € By(E) = By(L})
and t > 0, P,¢ has deriwatives of all orders. Finally

(8.9) sup D" Pep()]| L(mx...xm) < C(t)"sug 10l (&), ¢ € By(E),
FAS FAS

with a constant C(t) > 0 independent of ¢ and n. Moreover, there are
a function Cy and a constant ¢ > 0 such that C(t) = C1(t/2)5(ct/2)
and log Cy(t) = O(1/t) ast | 0.
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Proof. Assume that p > 1 and 6 € (p — 1,2p — 1). Then (8.6), (8.7),
and Proposition 8.9 guarantee that (8.1) defines Markov family in L.
By Lemmas 8.6 and 8.7 null-controllability in L§ = L?(B(0, 1)) ensures
null-controllability in E = Lj. Therefore, we only need to verify null-
controllability in L?(B(0,1)) and the desired estimates for the control
operator.

We have

G(t,r,0,r,0) = Ze k(1) fie(0) o (1) fic(61),

where (—\, k) is the correspondmg sequence of eigenvalues. Then

S(t)x = Z e M @, Hy ) r2(5(0.1)) H k-
n,k

Note that

u = Z<’U,, ek)Hek = Z<U, ek)Hakfk-
k

k

Thus (u, fi)r2sa-1y) = (u, ex) gax, and (u, ex)y = ay (U, fic) 2(sd-1).-
Our aim is to verify condition (4.5). We have

((S(s)B)*w,ex)r = (x, S(s)Bex) 20y = ax(z, S(s)B fx) r2(0)
= —ax(S(s)z, ADo fi) 12(0)

0
T /Sd1 oGy > 82 feln)ds ).

Since

0 i dh,,
()N = ;G_AM (@, Hughizo)fy g ()
we have
2
Zk:«S(S)B) x, ek Z (Ze nkS x an>L2 O)%(l)) .

We need to show that for ant T, > 0 there is a function C' = C(t) such
that for z € L*(B(0,1)),

Z o~ 2k (t4T0) <x, Hn,k>%2(0)

2
. t dh,,
§C’(t)/0 Zai (Ze_)‘”’ks@,ﬂmk)m(o) Az (1)> ds

n

Z Ri(aw, n,m, t)e *»xle mkt<$,Hn,k>L2(o)<$7Hm,k>L2(<9)7
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where

1
Ry(ax,n,m,t) == a2 ————
k( 8 ) k)\n,k+)\m,k

dh,,
dx

),

e()‘n,k+)\m,k)t _ 1)

Since H,x and H,,; are orthogonal for k # j we have to show that for
any k,

(8.10) D e lop < ()Y Riclar nm, )b acdim ke,

n,m

where by, ) := e it (x, H, x)12(0)- By Theorem 8.5 there is a function
C) of order log C;(t) = O(1/t) such that for any x € L?(B(0,1)),

Z bzl,k S Cl (t) Z Rk(la n,m, t)bn,kmek for any k.

n,m

Hence (8.10) holds true with

C(t) = Cy(t) sull() e niTog, 2,

Since A\,1 = ¢1(n? + |k|?), we have

sup e~ Anklo a;2 < B(cTy),
n,k

and consequently we have the desired estimate with C(t) = Cy(t)3(cTp).
What is left is to evaluate C(t) appearing in (8.9). We are looking for
C such that

‘S<t)x‘%2(B(0,1)) < C(t)‘Q*(t)x’%Q(O,t;H)'
We have
|S<t + T0)$|%2(B(071)) <G (t>ﬁ<CTO)|Q*(t)I&?(O,t;H)‘

Since
t t+To

10" Ol = [ 15t = 5)Balyds < [ IS+ T - 5)Bal yds
0 0

=|Q*(t+ TO)xﬁ?(O,t—l—To;H)’

we have C(t+Ty) = C1(t)B(cTy). In particular C(t) = C1(t/2)5(ct/2).
U
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