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Abstract

We define a map ¢ from a given singular Artin monoid to its corresponding
group algebra and show that ¢ is faithful precisely when Birman’s conjecture — that
the desingularisation map is injective — is true. We discover combinatorial properties
of ¢ which apply to positive singular Artin monoids of any, not necessarily finite,
type and infer that ¢ is injective on pairs of words for which a common multiple
exists. Furthermore ¢ preserves the Intermediate Property, derived by Corran, in the
sense that if p(7;U) = ¢(7;V) then m;; = 2 or i = j. From this it follows that
 is injective for some classes of monoids which include singular Artin monoids of
type I2(p), generalising a result of East. Finally, we invoke Paris’ discovery, that
all Artin monoids inject into their groups, as well as our combinatorial discoveries,
to deduce that all positive singular Artin monoids embed into their corresponding
singular Artin monoids, extending a result of Corran.
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1 Preliminaries

We begin with a finite indexing set I, and we let '™ be a complete labelled graph with
n vertices in one-to-one correspondence with a finite indexing set / and with edge labels
from the set {3,4,5,...,00}. For¢ # j let m;; denote the label of the edge between nodes
i and j, or set m;; = 2 if there is no such edge. Let (zy)™ denote the alternating product
zyz... of length m. Put S = {oy|i € [}, T = {r;| i € I}, and let S~' = {o;'| i € I},
the set of formal inverses of S. If X is a set then X * refers to the free monoid generated
by X. The Artin group of type M, denoted G5, is the group generated by S subject to the
relations

my;

<0i0j>mij = <o'jo'l-> fori,j €I, and m;; # oo

denoted %, and called the braid relations. The positive Artin monoid of type M, G,
is the monoid generated by S subject to the braid relations %#;. The Coxeter group of
type M is the group generated by S subject to the preceding relations and the relations
0? = 1 for every i in I. In this way we see that Coxeter groups arise as quotient groups of
Artin groups. If the Coxeter group of type M is finite, then M is said to be of finite type.



Except when explicitly stated, we assume througout this paper that M is of any type. The
singular Artin monoid of type M, denoted SG';, is the monoid generated by SUS~tUT

and has as its defining relations %, the free group relations 0,0, ' = 0; 'o; = 1 and the
relations % listed below,
1,0, = o;7; foralliin [,
) (ojoi)™i~ 7 if my; < oo and is odd, or
A B (oj0;)™ii 1T, if m;; < oo and is even,
7,7 = 1,7 ifm; = 2.

In arguments below we may regard a relation formally as an ordered pair of words. If
X is a set of ordered pairs of words then X* = {(U,V) | (U, V) or (V,U) € X}.

The special case when I = {1,...,n}, m;; = 3 when |i — j| = 1 and m;; = 2 when
|i — j| > 2 is the singular Artin monoid of type A,, and may be familiar to some readers
as the singular braid monoid on n + 1 strings, denoted SB,, 11, which was introduced by
Baez and Birman in [2] and [4] respectively. We say M is right-angled if m;; = {2, 00}
fori, j € I;and M = I(p) whenever I = {1,2} and m5 = p for some p > 3.

If A and B are words in the above generators, we write A =~ B if A can be transformed
into B by the use of the set of defining relations of SG,;, and A = B if the two words
are equal letter by letter.

We define the positive singular Artin monoid, denoted by SG,, to be the monoid
generated by SUT and the set % of defining relations comprised of both % and % listed
above. Where it does not cause confusion, elements of GG, GL, SGyrand S GL may be
referred to by words which represent them. If A and B are words in the generators .S and
T, we write A ~ B if A can be transformed into B by the use of the set % of defining
relations. Theorems 1.1 (1) and (2) below are proved in [13] and [6] respectively:

Theorem 1.1. (1) Let A, B be words over S such that A ~ B. Then A ~ B.

(2) Assume M is of finite type and let A, B be words over S U T such that A ~ B.
Then A ~ B.

We denote by ¢(A) the length of any word A over SUT'. Tt is easy to see, by inspection
of the defining relations, that SG;, is homogeneous. We define the reduction property as
in page 258 of [6]. By Lemma 15 of [6], cancellation and the reduction property hold in
SG7Y,. By reduction we mean an application of the reduction property.

Let A and B be words in (SUT)". We say A divides B or B is a multiple of A if
there exists a word X in SG; such that B ~ AX in which case we write A < B. We
say A right divides B, or B is a right multiple of A, if there is a word X in SG}, such
that B ~ X A in which case we write B >~ A.

Let @ = {A;, Ay, ..., A} be a set of words in (SUT)*. If Q has a common
multiple then by Corollary 13 of [6], €2 has a least common multiple (unique up to
equivalence) which we denote by lem(A;, As, ..., Ax) or lem(£2). By homogeneity,



lem(§2) when it exists has minimal length. If 2 has no common multiple then we write
lem(Ay, Ag, ..., Ag) = 0.
Define a map ¢ from SG to the group algebra Z[G /| induced by

oot T 0?4+ 1 foric L
Then ¢ is easily verified to be a monoid homomorphism.

In Section 2, the Vassiliev homomorphism 7 is defined, we state Birman’s conjecture
and show that 77 may be replaced (up to composition) with the simpler homomorphism
¢. Moreover, for finite type M, we show that if ¢ is injective on SG}, then Birman’s
conjecture is true for SG; this is followed by some observations regarding . In Section
3, we study the relationship between divisibility in SG, and the support of ¢. In partic-
ular, we deduce that if U, V € SG};, C € G}, and p(U) = (V) then C divides U if
and only if C divides V. Furthermore, we obtain that in SG'},, © is injective on pairs of
words for which a common multiple exists. In Section 4, we prove that ¢ preserves the
Intermediate Property which holds in SG7,; namely, if o(7;U) = p(7;V) then m;; = 2
or ¢ = j. From this it follows that ¢ is injective for some classes of monoids one of which
includes singular Artin monoids of type I5(p) generalising a result of East [7]. Finally, in
Section 5, we discover that when M is of any (not necessarily finite) type, SG, injects
into SG ) extending Theorem 1.1(2).

2 Birman’s conjecture

The map 7 from SB,, .1 to the group algebra Z[5,,, 1] induced by

+1 £1 -
o, w0y, T 0 — 0

1

is easily verified to be a monoid homomorphism; 7 is sometimes referred to as the Vas-
siliev homomorphism [15] or desingularisation map [14]. In Remark 1 of [4], Birman
conjectured that 7 is faithful, so that the singular braid monoid embeds into the group
algebra of the braid group. In [14], Paris proved the truth of the conjecture. In Remark 25
of [6], Corran observed that Birman’s conjecture generalises to arbitrary Artin types since
the Vassiliev homomorphism, 7, from any singular Artin monoid to the group algebra
of the corresponding Artin group is well defined by the above rule. In effect, Birman’s
conjecture was shown to hold when M = I5(p) and M is right-angled in [7] and [10]
respectively. Thus we may conjecture the following:

Conjecture 1. The Vassiliev homomorphismn : SGy — Z|G ] is faithful, so that the
singular Artin monoid embeds into the group algebra of the Artin group.

We write X = Y if X and Y are equal elements of Im(7) which should not cause
confusion with our use of equality for words.

For every i € I let §; = o;7;, and put 7" = {0; | ¢ € I}. In [14], Paris observed that
SG)y is generated as a monoid by S U S~! U T” and admits a monoid presentation with



relations: Z1; the free group relations; and the relations listed below, which are just %-
with 7 replaced by ¢:

(SZ'O'Z‘ = 0'262‘ forall i € I,

{(ajai)miflc% if m;; < oo and is odd, or

_>mij—1 —
<O'j0'l'>mij71(5i if m;; < 00 and is even,

di(ojo;
Thus the mapping o' +— o', 7; +— §; for i € I induces an isomorphism z : SG; —
SGy, al-il — criﬂ, 7; + 0;. Furthermore, the Vassiliev homomorphism n : SG; —
Z|G ] is determined by

n(ot) =o', nd) =021 foricl.

The following Lemma 2.1 tells us that (up to composition) 7 may be replaced with the
simpler homomorphism ¢. The proof of the lemma employs Lemma 1(1) of [11]; there it
is proved only for type A,, but the argument is the same for any M.

Lemma 2.1. 7 is injective precisely when ¢ is injective, and for any elements A, B of

SGu,
@(A) = ¢(B) if and only if n(pu(A)) = n(u(B)).

Proof: Define the homomorphism, introduced in [11], ¢ : SG; — Z[Gf] by ¢(0F!) =
ot and (7;) = 0; + o, . Notice that for every i € I,

p(of) =o' and o(r) = ¥(5),

so that ¢ = . Moreover, by Lemma 1(1) of [11],
n(A) = n(B) « ¢(A4) = ¢(B),

and the result now follows readily. O

Define the homomorphism @ from SG, to Z|G},] by
Qo — 0y, TZ'I—>UZ-2—|—1 1€l
Thus we may conjecture the following:
Conjecture 2. 7 : SG;, — Z|G},] is injective.

Observation 1 below tells us that Conjecture 2 implies Conjecture 1 whenever M is
of finite type.

Let U be any word over SUS~TUT also regarded as an element of SG ;. A summand
of p(U) is any word over S U S~! obtained by replacing any given instance of 7 by o
or 1. The support of p(U) is the set of summands of p(U). For example, in type Ao,
¢(T10971) has summands 030507, 0207, 0205 and 0.

The ensuing result is a consequence of Theorem 1.1(1):



Corollary 2.2. Let U, V be words over SU'T, regarded alternatively as elements of SG y;
and SG7,, such that o(U) = (V). Thenp(U) = p(V).

Proof: Let F be any summand of ¢(U). Then F' is a word over S, and there exists an
element F” in the support of ©(V') such that F' ~ F’. Since F" is also over S, Theorem
1.1(1) gives F' ~ F’. Hence, for every element F in the support of ¢ (U) there is a corre-
sponding summand F" of (V') such that F' ~ F’. By regarding U and V" also as elements
of SG7,, we infer that 5(U) = (V) as required. O

Define a map ™ from (SUT)* to S* by ™ : 0; +— 0y, 7; — 02, for every i € I. Then
it is easily verified that * induces a homomorphism : SG}, — G},

Remark 1. Whenever U, V' are elements of (S U T')* with the same image under 7,
Ut ~ VT as they both represent the unique monomial of maximal exponent sum of

o(U) =2(V).

Let A = lem(oy, . ..,0,). Theorem 5.6 of [5] tells us that A exists precisely when M
is of finite type, whilst by Section 5 of [6] the following holds:

Theorem 2.3. Let M be of finite type. For any word W over SUS *l_UTl, where Ty C T,
there exists a word W over S U Ty and integer p such that W ~ APW.

Observation 1. Whenever M is of finite type, Conjecture 2 implies Conjecture 1.

Proof: Suppose M is of finite type, Conjecture 2 holds and that n(U) = n(V) for some
words U and V in (S U S~ U T")*, where without causing confusion, we denote the
equivalence class of a word by the word itself. By noting that 4 is an isomorphism, we
deduce the existence of words U’, V' such that U = p(U’) and V' = p(V'); thus,

n(uwU") =nU) =n(V) = n(uV"),

so by Lemma 2.1, o(U’) = ¢(V'). By Theorem 2.3, there exist integers p and ¢, and
words P, (Q over S U T such that U’ ~ AP P and V' ~ A? (). Hence there exist positive
integers k1, ko and £ such that

AU =~ AP P and ARV = ARQ. 2.1)
Thus (by recalling A is over 5),
p(AF P) = (AP U') = o(AMV') = p(A" Q).

But ky, ks are positive integers and P, () are over SUT, so by Corollary 2.2, (A% P) =
B(A*2 Q), whence A1 P ~ A*2() (since Conjecture 2 is assumed to be true). By (2.1), it
follows that A*U’ ~ A¥V’. By cancellation, U’ ~ V’, and hence

U=plU)=puV)=V

as required. O



3 Common divisors and the support of ©

The following Lemma 3.1 tells us common “factors” of elements of SG'j; with the same
image under  may be “cancelled out”. The proof of the lemma employs Lemmas 1(1)
and 2 of [11]; there they are proved only for type A,,, but the proofs proceed unmodified
for any M.

Lemma 3.1. Let C, A and B be elements of SGy; such that o(CA) = o(CB). Then
p(A) = @(B).
Proof: By Lemma 2.1,

n ((C)u(A)) =n(u(CA)) =n(u(CB)) =n(u(C)u(B)),

whence 7((A)) = n(u(B)) by Lemmas 1(1) and 2 of [11]. This implies that p(A) =
©(B), again by Lemma 2.1, as required. O

Let U be any word over S U T, also regarded as an element of SG,. We call U prime
if there exists an s € I such that o, £ U. Let My denote the summands of B(U) that are
prime. For example, in type Ay, p(710971) has summands 0?0502, 0209, 0207, 05 and a

routine calculation shows
2 2
Mgy = {0102, 0907, 02}.

Lemma 3.2. Let U, V be words in (S U T)*, also regarded as elements of SG1,, such
that o(U) = @(V'). For every summand F of p(U) there is a corresponding summand G
of (V) such that F ~ G, and F € My if and only if G € My.

Proof: Let F' be any element in the support of (U). Then there exists an element G in
the support of B(V') such that F' ~ G. Furthermore, if F' € My, 0; A F' ~ G for some
¢ € I; this implies that GG is prime and so must be an element of M. O

Lemma 3.3 below is a preliminary result to Proposition 3.4.

Lemma 3.3. Let W be a word over SU'T, a € I, and suppose o, A W. Then there exists
aword Z € Myy that is not divisible by o,.

Proof: We prove the result by induction on ¢(1/) which holds trivially if W is the empty
word. So assume W # 1, and as an inductive hypothesis, that the result holds for words
of length < ¢(W). Then W = «,.W; for some word Wy, r € [ and « = o or 7.

Suppose first that 7 = a. Then o, £ W = «,W; gives a = 7, and since o, and
T, commute, o, A Wj. By the inductive hypothesis, we infer the existence of a word
Y € My, such that 0, £ Y. Notice that since W = 7,3, Y is also an element of My.
Putting Z = Y thus gives the desired result.

Assume then that m,., > 2. There exists a word I, and a largest integer ¢ such that

W = a, Wi ~ a,(0,0,)"W5 and 0. £ W, (3.1



where ¢ = a if ¢ is even and ¢ = r if ¢ is odd. By the inductive hypothesis, we deduce
the existence of a word Y in Myy, such that 0. A4 Y. Observe that o, < a, (0,0, )™}
whenever m,., < oo and that o, 4 «,.W; = W this tells us that 0 < ¢ < m,, — 2. Put
Y = \{0,0,)9Y where \, = 02 if « = 7 and \, = o, if @ = 0. Then Y” is clearly
a summand of ¥ («,.(0,0,)9W5). Furthermore, if o, were to divide Y, reduction would
show that o, divides Y which would contradict that 0, 4 Y. This implies 0, £ Y,
soY' € My, (o40,yaw,- Certainly (W) = @(a,(0,0,)?W>), where by (3.1), W and
a,(0,0,)1Wy are regarded as (the same) elements of SG,. By Lemma 3.2, we deduce
that o, A Y’ ~ Z for some word Z € My, as required, and the result follows by
induction. O

Proposition 3.4. Let U, V be words in (SUT)*, also regarded as elements of SG y;, such
that p(U) = ¢(V), and let C be any word over S. Then C divides U if and only if C
divides V.

Proof: We first prove the “only if ” part of the result. By Corollary 2.2, (U) = @(V).
Let s € I and suppose that o, < U yet o5 A V. Then U ~ o,U; for some word Uy, and
by Lemma 3.3, there exists a word X € My such that o, £ X. By Lemma 3.2, we infer
the existence of a word Y € M,_y, such that X ~ Y. But Y is a summand of @(o,U),
whence Y = o,Y” for some word Y” in the support of G(U; ). Thus oy £ X ~Y = o,Y’,
a contradiction; so s < U only if o, < V. This proves the result for {(C') = 1, and
by noting that it holds trivially for ¢(C') = 0, starts an induction. So assume that C' di-
vides U and ¢(C) > 2. Then there exists a letter a in S and non-empty word C; over
S such that C' = Cha and U ~ CaU; for some word U; over S U T'. By the inductive
hypothesis, we derive the existence of a word V3 over S U T, such that V' ~ C;V;. Thus,
o(Craly) = p(U) = (V) = ¢o(C1 V1), whence ¢(alU;) = ¢(V;) by Lemma 3.1, so that
a divides V. Hence C' = C'ja also divides V' ~ (V] as required, and the result for any
¢(C') follows by induction. Swapping the roles of U and V' in the preceding argument
gives the “if” part of the claim. O

The proof of the following result proceeds identically to that of Proposition 2.1 of [1]:

Lemma 3.5. Let j € [ and W any word in (S U T')* such that lem(1;, W) exists. Then
o; divides W precisely when either o or T; divides W.

Lemma 3.6. Let U, V be words in (S UT)* also regarded as elements of SG}, such that
?(U) = @(V). Suppose 7; divides U and lcm(7;, V') exists. Then either o; or 7; is a
common divisor of U and V.

Proof: We have 0; < Ut ~ V™, so by Lemma 3.5, we infer that V' ~ «;V’ for some
word V' over SUT, a = o or 7. If o = 7, it is evident that 7; is a common divisor of U
and V'; whilst if o = o then by Proposition 3.4 we see that o; also divides U and hence is
a common divisor of U and V. O



Define monoid homomorphisms € and A/ from SG; to (Z, +) by
ot s+l 70, Nioft =0, ;=1 foriel.

So €(A) is the exponent sum of sigmas and N (A) counts the number of singularities (taus)
of any word A in SG ;.

Lemma 3.7. Let U and V' be words over SUT regarded as elements of SG y;, and suppose
o(U) = (V). Then ((U) = L(V) and N'(U) = N (V).

Proof: By Corollary 2.2, 5(U) = p(V'), whence U ~ V. Thus
e(U)+ 2N (U) = (U) =L(VH) = (V) + 2N (V). (3.2)

Notice that for every word A over S U T there is a unique monomial, represented by A,
obtained by replacing each 7; by 1, in the support of ¢(A) with minimal exponent sum
€(A). Then since p(U) = p(V), it follows that U~ ~ V'~ which gives

eU)=0U")=LV")=¢V). (3.3)
By (3.2) and (3.3), we infer that N'(U) = N (V'), whence
LU)=€eU)+NU)=€eV)+N(V)=£V)

as required. a

Theorem 3.8. Over S UT,  is injective on pairs of words for which a common multiple
exists.

Proof: Let U, V be words in (S U T)* such that p(U) = (V) and lem(U, V') exists.
We show U ~ V' by induction on ¢(U). By Corollary 2.2, p(U) = @(V). If U is the
empty word, there is nothing to show, so suppose ((U) > 1. If 7; < U then either o
or 7; is a common divisor of U and V' by Lemma 3.6; whilst if o; < U then o; also
divides V' by Proposition 3.4. In either case we see that U ~ o;U" and V' ~ a;V"’ for
some words U’, V' and @ = o or 7. By Lemma 3.1, this implies that o(U’) = ¢(V’),
and since lem(a;U’, a;V') ~ lem(U, V') # oo, we obtain that lem(U’, V) also exists. By
the inductive hypothesis, we deduce that U’ ~ V', whence U ~ o;U" ~ a;V' ~ V as
required, and the result now follows by induction. O

4 The Intermediate Lemma

In this section we prove that the Intermediate Property — discovered in Intermediate
Lemma of [6] and expressed in Lemma 4.1 below — is preserved under ¢. As a corol-
lary we deduce that ¢ is injective for a class of monoids which include singular Artin
monoids of type I(p).



Lemma 4.1. Let U, V be words in (SUT)* such that ;U ~ 7;V. Then i = j or m;; = 2.
The ensuing Lemma 4.2 is a preliminary result to Theorem 4.3 below.

Lemma 4.2. Let F, G € (SUT)* i, j € I, and suppose o; A aizF ~ (. Then either
ag; 74 szG orm;; = 2.

Proof: Cleary m;; > 2 since 0; A 07 F. So suppose m;; > 3 yet 07G ~ o, H for some

word H. By reduction, o; < 0;G, which gives by another reduction, G ~ (o;0;)™i G’
for some word G’. Thus,

oiF ~ G~ (005)™ G = 0i{0j0,)™ G

By noting that m;; > 3, cancellation applied to the preceding equivalence shows that
o; = 0;I, so by reduction,
F ~ (ojo)™ ' Fy .1

for some word F}. Put ¢ = j if m;; is odd and ¢ = 7 if m;; is even. Then
0; < <O'j0'i>mij_10'3F1 ~ 0'Z~2<0'j0'i>mij_1F1 ~ O’ZQF
by (4.1), and this contradicts the hypothesis. O

Theorem 4.3. Let U = 7,U;, V' = 7;V; be words in (S UT)*, also regarded as elements
of SGy, such that p(U) = o(V'). Theni = j or m;; = 2.

Proof: Suppose U = 7;U; and V' = 7,V provide a counterexample. That is, p(7;U;) =
o(1;V1) but m;; > 3. Suppose further that this counterexample is minimal with respect
to (U) which by Lemma 3.7 is equal to ¢(V'). Then ¢(U) > 2, since {(U) = {(V) =1
gives 07 +1 = @(U) = (V) = 07 4 1 and shows i = j. We first prove that V' = 7,1} is
not divisible by o;. Suppose, by way of contradiction, that it is. Reduction yields a word
P such that V; ~ ¢, P, and by recalling that p(U) = ¢(V), Proposition 3.4 implies that
o; also divides U = 7;U;, so by reduction again, U; ~ (ajai)mile for some word ().
Put C = (00;)™~*. Then

U:TZ‘Ul NTZ‘CQNCTdQ (42)

where d = j if m;; is odd and d = 7 if m;; is even. Since C'is over S, Proposition 3.4
may be applied and this shows that

C = O'j(O'iO'j)mij_Q <V~ TjO’jP ~ CTjTjP.

By recalling that m;; > 3, we deduce (after cancelling) that o; < 7; P, so by reduction,
P ~ (0;0;)™i~ 1 P’ for some word P’ over S U T'. Thus,

V ~ oyTP ~ o;i{0i0)" T P~ oy{oioy)" 0T P!

~ {ojo)) ™ g P’
= Coyr.P,
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where m.q > 3 (since {c¢, d} = {4, j}). When combined with (4.2), this implies

o(CogreP) = p(V) = p(U) = p(C14Q),

so by Lemma 3.1, ¢(0,7.P") = ¢(74Q). By invoking Proposition 3.4 again, we infer that
o4 divides 7,Q), and by reduction, this yields a word @’ such that Q ~ 04@Q’. Hence

@(041eP") = 0(14Q) = ¢(740aQ") = w(0a7aQ")

so by Lemma 3.1 again, ¢(7.P") = p(74Q’), and m.y > 3. Since {(V) > {(7.P’), this
contradicts the minimality of ¢(U) = ¢(V'). Thus o; A V, and so by a final application
of Proposition 3.4, we deduce that o; A U. Observe that B(U) = (V') by Corollary 2.2.
Now let F' be an element of M/, such that 0; £ F, the existence of which is assured by
Lemma 3.3. Assume further that ¢(F") is maximal; that is,

ifo; A F and F' € My then ((F") < ((F). (4.3)

By noting that U = 7;U;, we infer the existence of a summand F}; of B(U;) such that
either I = o?F; or F' = Fy. Suppose that ' = Fy, and put F' = o?F;. Then F' is
clearly an element in the support of $(U) and ¢(F’) > ¢(F). By (4.3), we deduce that
o; < o?Fy. Since m;; > 3, the reduction property implies that o; divides F; = F, which
contradicts that o; A F'. This shows that ' = O'Z-2F1. By Lemma 3.2, there exists a word
G € My such that F' ~ G. By recalling V' = 7;V), we deduce that either G = 0']2»G1 or
G = (1, for some word (i1 in the support of (V7). The first possibility must be excluded
since 0; A F' ~ G, 50 G = (. Thus,

0j AolF =F ~G=G)and G; € My,. (4.4)

Put G’ = 037G, and note that it is a summand of B(V) = P(7;V1). By Lemma 4.2,
o; A G',s0 G’ is an element of My,. By Lemma 3.2, G’ ~ F’ for some word ' € My,
and by (4.4), ((G') =2+ {(G1) = 2+ ((F). Hence

0; A03GL =G ~F', F' e Myand ((F') =2+ ((F). (4.5)

Since F” is a summand of p(U) = @(7;U; ), we infer the existence of a word F in the
support of U; such that either F' = 0?F, or I’ = F5. As the first possibility evidently
contradicts (4.5), we deduce that I/ = F;. Put I = 02 F,, and note that it is a summand
of p(r;U1) = p(U). By Lemma4.2 and (4.5), 0; A 0?F’ = F”, whence the latter word is
an element of M. When combined with (4.3), this implies that /(F"') < ((F'). However,
F" = c?F, = 0F', so by (4.5),

UF")y =24 0(F") =4+ ((F),
a contradiction. O
Fix i, j € I such that m;; > 3. Let T}; and TJ denote the sets of equivalence classes

of words in (SU S~ U {7, 7;})" and (S U {7;,7;})* under ~ and ~ respectively. Then
T;; and T} are both submonoids of SG'y; and SG; respectively.
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Corollary 4.4. The restriction of p from TJ 1o the group algebra Z|G},] is injective. In
particular, the desingularisation map 1 : SG1,) — Z|G 1) is injective.

Proof: Suppose that U, V in (SU{7;, 7;})* provide a counterexample. That is, assume that
U # Vyetp(U) =p(V). Note that trivially o(U) = ¢(V') where U, V' are also regarded
as elements of SG ;. Suppose further that this counterexample is minimal with respect
to /(U) which, by Lemma 3.7, is the same as ¢(V'). Certainly /(U) > 2. If U ~ CU’,
V ~ CV' for some non-empty word C' then p(U’) = p(V’) by Lemma 3.1 and Corollary
22, U £ V' LU") < ¢(U), and hence the minimality of ¢(U) is contradicted. Thus U,
V" have no common divisor from which we infer, by Proposition 3.4, that U and V" are not
divisible by any generator from .S. This tells us that U = 7,.U; and V' = 7,V for some
words Uy, Vj in TJ and generators 7,, 75 € {7;,7;}. Since m;; > 3, we deduce from
Theorem 4.3 that r = s, so 7. is a common divisor of U and V. This is a contradiction
since U and V' have no non-trivial common divisor. By noting I5(p) is of finite type, the
last statement of the result follows by Observation 1, since 77, = SG7J, . 0

5 Embedding SG, into SG ),

Recall that in [13], Paris discovered that all positive monoids inject into their groups
(Theorem 1.1(1)), whilst in [6], Corran showed that SGL embeds into SG; whenever
M is of finite type (Theorem 1.1(2)). It would thus seem natural to ask whether the latter
result can be extended to all singular Artin monoids, which is what we derive in this
section (Theorem 5.3).

Let U, V be words over S U S~ UT. We say U and V differ by an elementary
transformation if there are words X and Y and a relation (py, po) € Z* such that V =
Xp1Y and U = X poY. We say that a word V' is obtained from U by a trivial insertion if
there are words X, Y and alettera € SU S !suchthat U = XY and V = Xaa~'Y. In
this case we also say that U is obtained from V' by a trivial deletion.

The reader is reminded of the monoid homomorphsim A from SG; to (Z, +) defined
by 0! + 0, 7; + 1. Thus A/ counts the number of taus in any given word. Now let W/
be a word over SUS~1UT, and suppose N (W) = k > 1. Then there are words W; over
S U S~ and generators 7,, € T such that

W = WoTe WiTe, Wa .. . W17, Wi
Forr=1,... k, let
0,(W) = Wora, Wi .. . Wity Wii100, WiTe  Wiga ... W17, Wi
hence 6, reduces the number of taus of ¥ by 1.

Lemma 5.1. Let W, V be equivalent words over SUS™'UT, and suppose N (W) = k >
1. Then for every r € {1,...,k} there exists s € {1, ...k} such that 6,(W) ~ 05(V).
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Proof: Let r be any integer such that 1 < r < k. Since W & V there is a sequence
Zy,...Zyof wordsover SUS ' UT suchthat W =7, ~ Zy ~ ...~ Z, =V and Z;,
is obtained from Z; by an elementary transformation or by a trivial insertion or deletion.
If t = 1, the result is trivial and hence starts an induction. So suppose ¢ is at least 2. If Z;
and Z, differ by an elementary transformation, inspection of Z gives 0,.(Z,) ~ 6,(Z>)
if the relation involves any ¢ and either 0,.(Z,) ~ 0,,1(Z3), 0,(Z3) or 6,_1(Z,) if the
relation involves commuting 7’s; whilst if Z5 is obtained from Z; by a trivial insertion or
deletion, it is evident that 0,.(Z;) = 0,.(Z,). By the inductive hypothesis, we deduce that
0.(Z3) =~ 05(Z;) for some s € {1,..., k}, whence

9r<W) = er(Zl) R 07‘(22) ~ 03<Zt> = 03<V>

as required. The result now follows by induction. O

In [8], it was shown that the singular braid monoid on n+1 strings (that is, the singular
Artin monoid of type A,) can be embedded in a group. The group constructed by the
authors relies heavily on the geometry of singular braids in space; more specifically, it has
a geometric interpretation as singular braids with two types of (cancelling) singularities.
By employing purely algebraic methods, Paris [14] gave another proof of the fact that
singular braid monoids inject into groups. In effect, all singular Artin monoids embed into
groups. This was shown (chronologically and with completely different proofs) in [3],
[12] and [10]. An evident corollory of the fact that SG;; injects into a group is that left
and right cancellation hold in SG;; namely,

Proposition 5.2. Let C, W, V be words over S U S~ U T such that either CW =~ CV
orWC =~ VC. ThenW =V . !

Theorem 5.3. Let W, V be words over S UT such that W ~ V. Then W ~ V.

Proof: Put k = N(W). If k = 0, the result follows by Theorem 1.1(1) and starts an
induction. So assume k£ > 1. Certainly (W) = (V). Suppose lem(W, V') = oco. But
W ~ CW', V ~ CV' for some words C, W' and V' over S U T, such that W', V' have
no (non-trivial) common divisor. Thus lem(W’, V') = 0o and

CW ~W=aV~CV,

so by Proposition 5.2, W’ ~ V’; this implies p(W’) = ¢(V'), and by Corollary 2.2,
p(W’") =3(V"). Since W’ and V' have no common divisor, Proposition 3.4 yields

Wl — TZ'W”, V/ — ij/l

for some distinct 4, j € I and words W”, V" over SUT'. By Theorem 4.3, m;; = 2 (since
1 # j), whilst Lemma 3.6 gives

lem(7;, W') = o0. (5.1)

I'The reader is referred to Proposition 5.1 of [9] for a (geometric) demonstration of this result, when
M = A, without invoking the embedding of (558,11 =) SG 4, into a group.
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But ;W" = W'~ V' = 1;V”, so by Lemma 5.1,
oW" =60,(mW") = 0,(r;V") forsomer € {1,...,k}.
The inductive hypothesis now tells us that o;W" ~ 6,.(7;V"), whence

g a; V" ifr =1,
' 7 0,,(V")  if2<r <k

If o;W" ~ o;V"”, reduction implies that o, < W”, so by noting that m;; = 2, 7;
and o; commute, whence o; < 7,W"” = W’; Proposition 3.4 can now be invoked
to deduce that W'’ and V'’ have a non-trivial common divisor, a contradiction. Hence
oW" ~ 71,6,_1(V"). By recalling that m;; = 2, another application of reduction gives
7; < W”, sothat ; < 7;W" = W', this clearly contradicts (5.1). Thus lem(W, V') exists,
so W ~ V by Theorem 3.8, and the result follows by induction. O
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