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» Origins and motivations.
» Basic properties of Manin matrices.
» Examples and applications to Casimir elements.

» Generalizations: g-Manin and super-Manin matrices.
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By the seminal works of V. Drinfeld (1985) and M. Jimbo (1985),
the universal enveloping algebra U(g) of a simple Lie algebra g

admits a deformation U,(g) in the class of Hopf algebras.

The dual Hopf algebras are quantized algebras of functions
Fun,(G) on the associated Lie group G

[N. Reshetikhin, L. Takhtajan and L. Faddeev 1990].

A detailed review of the theory and applications:

V. Chari and A. Pressley, A guide to quantum groups, 1994.
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Basic example

The algebra Fun,(Mat,) is generated by four elements a, b, ¢, d,

a b
understood as the entries of the matrix [ ] , such that
c d

ba = qab, dc=qcd, ca=qac, db = qgbd,

and

be = cb, ad —da+ (q—q ")bc=0.

[L. Faddeev and L. Takhtajan 1986].



As observed by Yu. Manin (1988), the relations are recovered
via a “coaction” on the quantum plane, — the algebra with

generators x, y and the relation yx = gxy.



As observed by Yu. Manin (1988), the relations are recovered
via a “coaction” on the quantum plane, — the algebra with

generators x, y and the relation yx = gxy.

A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by

=L

satisfy y'x’ = gx'y’.



As observed by Yu. Manin (1988), the relations are recovered
via a “coaction” on the quantum plane, — the algebra with

generators x, y and the relation yx = gxy.

A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by

y' c dlly
satisfy y’x” = ¢x'y’. The defining relations for Fun,(Mat; )
. . _|a b
are equivalent to the conditions that the matrix

c d
and its transpose are g-Manin matrices.
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Manin matrices (g = 1)

Consider the tensor product algebra A ® Clx, y].

Look for 2 x 2 matrices over A such that x’ and y’ defined by
y' c dlly

[ax+ by, cx +dy|] = [a,c] 2+ ([a,d] + [b, c]) xy + [b,d] 2.

commute. We have

This leads to the definition of Manin matrices:

la,c] =[b,d] =0 and [a,d] = [c,b].
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Exercise. Derive defining relations for the general case.

Suppose xi, ... ,x, pairwise commute.

Look for n x n matrices M = [M;;] over an associative algebra A,

such that x{, ..., x, defined by

/
xl M]] M]n X1

S~

commute.
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Definition. An n x n matrix M over an associative algebra A is

a Manin matrix if all its 2 x 2 submatrices are Manin matrices:
[Mij, My;| = [Myj, M;], i,j k1€ {1,... n}.

Equivalently, elements in each column of M pairwise commute,

whereas for any submatrix
[Mij Mil]
My; My,

MMy — MyiMip = My M — My My;.

we have
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Alternative viewpoint

Consider the associative algebra M,, with n* generators M;; and

the defining relations
[Mij M) = (Mg, M), ik 1€ {1,...,n}.
The algebra is graded:

M, =P M.
N=0

Exercise. Construct a basis of M,,. What is dim MY ?

[Open question in the super case.]
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Determinants

Introduce the column-determinant of a matrix M by

cdetM = Z sgno 'Ma(1)1 . -Mo(n)n'
oEG,

Exercise. Suppose that M is a Manin matrix. Verify that cdet M
possesses usual properties of determinant: it changes sign if

two rows or two columns are swapped.
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Tensor techniques

By taking a canonical basis of C", the endomorphism algebra

End C" acquires the basis of matrix units e;;.

For any associative algebra .A we have an algebra isomorphism
Mat,(A) = EndC" ® A.

We may regard the matrix M over A as the element

M=) ¢;®M;€EndC"® A.

ij=1
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Consider the algebra

FndC"® ... EndC" @ A

andfor a=1,...,k set

Ma_21® Rl Rel®..
ij=1 a—1

where 1 is the identity matrix.

k—a

.® 1 ®Mija
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The symmetric group &, acts on the tensor product space

C'®...@C"
N——
k

by permutations of tensor factors.

In particular, we have the permutation operator
P € End(C"®C") ZEndC" ® EndC"

such that
P:é®@n—n®¢.

Exercise. Verify that P is given by

n
P = Z ejj K eji € End C" ® End C".
ij=1
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where
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In general, for the transposition (ab) € S, we have (ab) — P,

where

ub—zl® 9l ®eR1Ie.. . 81legelR.. oL
iy=1 a—1 b—a—1 k—b

Elements of the group algebra C[&;] are then represented as

operators in (C")®; that is, as elements of the algebra

End (((C”)®") ~ EndC" @...® EndC".
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Exercise. Verify the relations in the algebra End (C")** @ A:

PabMa :MbPab'

More generally, for any o € &; let P, denote its image under

the action on the tensor product space (C")®*.

Show that

Py M, = Ma'(a) P.
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Key Lemma
Consider the tensor product algebra

EndC" @ EndC" @ A.

Lemma. Each of following relations provides an equivalent

definition of Manin matrices:
(1 =P)MM>(1+P)=0,
(1 — P) (M1M2 —M2M1) =0,

(M1M2 —Mle)(l —|—P> =0.
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Proof. The relations are equivalent to each other by the

Exercise. We have

n
MM, = Z e;j @ ex @ MijMy.
i k=1

Hence, using the formula for P we get

n
PM\ M, = Z e @ ey @ MMy,
ik 1=1
n

MM P = Z eil®ekj®Miijl,
ij,k, =1

and

n
PMiMyP = Z e ® ejj @ MijMy.
ijkl=1



Therefore, taking the coefficient of the basis vector e¢; @ ¢;; on

the left hand side of
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Therefore, taking the coefficient of the basis vector e¢; @ ¢;; on

the left hand side of

(1—=P)M M, (1 +P)

=M\ M, —PM M, +M M>,P—PM M, P

we find that the first relation is equivalent to the defining

relations for Manin matrices.
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Remark on a new Hecke-type algebra

The Key Lemma suggests a definition of new algebra
generated by C[S;] and abstract elements My, ..., M.

The defining relations are
oM, = Mg(a) o, o € &,
together with

(1—(ab)) (M My — MyM,) =0,  a<b.

Open problem: understand this “Hecke—Manin” algebra.

20
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Denote by H*) and A% the respective images of the

symmetrizer and anti-symmetrizer

% ZO’ and % ngna-a.

€S o6y

We regard H®) and A% as elements of the algebra

EndC"®...® EndC".

-~

k

Example.

HY =-(1+pP), AP=_@1-p).

| =
| —

21
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We point out some useful recurrence formulas for the
symmetrizer and anti-symmetrizer.

Lemma. We get the formulas

1 -1
AR — EA(k_l) _ kTA(k_l)PkflkA(k_l)

and
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Proof. We have (verify!)

1
AW = %A(kfl) (I=Prx—-—Pr_1x)

Multiply both sides by A%~1) from the right and use the relations

AR Ak=1) _ 4(K)

23



Proof. We have (verify!)

A0 _ %AM (1= Pry— = Peyy).
Multiply both sides by A%~1) from the right and use the relations
AR Ak=1) _ 4(K)
and

Ak=Dp  Ak=D — pk=Dp  AK=D

forl <a<k.

23
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Proposition.
If M is a Manin matrix, then we have the identities in the

algebra End (C")®* ® A:
AOM M A = AOM My

and

HOM, .. M H® =M, .. . MHD.

Moreover,

AWM, M, = A cdet M.

24



Proof. To prove the first relation it suffices to show that for any

element o € &, we have
AOM, .. MP, =sgno-AVM, .. M,

where P, is the image of o € &;.
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Proof. To prove the first relation it suffices to show that for any

element o € &, we have
AOM, .. MP, =sgno-AVM, .. M,
where P, is the image of o € &;.

Since the group &, is generated by the adjacent transpositions,
it is enough to verify the relation for the elements o0 = (a a + 1)

witha=1,....k— 1.

25



Hence we only need to consider the case k = 2. However, the

relation with o = (12) reads

1-P 1-P
TMlMgP: —TMle

which an equivalent form of the defining relations.
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Hence we only need to consider the case k = 2. However, the

relation with o = (12) reads

1-P 1-P
TMlMgP: —TMle

which an equivalent form of the defining relations.

The proof of the second relation reduces to checking that for

any o € &;
P My .. MH® =M, ... MH®Y.

This follows again from the defining relations written in the form

1+P 1+P
+:M1M2+.

PM M, >

26
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By the trace we will mean the linear map
tr: EndC" — C, eij = 0y

Furthermore, for any a € {1, ..., k} the partial trace tr, will be

understood as the linear map
tr, : End ((C”)®k — End (C")®(k*1)

which acts as the trace map on the a-th copy of End C" and is
the identity map on all the remaining copies.

The full trace tr = tr; _, is the composition tr; o - - - o tr,.

27
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Exercises.

and

Show that

n —k+1A(k_1)
k
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k) — ("
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Exercises.

and

Similarly,

and

Show that

n—k+1A(k_1)

t A(k) =
Iy X

+k—1_
tr, O = P57 g1
Iy X

)

trH (k)

28
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Lemma. Suppose that two elements
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of the algebra End (C")®* @ A satisfy the property
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Cyclic property of trace
Lemma. Suppose that two elements

X:Zei1j1®"'®eiklk®le; e and

Y:Zeiljl®"‘®eiklk®yjt1] ]l:

of the algebra End (C")®* @ A satisfy the property

i...ig yymy.. vy MMy i
XJl -Jk Yll lk Yll~~-lk le-~~jk

for all values of the indices.
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Cyclic property of trace
Lemma. Suppose that two elements

X:Zei1j1®"'®eiklk®le; e and

Y = Zeiljl X ... Qe @ lell ]l:
of the algebra End (C")®* @ A satisfy the property
Q... m _ ymp..m i1...0
XJl ]f Ylll lk Y11~1~~1k kall-ndI:

for all values of the indices. Then

tr XY = tr YX.

29
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For any n x n matrix M over an associative algebra A set
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k=1
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MacMahon Master Theorem
For any n x n matrix M over an associative algebra A set
Ferm =1 + Z trA k)Ml . M,

o
Bos = 1 + ZtrH(k)Ml ..M.
k=1

Theorem [Garoufalidis—Lé—Zeilberger 2006].

If M is a Manin matrix, then

Bos x Ferm = 1.

30



Proof.
It is sufficient to show that for any integer 1 < k < N we have

the identity in the algebra End (C")®* @ A

-----
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Proof.
It is sufficient to show that for any integer 1 < k < N we have

the identity in the algebra End (C")®* @ A

-----

where AU+1- 4} denotes the anti-symmetrizer over the copies
of End C" labeled by r + 1, ..., k (with the identity components

in the first r copies).
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The identity can be written as

k

Z(— 1 )rtrL'“,k]'l(r)14{r—"_17”'7 k}M] .

r=0

.My,

32



The identity can be written as

k
> (=1, HOAUT B M =0, (1)
r=0

We will show that the left hand side of (1) remains unchanged
after the replacement of the product of the symmetrizer and

anti-symmetrizer H"AT+1k} py

r(k _kr+ 1) HOAL K | (r+1)(k—r) HAD) ALk
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The identity can be written as

k
> (=1, HOAUT B M =0, (1)
r=0

We will show that the left hand side of (1) remains unchanged
after the replacement of the product of the symmetrizer and

anti-symmetrizer H"AT+1k} py

r(k _kr+ 1) HOAL K | (r+1)(k—r) HAD) ALk

If this is true, then (1) vanishes after the replacement since we

get a telescoping sum equal to zero.

32
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Working with H+DA{+1--4 "yse the recurrence relation

Hot) — 1 g T

H HP,,  H.
r+1 r+1

By the cyclic property of the trace, we get

tw HOP, o (HOAUT By v

= tr Py AV BN v H O

Hence, by the second identity in the Proposition, this equals

tr Py AV B v H )

=t HOP, AV R oM.

33
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Reminder from Lecture 1

An n x n matrix M over an associative algebra A is
a Manin matrix if elements in each column of M pairwise

commute, whereas for any submatrix
[Mij Mil]
My; M

M;jMy; — MyjMip = My Mij — Mi My;.

we have

34



Equivalently, M is a Manin matrix, if and only if in the product
algebra

EndC"®EndC" ® A

we have

(1 —=P)(MM; — M, M) =0,
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Equivalently, M is a Manin matrix, if and only if in the product

algebra

EndC"®EndC" ® A
we have

(1 — P) (Mle —MZMI) =0,
where
n
My = e;@1®M;
ij=1

and

n
M, = Zl®eij®Mij-
ij=1

35
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Noncommutative characteristic polynomial

Proposition.  If M is a Manin matrix, then

cdet(1 + tM) Zt rAk o.My,

[Cdet (1— tM Zt tr H* ..M.
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Noncommutative characteristic polynomial

Proposition.  If M is a Manin matrix, then

cdet(1 + M) Zt rAk o.My,
[cdet (1— tM Zt tr H* ..M.
Proof.  Write
AGM, . Z € ® - © ey @ M
summed over all k-tuples of indices I = (iy, . .., i) and

J:(,'1,...,]‘,{)from{1,...,n},whereM]’]1 J’feA .



Foreacha=1,...,k— 1 we have

PoartAOM, .. My = —AOM M= APM, . MPaa.
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Foreacha=1,...,k— 1 we have
PoartAOM, .. My = —AOM M= APM, . MPaa.

This implies that the matrix elements M are
skew-symmetric with respect to permutations of the upper

indices and of the lower indices. Hence

wrAOM, .. M = ZM = > oMk
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Foreacha=1,...,k— 1 we have
PoartAOM, .. My = —AOM M= APM, . MPaa.

This implies that the matrix elements M are
skew-symmetric with respect to permutations of the upper
indices and of the lower indices. Hence
wrAOM, .. M = ZM = > oMk
I<ip<---<ig<n

which coincides with the coefficient of #* in cdet(1 + tM).

37
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Cayley—Hamilton identity

Define the comatrix for a Manin matrix M as the matrix M with

the entries in the algebra A defined by
M = (—1)" cdet M7,

where M/' is the matrix obtained from M by deleting row j and

column i.
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Cayley—Hamilton identity

Define the comatrix for a Manin matrix M as the matrix M with

the entries in the algebra A defined by
M = (—1)" cdet M7,

where M/' is the matrix obtained from M by deleting row j and
column ;.

Lemma. We have the relation

MM = (cdetM) 1.

38



Proof. First observe that the definition of the comatrix can be

written equivalently in the matrix form as

AWM M, =AMM,.

39



Proof. First observe that the definition of the comatrix can be

written equivalently in the matrix form as
AWM M, =ADM,.

Indeed,

AWM M, =ADM, . M, A
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Proof. First observe that the definition of the comatrix can be

written equivalently in the matrix form as
AWM M, =ADM,.

Indeed,

AWM M, =ADM, . M, A

so that the matrix relation is equivalent to the equality of the
matrix coefficients corresponding to the basis vectors of the

form

e1R..0¢6R...0e e, i,je{l,...,n}.

39



Apply both sides of the matrix relation to such a vector and

compare the coefficients of the vector

Z SENO - €y(1) @ ... & ey(p)-

0'66;1
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Apply both sides of the matrix relation to such a vector and

compare the coefficients of the vector

Z SENO - €y(1) @ ... & ey(p)-

0'66;1

We get the relation

as required.
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Apply both sides of the matrix relation to such a vector and

compare the coefficients of the vector

Z SENO - €y(1) @ ... & ey(p)-

geS,
We get the relation

(~1)" M| (1)
as required. Now, by the Proposition,

AWedetM = AWM, .. .M, =ADM M,

On applying both sides to the above vectors we get the Lemma.



Theorem.

For a Manin matrix M set

C(u) = cdet(ul — M) =u" — Aju" ' +- -

+ (=1)"A,.
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Theorem.

For a Manin matrix M set

Clu) = cdet(ul — M) =u" — Aju" '+ 4 (=1)"A,.

Then the Cayley—Hamilton identity holds: C(M) = 0.
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Theorem.

For a Manin matrix M set

Clu) = cdet(ul — M) =u" — Aju" '+ 4 (=1)"A,.

Then the Cayley—Hamilton identity holds: C(M) = 0.

Proof. By the Lemma,

—

(wul —=M)(u—M) =C(u)l.
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Theorem.

For a Manin matrix M set

Clu) = cdet(ul — M) =u" — Aju" '+ 4 (=1)"A,.

Then the Cayley—Hamilton identity holds: C(M) = 0.

Proof. By the Lemma,

—

(wul —=M)(u—M) =C(u)l.

Substituting u — M we get C(M) = 0.
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Theorem.

For a Manin matrix M set

Clu) = cdet(ul — M) =u" — Aju" '+ 4 (=1)"A,.

Then the Cayley—Hamilton identity holds: C(M) = 0.
Proof. By the Lemma,

o —

(wul —=M)(u—M) =C(u)l.

Substituting u — M we get C(M) = 0.

[Open problem in the super case.]

M



Invertibility
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Invertibility

Proposition.  If a Manin matrix M is invertible and cdet M is

invertible, then M~ is a Manin matrix.
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Invertibility

Proposition.  If a Manin matrix M is invertible and cdet M is
invertible, then M~ is a Manin matrix.
Proof. Since

AWy, My = AWcdet M,
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Invertibility

Proposition. If a Manin matrix M is invertible and cdet M is
invertible, then M~ is a Manin matrix.
Proof. Since

AWy, My = AWcdet M,
we have (assuming n > 2)
(cdetM) AWM, ... My = AP MM

so that the right hand side is unchanged after the multiplication

by —P;, from the right.

42



Hence,

A MM - M

43



Hence,

ADMI M - My MY = 0.

Taking the partial trace tr; , we get
AP MMy My M) =0

so that M~! is a Manin matrix.
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Hence,

A (MM — My M) = 0.
Taking the partial trace tr; , we get

A MM MM =0
so that M¥~! is a Manin matrix.

[No proof is known in the super case.]
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Newton identity
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Newton identity

Theorem. If M is a Manin matrix, then

d oo
—cdet(1 +tM) = cdet(1 + tM) Z Votr AL
dt =
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Newton identity

Theorem. If M is a Manin matrix, then

d - f+1
Ecdet( + tM) = cdet(1 +tM) ;% Votr AL

Proof. Since 1+ tM is also a Manin matrix, we have
AW (1 tMy) ... (14 tM,) = APcdet (1 4 tM).

Calculate the derivative of both sides over :

d
ZA 1+1My) ... M,...(141tM,) :A(”)Ecdet(l—i-tM).
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Replace the factor M, by (1 4 tM,) — t~!, then take the trace

of both sides over all n copies of End C" to get

nt~edet(1+¢M)— _IZtrA (14+tMy) ... (1 + M) ... (14+1M,)

d
== cdet(l +tM).
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Replace the factor M, by (1 4 tM,) — t~!, then take the trace

of both sides over all n copies of End C" to get

nt~edet(1+¢M)— _IZtrA (14+tMy) ... (1 + M) ... (14+1M,)

d
= Ecdet(l +tM).

Observe that for each value of a the corresponding term in the

sum coincides with the term for a = n which equals

AW (1 4+ tMy) ... (14+tM,_y).

45



The Lemma implies that this equals cdet(1 + tM) tr(1 + M)~
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The Lemma implies that this equals cdet(1 + tM) tr(1 + M)~

and so we come to the identity

d
cdet(1 +tM)(nt™" —t te(1 +tM)71) = Ecdet(l +tM).
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The Lemma implies that this equals cdet(1 + tM) tr(1 + M)~

and so we come to the identity

d
cdet(1 +tM)(nt™" —t te(1 +tM)71) = Ecdet(l +tM).

It can be written in the form

[e.e]
d
cdet(1 +tM) Z e M = = cdet(1 +tM),
k=0

as required.
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Applications: Casimir elements
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Applications: Casimir elements

The Lie algebra gl, is the vector space End C" with the bracket

[A,B] = AB — BA.
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Applications: Casimir elements
The Lie algebra gl, is the vector space End C" with the bracket
[A,B] = AB — BA.
The matrix units ¢; form its basis with the commutation relations

[eij, ekl] = Oyjeir — 0y €
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Applications: Casimir elements
The Lie algebra gl, is the vector space End C" with the bracket
[A,B] = AB — BA.
The matrix units ¢; form its basis with the commutation relations
[eij, ekl} = Oyjeir — 0y €

The group GL, acts on gl, by conjugation: X — gXg~!,
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Applications: Casimir elements

The Lie algebra gl, is the vector space End C" with the bracket
[A,B] = AB — BA.
The matrix units ¢; form its basis with the commutation relations
[eij7 ekl} = Oyjeir — 0y €

The group GL, acts on gl, by conjugation: X — gXg~!,
and the action extends to the symmetric algebra S(gl,,) which

can be viewed as the algebra of polynomials in n* variables Ej;.

47



Consider the matrix

Eyn ... Eyn

En ... En

with entries in the symmetric algebra S(gl,,).
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Consider the matrix

Eyn ... Eyn

En ... En

with entries in the symmetric algebra S(gl,,).

Write

det(u+E)=u"+ A" ' -+ A,
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Consider the matrix

Eyn ... Eyn

En ... En

with entries in the symmetric algebra S(gl,,).

Write

det(u+E)=u"+ A" ' -+ A,

We have

S(gl,)% = ClA, ..., A,

48



The universal enveloping algebra U(gl,) is the associative

algebra with n> generators E; and the defining relations

E,’j Ey — Ey Eij = (SkjEﬂ — 5i1Ekj'
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The universal enveloping algebra U(gl,) is the associative

algebra with n> generators E; and the defining relations
E,’j Ek] — E]d Eij = 5kjEil — 5ilEkj'
The symmetrization map

w : S(gl,) = U(gl,),
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The universal enveloping algebra U(gl,) is the associative

algebra with n> generators E; and the defining relations
EjjEy — E Ejj = 0 Eil — 0, Elg.
The symmetrization map
@ : S(gh,) = U(gl,),

is a GL,,-module isomorphism, defined by

w: Xy .. . Xy — — Z Xg(l) X; € gl,,
UEGk

[Poincaré—Birkhoff—Witt Theorem].
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This implies the isomorphism

S(at,) " = Z(gl,),

where Z(gl,) is the center of U(gl,).
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This implies the isomorphism

S(at,) " = Z(gl,),

where Z(gl,) is the center of U(gl,). Hence

Z(gl,) =C [W(A1)7 s 7W(An)] :
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This implies the isomorphism
S(at,) % = Z(gl,),
where Z(gl,) is the center of U(gl,). Hence
Z(gl,) = C[w(A)),...,=m(A)].

By Schur's Lemma, any element z € Z(gl,) acts as scalar

multiplication in any finite-dimensional simple gl,,-module.
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This implies the isomorphism
S(at,) % = Z(gl,),
where Z(gl,) is the center of U(gl,). Hence
Z(gl,) = C[w(A)),...,=m(A)].

By Schur's Lemma, any element z € Z(gl,) acts as scalar

multiplication in any finite-dimensional simple gl,,-module.
Question: What are the scalars corresponding to w(A;)?

50



Any finite-dimensional simple gl,,-module L is generated

by a nonzero vector £ € L
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Any finite-dimensional simple gl,,-module L is generated

by a nonzero vector £ € L such that

E;j(=0 for 1<i<j<n, and

Ei§=M\¢& for 1<i<n,
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Any finite-dimensional simple gl,,-module L is generated

by a nonzero vector £ € L such that

E;j(=0 for 1<i<j<n, and

Ei§=M\¢& for 1<i<n,

for certain \; € C satisfying the conditions \; — \j1 1 € Z ..
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Any finite-dimensional simple gl,,-module L is generated

by a nonzero vector £ € L such that

E;j(=0 for 1<i<j<n, and

Ei§=M\¢& for 1<i<n,

for certain \; € C satisfying the conditions \; — \j1 1 € Z ..

Any element z € Z(gl,,) acts in L by multiplying each vector by a

scalar x(z).

51



Any finite-dimensional simple gl,,-module L is generated

by a nonzero vector £ € L such that

E;j(=0 for 1<i<j<n, and

Ei§=M\¢& for 1<i<n,
for certain \; € C satisfying the conditions \; — \j1 1 € Z ..

Any element z € Z(gl,,) acts in L by multiplying each vector by a
scalar x(z). As a function of the parameters )\;, the scalar x(z)

is a shifted symmetric polynomial in the variables Ay, ..., ..

51



The polynomial x(z) is symmetric in the shifted variables

VI VIS R Wy
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The polynomial x(z) is symmetric in the shifted variables
A, =1, —n+ 1.
The map y is the Harish-Chandra isomorphism between

Z(gl,) and the algebra of shifted symmetric polynomials.
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The polynomial x(z) is symmetric in the shifted variables
A, =1, —n+ 1.
The map y is the Harish-Chandra isomorphism between

Z(gl,) and the algebra of shifted symmetric polynomials.

Algebraically independent generators:
elementary shifted symmetric polynomials
e ) = > Ay = 1) (N, —m 1)
i< <ipp

withm=1,...,n.
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The Stirling number of the second kind {’Z} counts the number

of partitions of the set {1, ..., m} into kK nonempty subsets.
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The Stirling number of the second kind {’Z} counts the number
of partitions of the set {1, ..., m} into kK nonempty subsets.

Theorem. For the Harish-Chandra images we have

X w(An) Y {'Z} <”;‘1) <Z> B e, )

m
k=1
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The Stirling number of the second kind {’Z} counts the number
of partitions of the set {1, ..., m} into kK nonempty subsets.

Theorem. For the Harish-Chandra images we have

m -1
m) (n\ (n .
X:w(Am)»—)kg_l{k}<m) <k> (A, ).
Proof. Regard the matrix E = [E;] as the element

E=e;®E;€EndC" ®U(gl,).

ij=1
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The Stirling number of the second kind {’Z} counts the number
of partitions of the set {1, ..., m} into kK nonempty subsets.

Theorem. For the Harish-Chandra images we have

X w(An) Y {'Z} <”;‘1) <Z> B e, )

m
k=1
Proof. Regard the matrix E = [E;] as the element

n
E=e;®E;€EndC" ®U(gl,).
ij=1

Observe that

@(Ap) = rAE, .. E,.

53



The defining relations of the algebra U(gl,) can be written as

E\E, — EyE, = (E| — E)P
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The defining relations of the algebra U(gl,) can be written as

E\E, — EyE, = (E| — E)P

in the tensor product algebra

EndC" ® End C" ® U(gl,,).
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The defining relations of the algebra U(gl,) can be written as
E\E; — E2E, = (E| — E))P

in the tensor product algebra
EndC" ® End C" ® U(gl,,).

Introduce the extended algebra U(gl,) ® C[u, e*%], where

the element % satisfies e% f(u) = f(u + 1)e%.
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The defining relations of the algebra U(gl,) can be written as
E\E; — E2E, = (E| — E))P

in the tensor product algebra
EndC" ® End C" ® U(gl,,).

Introduce the extended algebra U(gl,) ® C[u, e*%], where
the element % satisfies e% f(u) = f(u + 1)e%.
Key observation:

M= (ul 4+ E)e %

is a Manin matrix.
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Hence

cdetM = r AWM, ... M,.
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Hence

cdetM = r AWM, ... M,.

This implies the relation for the Capelli determinant (1890),

u-+ Ey Ep Ey,
Er u+E»p—1 ... E,,
cdet
E.q ... u+E,; —n+1

=AU+ E)u+Er—1)...(u+E, —n+1).
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Hence

cdetM = r AWM, ... M,.

This implies the relation for the Capelli determinant (1890),

u-+ Ey Ep Ey,
Er u+E»p—1 ... E,,
cdet
E.q ... u+E,; —n+1

=AU+ E)u+Er—1)...(u+E, —n+1).

The Harish-Chandra imageis (u+ Ai) ... (u+ X\, —n+1).

55



Similarly,

X :ttAME((Ey —1).. (Ey —m+1) — e (A, ...

s An)-
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Similarly,

X:ttAME(Ey—1) .. (Ep—m+1)— e’ (...

Using the identities for the Stirling numbers

xmzzm:{’:}x(x—1)...(x—k+1),

k=1

s An)-
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Similarly,

X :rAME(Ey—1) .. (En—m+1) = e (A, ..., \a)

Using the identities for the Stirling numbers

xmzzm:{’:}x(x—1)...(x—k+1),

k=1

we derive

wrAME, .. E, —trA('”)Z{ }El (Ey—1)...(Ex—k+1).

56



Similarly,
X :rAME(Ey—1) .. (En—m+1) = e (A, ..., \a)

Using the identities for the Stirling numbers

xm:zm:{’:}x(x—1)...(x—k+1),

k=1

we derive

wAME| .. E, —trA('”)Z{ }El (Ey—1)...(Ex—k+1).

It remains to calculate the partial traces of A™).

56



Further examples
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Further examples

d

Consider the algebra A = U(r~'gl,[r~']) and let 7 = -
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Further examples

d

Consider the algebra A = U(r~'gl,[r~']) and let 7 = -

Lemma. The matrix M = 71 + E[—1] is a Manin matrix.
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Further examples

d

Consider the algebra A = U(r~'gl,[r~']) and let 7 = -

Lemma. The matrix M = 71 + E[—1] is a Manin matrix.

This fact is essential in the constructions of Sugawara

operators for gl,,.
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The Yangian Y(gl,) for gl, is an associative algebra with

countably many generators t( ) 12 . where i,j=1,...,n

]’lj’

and the defining relations

r+1 r s+1 r s) (r
0 A = )~ )

where r,s =0,1,... and ti(jo) = 0jj.
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Introduce the n x n matrix T'(«) whose ij-th entry is the series

() = 0+ 1w+ 1P u? e Y(al) [
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Introduce the n x n matrix T'(«) whose ij-th entry is the series

1, - @ ,-

() = 0+t w67 u e Y(gl)[[u']

We can regard T'(«) as an element

Zel]@)t,] ) € EndC" ® Y (gl,)[[u""]].
ij=1
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The defining relations of the algebra Y(gl,) can be written in the

equivalent form

R(u—v) T\ (u) To(v) = To(v) Ty (u) R(u — v),
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The defining relations of the algebra Y(gl,) can be written in the

equivalent form
R(u—v) T\ (u) To(v) = To(v) Ty (u) R(u — v),

where

Ru)=1—Pu"!

is the Yang R-matrix.
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The defining relations of the algebra Y(gl,) can be written in the

equivalent form
R(u—v) T\ (u) To(v) = To(v) Ty (u) R(u — v),

where

Ru)=1—Pu"!

is the Yang R-matrix.

Lemma. The matrix M = T(u)e~% is a Manin matrix.

60



g-Manin matrices
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g-Manin matrices

A. Chervov, G. Falqui, V. Rubtsov and A. Silantyev, Algebraic
properties of Manin matrices Il: g-analogues and integrable

systems, Adv. in Appl. Math. 60 (2014), 25-89.
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g-Manin matrices

A. Chervov, G. Falqui, V. Rubtsov and A. Silantyev, Algebraic
properties of Manin matrices II: g-analogues and integrable

systems, Adv. in Appl. Math. 60 (2014), 25-89.

We will assume that g € C*.
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A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by

=1L

satisfy y'x’ = gx'y’.
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A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by
y' c dlly

Using yx = gxy, we get

satisfy y'x’ = gx'y’.

(cx +dy)(ax+by) = q(ax+ by)(cx + dy).
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A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by
y' c dlly

Using yx = gxy, we get

satisfy y'x’ = gx'y’.

(cx +dy)(ax+by) = q(ax+ by)(cx + dy).
This leads to the definition of g-Manin matrices:

ca=gqac, db = qbd,
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A 2 x 2 matrix is g-Manin if the elements x” and y’ defined by
y' c dlly

Using yx = gxy, we get

satisfy y'x’ = gx'y’.

(cx +dy)(ax+by) = q(ax+ by)(cx + dy).
This leads to the definition of g-Manin matrices:
ca=gqac, db = qbd,

and

ad —da=q 'chb—gbe.

62



Definition. An n x n matrix M over an associative algebra A is

a g-Manin matrix if all its 2 x 2 submatrices are Manin matrices:
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Definition. An n x n matrix M over an associative algebra A is
a g-Manin matrix if all its 2 x 2 submatrices are Manin matrices:

elements in each column of M pairwise g-commute,

M[‘/'Mkj = qujMijv 1> k,
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Definition. An n x n matrix M over an associative algebra A is
a g-Manin matrix if all its 2 x 2 submatrices are Manin matrices:

elements in each column of M pairwise g-commute,
M;;My; = g MyjM;j, i >k,

whereas for any submatrix

[Mi' Mil]
My; My
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Definition. An n x n matrix M over an associative algebra A is
a g-Manin matrix if all its 2 x 2 submatrices are Manin matrices:

elements in each column of M pairwise g-commute,
M;;My; = g MyjM;j, i >k,

whereas for any submatrix
[Mi' Mil]
Myj Mk

MiiMy; — g~ MMy = My M;; — q MMy,

we have

63



Determinants
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Determinants

The g-column-determinant of a g-Manin matrix M is defined by

Cdeth = Z (_q)—é(a) 'Ma(l)l . 'Ma(n)nv
Geen
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Determinants

The g-column-determinant of a g-Manin matrix M is defined by

Cdeth = Z (_q)—é(a) 'MJ(I)I . 'Ma(n)nv
ce6,

where /(o) denotes the length of o.
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Determinants

The g-column-determinant of a g-Manin matrix M is defined by
cdet, M = Z (_q)—é(a) ) MJ(I)I o 'Ma(n)nv
Ueen

where /(o) denotes the length of o.

In particular,
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g-Deformed action of &,
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g-Deformed action of &,

The action of the symmetric group &, on the space (C")®* can

be defined by setting s, — PJ := P? . where s, denotes the

aa+1?

transposition (a a + 1) and P? is the g-permutation operator

Pq_zetl®ell+qzetj®eﬂ+q Zezj®ejt

i>j i<j
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g-Deformed action of &,

The action of the symmetric group &, on the space (C")®* can

be defined by setting s, — Py := P?

1a+1» Where s, denotes the

transposition (a a + 1) and P? is the g-permutation operator

Pq_zetl®ell+qzetj®eﬂ+q Zezj®e]z

i>j i<j

This operator is an involution: (P4)? = 1.
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g-Deformed action of &,

The action of the symmetric group &, on the space (C")®* can

be defined by setting s, — Py := P?

1a+1» Where s, denotes the

transposition (a a + 1) and P? is the g-permutation operator

Pq_zetl®ell+qzetj®eﬂ+q Zezj®e]z

i>j i<j

This operator is an involution: (P9)? = 1. Equivalently,
(

qgej X e; if i <],

Pl(e; @ ej) = g le@e if i>],

e e if i=j.

65



If s =sq, ...5, is @ reduced decomposition of an element

s€ G, wesetpr! =p! .. pd

S“l S“l -

66



If s =54, ..

s € &, we set P! = Pl

Warning.

.84, is @ reduced decomposition of an element

KA

In general, Pq ) # P
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If s =sq, ...5, is @ reduced decomposition of an element

s € &, we set P = P! ... P .
Warning.  In general, P(qab) # Pl

Denote by H*) and A% the ¢g-symmetrizer and

g-anti-symmetrizer:

1
HY =5 > Pl
’ sEC,
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If s =sq, ...5, is @ reduced decomposition of an element

P

S“l -

s € &, we set P/ = P, .

Warning.  In general, P(qab) # Pl

Denote by H*) and A% the ¢g-symmetrizer and

g-anti-symmetrizer:

and
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Consider the tensor product algebra

EndC" @ EndC" @ A.
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Consider the tensor product algebra

EndC" @ EndC" @ A.

Key Lemma. M is a g-Manin matrix, if and only if

(1—POMMy(1+ P?) =0,
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Consider the tensor product algebra
EndC" ® EndC" ® A.
Key Lemma. M is a g-Manin matrix, if and only if
(1 — P9YM, My (1 + P9) = 0.

Equivalently,

ADM M, H? = 0.
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Consider the tensor product algebra
EndC" ® EndC" ® A.
Key Lemma. M is a g-Manin matrix, if and only if
(1 — P9YM, My (1 + P9) = 0.

Equivalently,

ADM M, H? = 0.

Claim. All the properties of Manin matrices have their

natural g-analogues.

67



Super-Manin matrices
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Super-Manin matrices

P. H. Hai, B. Kriegk and M. Lorenz, N-homogeneous

superalgebras, J. Noncommut. Geom. 2 (2008), 1-51.
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Super-Manin matrices

P. H. Hai, B. Kriegk and M. Lorenz, N-homogeneous

superalgebras, J. Noncommut. Geom. 2 (2008), 1-51.

A. l. Molev and E. Ragoucy, The MacMahon Master Theorem
for right quantum superalgebras and higher Sugawara

operators for §[m|n, Moscow Math. J. 14 (2014), 83—119.
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We let C”I" denote the Z,-graded vector space with the basis
e1,...,eniy SUch that the degree (or parity) of ¢; is 0 for

i=1,....mandislfori=m+1,...,m+n.
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We let C”I" denote the Z,-graded vector space with the basis
e1,...,eniy SUch that the degree (or parity) of ¢; is 0 for

i=1,....mandislfori=m+1,...,m+n.

Set7=0forl <i<mandz=1form+1<i<m+n.
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We let C”I" denote the Z,-graded vector space with the basis
e1,...,eniy SUch that the degree (or parity) of ¢; is 0 for

i=1,....mandislfori=m+1,...,m+n.

Set7=0forl <i<mandz=1form+1<i<m+n.

Then the parity of ¢; is 7.
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We let C”I" denote the Z,-graded vector space with the basis
e1,...,eniy SUch that the degree (or parity) of ¢; is 0 for

i=1,....mandislfori=m+1,...,m+n.

Set7=0forl <i<mandz=1form+1<i<m+n.

Then the parity of ¢; is 7.

We will consider superalgebras which are Z,-graded

(associative) algebras A = Ay & A;.
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In particular, End C"" is a superalgebra with the Z,-grading

given by setting the parity of ¢;; to be 7 + 7.
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In particular, End C"" is a superalgebra with the Z,-grading

given by setting the parity of ¢;; to be 7 + 7.

We will consider even (m + n) x (m + n) matrices Z = [z;;| over a

superalgebra A so that the (i, ) entry z; of Z has parity 7 + 7.

70



In particular, End C"" is a superalgebra with the Z,-grading

given by setting the parity of ¢;; to be 7 + 7.

We will consider even (m + n) x (m + n) matrices Z = [z;;| over a

superalgebra A so that the (i, ) entry z; of Z has parity 7 + 7.

Such a matrix Z will be identified with the element

m-+n
Z=Y ej@z(—1)7 e BndC"" © A.

ij=1
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In particular, End C"" is a superalgebra with the Z,-grading

given by setting the parity of ¢;; to be 7 + 7.

We will consider even (m + n) x (m + n) matrices Z = [z;;| over a

superalgebra A so that the (i, ) entry z; of Z has parity 7 + 7.

Such a matrix Z will be identified with the element

m-+n
Z= Z ej @ z;(—1)7 € EndC"" @ A.
ij=1

The signs are necessary because of the sign rule

(x®y) (¥ @y) = (xx @ yy) (—1)desy deax’,
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Consider the superalgebra

EndC"" @ ... @ EndC"" @ A
k

71



Consider the superalgebra

EndC"" @ ... @ EndC"" @ A
k

Foreacha € {I1,...,k} the element Z, of this superalgebra is

defined by the formula

m—+n
ij=1
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The supertrace is the linear map

str : EndC"" — C,

7
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The supertrace is the linear map

str: EndC"" — C, ejj — 51'1'(—1)?

The partial supertrace str, acts as the supertrace map on the
a-th copy of End C"I" and is the identity map on all the

remaining copies.
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Using the natural action of &; on (C”I")®* we represent any
permutation o € &, as an element P, of the superalgebra

End (C"Im)®k,
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Using the natural action of &; on (C”I")®* we represent any
permutation o € &, as an element P, of the superalgebra

End (C"Im)®k,

In particular, the transposition (a b) with a < b corresponds to

the element

m-+n
Py = Z 191 g e; ® 180D g ¢ @ 19k=0) (_1)7,
ij=1

which allows one to determine P, by writing an arbitrary o € &;

as a product of transpositions.
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Definition.  An even matrix Z = [z;] with entries in a

superalgebra A is a Manin matrix, if

(1 =P12)Z1Zy(14+P12) =0
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Definition.  An even matrix Z = [z;] with entries in a

superalgebra A is a Manin matrix, if
(1 —P12)2122 (1 —|—P12) =0

in the superalgebra
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Definition.  An even matrix Z = [z;] with entries in a

superalgebra A is a Manin matrix, if
(1 — P12)2122 (1 —|—P12) =0
in the superalgebra

End C"" @ End C"" @ A.
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Definition.  An even matrix Z = [z;] with entries in a

superalgebra A is a Manin matrix, if
(1=P)Zi1Zy(1+P12)=0
in the superalgebra
End C"" @ EndC"" @ A.
Explicitly, the relations have the form
2 2ua) = [, zi) (—1)7F 4

where [x,y] = xy — yx(—1)de¥deeY js the super-commutator.
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MacMahon Master Theorem
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MacMahon Master Theorem

Set

Ferm =1+ Z trA

o)
Bos =1+ ZtrH(k)Zl
k=1

/S
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MacMahon Master Theorem

Set

Ferm =1+ Z trA

o)
Bos =1+ ZtrH(k)Zl
k=1

Theorem [MR 2014].

If Z is a Manin matrix, then

Bos x Ferm = 1.

/S
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Berezinian
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Berezinian

Suppose that Z = [z;] is an even invertible matrix over A

and Z~! =[] is its inverse,
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Berezinian

Suppose that Z = [z;] is an even invertible matrix over A

and Z~! =[] is its inverse,
The Berezinian of Z is defined by the formula

BerZ = Z SgNO - Zo(1)1 - - - Zo(m)m
geS,

!/ /
X E SENT * Lyt Lm+r(1) - * Lmtnmr(n)”
TEGn
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Berezinian

Suppose that Z = [z;] is an even invertible matrix over A

and Z~! =[] is its inverse,
The Berezinian of Z is defined by the formula

BerZ = Z SENO * Zo(1)1 - - - Lo (m)m
UEGm
% ! /
sgnT 4 1m47(1) ** * Zmrnm+r(n)
TEGn

If A is supercommutative, then

Ber (XY) = BerX - BerY.
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Theorem.

If Z is a Manin matrix, then

Ber (1 +uZ) Z uFsra®z, . Z,

[Ber (1 —uZz)] Zu seHWZ, ... 7,

d S k1
— Ber (1 Z) = Ber + uZ kstr Zk+
du ( +uZ) %
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Theorem. If Z is a Manin matrix, then

Ber (1 +uZ) = 3 Wk strA®z, 7,
k=0
[Ber (1 —uZz)] Zu seHWZ, ... 7,
J o0
EBer(l +uZ) =Ber(l +uZ) % ) str ZETL,

The last formula provides the Newton identities.
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Problems
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Problems

1) Consider the associative algebra M,,, with (m + n)?

generators z;; subject to the defining relations

(2ij, z11) = [zag, zut) (— 1)TTHHE,
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Problems

1) Consider the associative algebra M,,, with (m + n)?

generators z;; subject to the defining relations
ij—i—il_c—&-jl_c.

(2ij, zk1] = [z it (—1)

Construct a basis of M,,,..
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Problems

1) Consider the associative algebra M,,, with (m + n)?
generators z;; subject to the defining relations
i 2ua) = [zigs za) (—1) TR,

Construct a basis of M,,,..

D. Foata and G.-N. Han, A basis for the right quantum algebra
and the “1 = ¢” principle, J. Algebraic Combin. 27 (2008),
163—-172.
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2) Find an analogue of the Cayley—Hamilton identity.
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2) Find an analogue of the Cayley—Hamilton identity.

H. M. Khudaverdian and Th. Th. Voronov, Berezinians, exterior
powers and recurrent sequences, Lett. Math. Phys. 74 (2005),
201-228.
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2) Find an analogue of the Cayley—Hamilton identity.

H. M. Khudaverdian and Th. Th. Voronov, Berezinians, exterior
powers and recurrent sequences, Lett. Math. Phys. 74 (2005),
201-228.

3) If Z is an invertible super-Manin matrix, when is Z~! also

super-Manin?
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2) Find an analogue of the Cayley—Hamilton identity.

H. M. Khudaverdian and Th. Th. Voronov, Berezinians, exterior
powers and recurrent sequences, Lett. Math. Phys. 74 (2005),
201-228.

3) If Z is an invertible super-Manin matrix, when is Z~! also

super-Manin?

4) Develop the theory of ¢g-super-Manin matrices.
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Further generalizations
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Further generalizations

» Manin matrices of types B, C, D.
A. Molev, Sugawara operators for classical Lie algebras,

AMS, 2018; Sec. 5.6.
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Further generalizations

» Manin matrices of types B, C, D.
A. Molev, Sugawara operators for classical Lie algebras,
AMS, 2018; Sec. 5.6.

» A. Silantyev, Manin matrices for quadratic algebras,

arXiv:2009.05993.

80



