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Abstract

We obtain 3 x 3 matrix Lax pairs for systems of ODEs that are solvable in terms of
the fourth, fifth and sixth Painlevé equations by considering similarity reductions of the
scattering Lax pair for the (2+1)-dimensional three-wave resonant interaction system.
These results allow us to construct new 3 x 3 Lax representations for the fourth and fifth
Painlevé equations, together with the previously known 3 x 3 Lax representation for the
sixth Painlevé equation. By comparing these Lax pairs we obtain explicit formulas for
the self-similar solutions of the three-wave system in terms of the associated Painlevé
equations. Finally, we give a practical application of the 3 x 3 system associated with the
fifth Painlevé equation by using it to derive an Okamoto-type Béacklund transformation
for Ps.

1 Introduction

The Painlevé equations are classical nonlinear second-order ordinary differential equa-
tions. They have been the subject of intensive investigation in the last three decades,
primarily due to the fact that they appear in connection with a wide range of physical
problems, including soliton systems, quantum gravity, string theory and random matrix
theory. In this paper we will concentrate on the fourth, fifth and sixth Painlevé equations,



N. Joshi et al

the standard forms of which are, respectively
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where «, (3, v, d are arbitrary complex parameters.
It is well known that the Painlevé equations P,, govern the isomonodromic deforma-
tions of linear 2 x 2 matrix equations of the form [1]-[3]
dy
— = A"(z;1)Y, 1.4
T (z3t) (1.4)
where x and ¢ are independent complex variables and A™(z;t) is a 2 X 2 matrix that is
rational in z. For the equations listed above, namely P4, P5; and Pg, Jimbo and Miwa
[1]-[3] showed that the matrix A™(z;t) has the following particular forms:

+

(1.3)

At(z;t) = Aéx(t) + A}(t) + zA5(1), (1.5a)
AP (z5t) = Ai(t) + f)_(ti +A3(t), (1.5b)
AS(z5t) = Agz(t) + f?ftz + f?fti. (1.5¢)

It has recently been observed that the Painlevé equations also govern the isomon-
odromic deformations of matrix equations of order greater than two. In particular, it was
shown in [4], and then later in [5] by different means, that the sixth Painlevé equation
Pg also governs the isomonodromic deformations of a 3 x 3 system

dd

— = B"(\0)® 1.6

=B, (16)
where ) is the new spectral variable and, for n = 6, BS(\;t) is a 3 x 3 matrix that is

rational in A and has the form

6

BS(\;t) = B‘))\(t) + BY(t). (1.7)
The question of whether or not the other Painlevé equations P1—P5 can also be seen to
arise directly as monodromy preserving conditions for linear systems of order three or
greater has not been fully answered. We shall show in this paper that, in addition to the
generic sixth Painlevé equation, the fourth and the fifth Painlevé equations can also be
seen to govern isomonodromic deformations of certain 3 x 3 systems. In the context of
equation (1.6) above, we will see that the matrix B™(\;¢) has the following form for Py
and Ps, respectively,

B*(\;t) = By(t) + ABi(t), (1.8)
B(t) | Bi

X -1

~—

B®(\it) = + B3(t). (1.9)
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We will also show that there is a simple connection (via the generalized Laplace transform)
between these 3 x 3 representations for P4, P5 and Pg and the 2 x 2 representations of
Jimbo and Miwa given in (1.5).

The particular forms of B™(\; t) given above in relation to P4, P5 and Pg were obtained
by considering certain similarity reductions of the three-dimensional three-wave resonant
interaction (3WRI) system. The three-dimensional form of the 3WRI system is given in
characteristic coordinates by

Ouj _ ., ., 904

= U —
m“n»
Oz Ox;j

= — Uy, i°=—1, (1.10)
where (j, m,n) denotes any permutation of (1,2,3), u;,u} are the complex amplitudes of
the wave packets, and star denotes complex conjugation. A complete treatment of the
group theoretical properties of the 3WRI system was performed in [7], and all classical
similarity reductions for this system were obtained.

Among the various reductions to systems of ODEs, three have been linked to the
generic form of the fourth, the fifth and the sixth Painlevé equations, respectively. The
reduced systems were integrated in [7] in terms of second order, second degree (SD) type
equations which, using results from Bureau et al [8], were known to be solvable in terms
of the classical Painlevé equations.

In this paper we show how it is possible to integrate the reduced systems without
recourse to SD type equations by constructing monodromy Lax pairs. By analysing the
particular similarity reductions for P4, P5 and Pg in more detail, and in particular by
describing the action of each reduction on the scattering Lax pair for the 3WRI system,
we are able to obtain monodromy Lax pairs for the reduced systems and, by extension, for
the particular Painlevé equations under investigation also. Comparing these monodromy
Lax pairs we derive a direct link between the self-similar solutions to the 3WRI system
and the classical Painlevé equations.

The 2 x 2 systems of Jimbo and Miwa given in (1.5) have come to be identified as
model 2 x 2 equations which can be used to investigate analytic and asymptotic properties
of the associated Painlevé equations. An analogous interpretation should also be possible
for the 3 x 3 systems (1.7)—(1.9). Since equations (1.7) and (1.8) each have a singularity
structure in the complex A-plane that is distinct from the 2 x 2 case of (1.5¢) and (1.5a),
respectively, the 3 x 3 systems may in fact provide further insights into the asymptotic
properties of the classical Painlevé equations.

In the case of Py the singularity structure of the 3 x 3 equation (1.9) is identical to
the 2 x 2 case of (1.5b), and indeed it is elementary to show that the two representations
are related by a simple gauge transformation, see Section 4 below. We note, however,
that since (1.9) can also be mapped to the 2 x 2 matrix system of [1] via the generalized
Laplace transform, our 3 x 3 Lax representation for P5 provides a new mechanism for
generating Backlund transformations for solutions of the P5 equation. In this paper, we
will show how to construct the following Béacklund transformation between solutions of
P5. Assume y(t) and z(t) solve the following system

d Oo — 01 + 0

=202 -0 (PR ) r -0, )
dZi 907914’000 1 90+91+90®

t% =yz <z + 5 ) y(z + 6o) <z + 5 ) , (1.12)

where 6, 01,0, are arbitrary complex constants. Eliminating z(¢) from this system it
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follows that y(¢) is a solution of Ps with

1/0p—6; +0.0\° 1/0p—6; — 0.0\
_1 _ 1 —1—6,—0 1.1
o 2 < 2 > ) ﬂ 2 < 9 ) v 0 1 ( 3)
and where t has been rescaled so that § = —1/2. Define §(t) and 2(t) by
. Yz
- , 1.14
Y T 00+ 61+ 00)/2 (114)
6o — 01 + 0o
t=z+ % (1.15)
Then §(t) solves (1.2) with
02 4 02 . 1
A = — = —— o = 1 0 = — . 11

We conclude this introduction with some remarks on other Lax representations for
the Painlevé equations of order three or greater which have appeared in the literature.
Recent work by Noumi and Yamada [9]-[10] has identified 3 x 3 and 4 x 4 matrix repre-
sentations (Lax pairs) for the symmetric forms of the fourth and fifth Painlevé equations,
respectively. The symmetry properties of these Lax pairs have been studied in detail by
Sen et al in [11]-[12], however the connection between these Lax pairs and the standard
forms for P4 and P5 has not yet been realised. The Lax pairs for the symmetric P4 and P
equations were also derived in [13] by considering periodic reductions of Darboux chains
for a Schrédinger problem with quadratic eigenvalue dependence.

The work of Conte et al [14] and Kakei and Kikuchi [15] is also relevant since each have
obtained (independently) the 3 x 3 Lax representation for Pg by considering similarity re-
ductions of the (141)-dimensional 3WRI system. While our analysis is directly analogous
to the method of [14] and [15], it has the benefit that since it is for the (241)-dimensional
problem it extends easily to the two-dimensional similiarity reductions identified in [7]
and therefore provides a mechanism for generating monodromy Lax pairs for P4 and Ps.

The paper is organised as follows. In Section 2 we recall the scattering Lax pair for
the 3WRI system (1.10). In Section 3 we give a similarity reduction of the SWRI system
to the generic sixth Painlevé equation, Ps. We then describe the action of this similarity
reduction on the associated scattering Lax pair and thereby construct a monodromy Lax
pair for the reduced system of ODEs. By comparing this Lax pair with the known 3 x 3
Lax pair for Pg we obtain explicit formulas for the self-similar solutions of the three-
wave system in terms of solutions of Pg. A similar analysis is presented in Sections 4
and 5 for similarity reductions of the 3WRI system to the fifth and the fourth Painlevé
equations, respectively, i.e. monodromy Lax pairs are constructed in each case and explicit
formulas for the self-similar solutions in terms of solutions of P5 and P4 are given. The
3 x 3 monodromy Lax pairs for P5 and P4 that we construct appear to be new. In each
section, we also show how to construct the map between the 3 x 3 systems for Pg, P5 and
P4 and the 2 x 2 monodromy Lax pairs of [1] via the generalized Laplace transform. In
Section 6 we provide a conclusion and describe the direction of future research. Finally,
we give two appendices relating to material presented in this paper. In Appendix A
we give a spectral interpretation of the Béacklund transformations for Pj5 in terms of
formal monodromy data and characterise the transformation (1.14) given above. Then,
for completeness, in Appendix B we give a similarity reduction of the SWRI system to the
third Painlevé equation and identify a connection between the 2 x 2 mondoromy system
of Jimbo and Miwa [1] and a 3 x 3 system with two regular singularities.
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2 Scattering Lax pair for the 3WRI system

System (1.10) admits a scattering Lax pair given by Kaup [20]

o -
8% — thkkmj = —iuym,
Lm (2.1)
Ny, . .
Dz, — kK jm = tupy;

where (j, m,n) denotes any permutation of (1,2, 3), ¥; = ¥;(2m, k) are scalar functions,
k; are real constants, and k € C is the spectral parameter. We note that the inclusion
of the spectral parameter k comes from treating system (2.1) as a scattering problem
and hence making an assumption about the behaviour of the functions v; as z,, — oc.
System (2.1) can be written in matrix form in the following way

DU =i(kK, + U)WV

2.2
DoV = i (kK + Us) W (22)

where ¥ is a 3 X 3 matrix-valued function, the matrix operators Dy, D, are given by
D; = diag[0y,, Ozy, O, | and Do = diag[dy,, Oz, , Ox, |, and the matrices K7, Ky and Uy, Us
are given by

ke 0 O 0 —Uu3 0
Kl = 0 K3 0 5 U1 = 0 0 *UT 5
0 0 ki —us 0 0
K3 0 0 0 0 Uus
KQ = 0 K1 0 5 U2 = us 0 0
0 0 ) 0 (5% 0

We note that, when written in standard cartesian coordinates, the linear system (2.2) is
equivalent to the scattering Lax pair identified by Fokas and Ablowitz in [21].

In the following sections we will investigate the particular similarity reductions found
in [7] that are linked to P4, P5 and Pg, giving an explicit description of the action of each
reduction on the scattering Lax pair (2.2).

3 Similarity reduction to the sixth Painlevé equation

The following two-dimensional similarity reduction for system (1.10) was obtained in [6]

and [7]
Tr1 — T3

0 (1) = (T — xn)' Py, T = (3.1)

To — X3 ’
where p1, p2, p3 are real constants such that p; + p2 + p3 = 0. Under this reduction,
system (1.10) becomes
ritez (r  )IFPsyl = judvs
T2 (7 — 1)yl = —juiut (3.2)

TPz (1 )Pyl = ot

where prime denotes differentiation with respect to 7.
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The above system was integrated directly in [7] in terms of a second order, second
degree (SD) equation which, in turn, is solvable in terms of the generic sixth Painlevé
equation, Pg. The action of the similarity reduction (3.1) on the scattering Lax pair (2.2)
was not discussed in [6], [7]. In the remainder of this section we will show how to find
the reduced Lax pair and thereby integrate system (3.2) explicitly in terms of the sixth
Painlevé equation, i.e. without recourse to SD type equations.

3.1 A monodromy Lax pair

To compute the reduced Lax pair we introduce the monodromy variable A in the following
way

A= (56‘2 — 31‘3)]{? (33)
Writing ¥(z;, k) = R(z;)®(7,\), where R(x;) is given by
R(x1,22,23) = diag ((z1 — 23)"*2, (21 — 23)", (21 — 23)"%"), (3.4a)
and
012 — 031 = p1, 023 — 012 =p2, 031 — 023 =p3, (3~4b)

we find that the scattering Lax pair (2.2) becomes
C1®; + AD @y = i(AK; + V7)®
Co®, + ADy®y = i(AK; + V)@

where the matrices Cj, D;, K, V; are given by

Clzdiag(fT,Tfl,l), = diag (771,1,77)
D, = diag (1,-1,0), D2 = diag ( — 1,0,1),
K, = diag (K2, K3, K1), = diag (k3, k1, K2),
0 —(1—7)" 1o 0 771053 0 771,
‘/1 = 0 7'71031 —’UT R V2 = (1 — T)il’l)g —T71931 0
—7'_1’(}; 0 —’7'_1912 0 U1 0

- 0) -
o, = (Q(l) + Q)\ )(1) (3.5a)
&, = (AP(” +P<0>)<1> (3.5b)
where the matrices Q) P() Q) PO) are given by
QW = idiag ( — (1 = 1)ke — 7R3, (T — 1)k1 — K3, TK1 + Kg), (3.6a)
PW = jdiag (— K2 — K3, K1, K1), (3.6b)
and
—923 —1};: —7Va
QU =il —vs -0z vf |, (3.6¢)
—U; U1 —912
771055 (r—1)"t; 771,
PO =il (r-1)"1uy 7' 0 : (3.6d)

T 1’02 0 T71012
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In order to integrate the reduced system (3.2) in terms of Pg we compare the Lax repre-
sentation (3.5) with the 3 x 3 Lax representation for Pg obtained in [4] and [5].

3.2 Solution in terms of the sixth Painlevé equation

We consider the following 3 x 3 system of matrix equations

O = (B? + Bg; I)<I> (3.72)
O, = (AME + Mg)cp, (3.7b)
where the matrices BS, MY, B, M§ are given by
B} = diag (t,1,0), (3.8a)
M} = diag (1,0,0), (3.8Db)

and

—0y W3 wr

Bg = w3 —93 1IJ1 5 (380)
’U~)2 w1 —01
—t_192 (t — 1)_1’(173 t_lwg
ME=|(t—-1)"tws  —t7103 0 : (3.8d)
t_lﬂ}g 0 —t_lgl

where {w;,w;} are functions of ¢ and 61,62, 03 are arbitrary constants. If we adopt the
parametrisation of [5], then the matrix B§(¢) has eigenvalues

1/ 1/
N1:2(;0j+900)a N2:2(;9j_eoo)a pz =0,

where 0, is an arbitrary constant. It was shown in [5] that Pg arises as the compatibility
condition for this system if the functions {w;,w;} are given by

o 01+(t—1)y/ 1+93(t—1)—91t+900(y—1)—y
wy = f ( 5 + o > , (3.9a)
o Oy —ty" 01t + (0o — 1)y
W = f 1( _1)+ 20— 1) ) (3.9b)
g 02y+ty O+ 0y yly—1)
=4 (-5 it D) (39¢)
£<t91+t—1 )+1—91—92(t—1;+900(y—t)—y), (3.94)
O3(y — -1 Ot — O (y —
ws = g1 <_ 3(y Qt()y‘i‘_t(lt) )Y’ Lt (2?/ t)"‘y)’ (3.9¢)
_— (t=1Dy +0(y—1)  03—0(y—1)  yly—1)
w39( 20y —1) + or 2t(y—t)> (3.9f)
where y(t) is a solution of Pg with
I L S B
_#? ﬁ__57 7_?7 5_Ta
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and f, g can be found by quadratures.

In order to solve the reduced 3WRI system (3.2) in terms of Pg we take k1 = 0,r2 =
0, k3 =i in (2.2), and then compare matrix entries in the monodromy Lax pair (3.5) with
7 =t with those in system (3.7) to obtain the following correspondence:

v1(t) = —iwn (¢), va(t) = iws(t), v3(t) = iws(t), (3.10a)
Vi (t) = —iwy (1), v3(t) = iha(t), (1) = ibs(t), (3.10b)

and
ipl = 01 - 93, ipg = 92 — 91, ipg = 93 — 92. (3.10C)

Remark 3.1. We note that the parametrisation that was adopted in [5] to write system
(3.7) explicitly in terms of y where y(t) is a solution of Pg is not unique. Alternate
parametrisations have been identified by Boalch [16]-[17] in his investigations of a 3 x 3
Lax pair with Fuchsian singularities. Since this system can be mapped to the irregular
3 x 3 Lax pair of [4] and [5] via the generalized Laplace transform, see equation (3.14)
below, it follows that these parametrisations are equivalent to system (3.7) up to gauge
transformation.

3.3 Reduction to the 2 x 2 monodromy Lax pair for Py

In this section we reconstruct the map from the irregular 3 x 3 Lax representation for
Pg given in (3.7a) to the Fuchsian 2 x 2 system of Jimbo and Miwa given in (1.5¢). We
follow the method of [5] using the generalized Laplace transform and appropriate gauge
transformations to map equation (3.7a) to another 3 x 3 system, which is then reducible
to the 2 x 2 system (1.5¢). Starting with (3.7a) written in the following form

APy = (ABY(t) + BS(t) — 1)@,
we introduce the function f”’(x, t) via the generalized Laplace transform

<I>()\7t):/ce)‘7”17(m,t)dx. (3.11)

Substituting (3.11) into the above equation, and assuming that the contour C' can be
chosen to eliminate any remainder terms that arise from integration-by-parts, we find

(BY(t) — xl)% =BS(1)Y. (3.12)

We now assume that B§(t) is diagonalisable (which we can do without loss of generality
for Pg, see [5]) and, letting G' be the diagonalising matrix of B§(t), i.e. G™'B(t)G =
diag [p11, 12, 3], we make the gauge transformation ¥ = G~1Y to find
ay S e
=GN (BY() — al) 'GBSY, (3.13)

where BS = diag [u1, p2,0]. We note that multiplication on B§ is from the left and so,
after an elementary calculation, it follows that this equation can be written as a Fuchsian

System

’ i6 A6 i6

v _ <A0<t> REHOM A1<t>> v (314
dz x r—t x-—1
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where the 3 x 3 matrices /1? all have the form

* x 0
A?: * % 0
* x 0

Since the third column of each A? is zero, the system for Y reduces to a system for the
first two components

ay _ (AS(t) RO A?(t)) Y v= (?) 7 (3.15)

dx T r—t x—1 >

and a quadrature for the third component. The eigenvalues of the matrices A§, A% and
AS are (61,0), (62,0) and (63, 0), respectively, see [5]. Equation (3.15) is equivalent (up to
gauge transformation) to the 2 x 2 system of Jimbo and Miwa given in [1], i.e. equation
(1.5¢).

4 Similarity reduction to the fifth Painlevé equation
In this section we investigate a two-dimensional similarity reduction of the SWRI system

to a system of ODEs that is solvable in terms of the fifth Painlevé equation, P5. The
similarity reduction, which was derived in [7], is given by

(1) = :cg”l explizazs|uy
va(7) =z exp|—izaw:uz (4.1)

v3(7) = (z1 — 22) T Pug, T = (27 — z2)T3,

where p1, p2, p3 are real constants such that p; + p2 + p3 = 0. Under this reduction,
system (1.10) becomes

71“’”36”11'1 = {v5V;
TiTirseityl = —jviu} (4.2)

TP Tyl = jvivs.
where prime denotes differentiation with respect to 7. This system was integrated directly
in [7] in terms of an SD function and shown to be solvable in terms of the generic fifth
Painlevé equation, P5. Following the approach outlined in the previous section we will
use (4.1) to construct a monodromy Lax pair for the reduced system (4.2) and then carry
out the explicit integration in terms of Ps.

4.1 A monodromy Lax pair

To compute the reduced Lax pair we introduce the monodromy variable A in the following
way

A= (acl + ,’L‘Q)LUS. (43)
Writing ¥ = Wexplik(k121 + koxe + r3x3)] and then W(z;, k) = R(x;)®(r,\) where
R(x;) is given by

R(z1,x2,x3) = diag (:ng"’se””?’, xgwme“”?”, x§1_1912)7 (4.4a)
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and
012 — 031 = p1, 023 — 012 = p2, 031 — 023 = p3, (4.4b)

the scattering Lax pair (2.2) becomes
T(iT +D1i))\ = Z(* %()\ 77’)52 +V1)i)
70, + Doy = i(— s(A+7)5 +V2)fi>7

where the matrices D;, S;, V; are given by

D, = diag ( — T, 7'), Dy = diag (/\, T, —7'),
S1 = diag (1,0,0), So = diag (0,1,0),
0 T Pse Ty 0 023 0 Vg
Vi= 0 031 v |, Vo = | 7P3e1 g 0 0
—TVU; 0 0 0 —T1v1 0

After rearranging, the above system can be written as

3 QO QW -
b, = ) d 4.
A (>\+T+)\—T+Q ) (4.52)
3 po  pa
o, = el @) o 4.
T ()\+T+)\77'+P ) (4.5b)

where the matrices Q(®, PO, QM) P and Q) P(® are given by

023 —T‘i”3e_”v§ Vo
QW =pPO ;[ 0 0 0 (4.6a)
0 0 0
0 0 0
QW = —PW = | —rirseiTyy Oy —vf (4.6b)
0 0 0
and
; 1 0 0
QW =—-1o0 1 0], (4.6¢)
2\
v; —vp 0
; 1 —2r 1 iTyr ()
P2 — -3 —27~Hips iy, -1 0]. (4.6d)
1}’2" (% 0

4.2 Solution in terms of the fifth Painlevé equation

In order to be able to use the monodromy Lax pair (4.5) to integrate the reduced system
(4.2) in terms of P5 we must first construct a 3 x 3 Lax pair that admits the fifth Painlevé
equation directly as the compatibility condition. To do this we make the assumption that
the general form of the monodromy Lax pair (4.5) gives the correct rational A\-dependence
required for a 3 X 3 monodromy representation of the associated Painlevé equation, Ps5.
This assumption is based upon the observation that, in the case of Pg, the singularity
structure of the 3 x 3 monodromy Lax pair (3.5) coincides with the singularity structure
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of the 3 x 3 system for Pg identified in [4] and [5]. This leads us to consider the following
3 x 3 system of matrix equations

B3 B N
o, = 0 L LB o 4.
g </\+t+)\—t+ 2) (4.72)
ME) Ms B
o, = 0 L M2 ) o 4.7h
‘ <A+t+)\—t+ 2) ’ (4.70)

where the matrices B;’, M 2 are given by

B B m U~)3 wa
By=M;=10 0 0 (4.8a)
0 0 0
) ) 0 0 0
B =-M}=|ws m @], (4.8b)
0 0 0
and
(1 0 0
Bi=-10 1 0 (4.8¢)
2\ -
W W1 0
i 1 1 2tz 0
M§:5 —2t~ s -1 0], (4.8d)
’lI}Q — W1 0

and {wj,w;} are all functions of t. Compatibility of equations (4.7a) and (4.7b) gives the
following system of equations

m' =0, 7w =0, (4.9)
and
tw,l = ﬁ)Qva t?D'l = —wWaWs,
t’LU/2 = 712}117}3, t’LI)/Q = wi1ws, (410)
f,’LUé = —[t — (m — m)]wg — tawwo, tﬁ}é = [t — (m - ’I’h)]’lf)g + twiwo,

This system admits first integrals

m=cy, M=Cz, WiW] + Wrlz = C3

L - . - (4.11)
W1WawW3 + W1WaW3 + WaWs — MWW — MWaW2 = C4,
where c; are constants. Without loss of generality, we choose
61:—(904-914—900)/2, 62:—(90+91—900)/2 (412)
c3 =00, c4=(00+01—0x)(00+01+0)/4, .
where 0y, 61,0~ are arbitrary constants. If we define the function y(t) as follows
0
y(t) = v (2 + 6o) (4.13a)

(Z+(90 —01 +900)/2)7

11
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where -
5 w3 + wiws
z+ 00 = wally, V=-——""

w1w2

then, from system (4.10), we have

0o+ 6, — 0 0o+ 6,40
ty’=ty—QZ(y—1)2+(y—1)(0 ; Lyt 2 ; °°>,

0o 01 — 0 1 0o 01 + 0
/— —_— — — —_ — R
on(-3) (052) 5 (0 3) (- 05)

) =tr+00 (v—1)— (22 +6p) (v — 1)%,
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(4.13b)

(4.14a)

(4.14D)

(4.14c)

and it follows that y(¢) satisfies the classical P5 equation with ¢ scaled to 6 = —1/2 and

2 2

2
a;<9091+9oo> 7 ﬂ<90919> =166

(4.15)

We note that, with the change of variables A — t(2X — 1), equation (4.7a) gives the form

for B(\;t) specified in equation (1.9).

Using the parametrisation for y(t) given in (4.13) we obtain the following expressions

for the functions {w;(t), w;(t)}:

wy = —921/2(2’ + 90)1/27
21/2
(Z+00)1/2,

(Z + 90)1/2

Wo =
2 21/2 )

N B N

:le/2(z+9 )2,
90 +91 + O ) —z)

( ny )
10

_f(1
g
i = 2
7 2

where, from system (4.

Yz 0o — 01 + 0 Otz
t(log ) = —z + (z + ) + 57

(Z+90) 2 (z+90)1/2’
r_ (2 + o) 0o + 01 + O ot 2’
t(logg)' = z + 0o + yz <Z+ 5 221/2(z + 0,)3/2

(4.16a)

(4.16D)

(4.16¢)
(4.16d)

(4.16¢)

(4.16f)

), the functions f(t), g(t) satisfy the following equations

(4.17a)

(4.17D)

In order to solve the reduced 3WRI system (4.2) in terms of Ps we compare matrix
entries in the monodromy system (4.5) with 7 = ¢ with those in (4.7) to get the following

correspondence:
vy (t) = —iwq (), va(t) = —iws(t), v3(t) = it ~"Pre" Py (),
v (t) = i (b), vy (t) = twa(t), vi(t) = it"Paet s (t),
and

0o+ 0, — 90 0o+ 0, +6
i923:—(0+1 oO—|—1)7 i931:—(0+ ;+Oo—|—1>.

(4.18a)
(4.18b)

(4.18c¢)
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Note that if we assume 612 = 0 in equation (4.4b) then pi, p2, p3 can be expressed in
terms of 0y, 01,0 as

ipy = (Wo n 1)  ips = — (W" + 1) gy = 0. (4.19)

4.3 Reductions to the 2 x 2 monodromy Lax pair for Pj;

In this section we show how to reduce the 3 x 3 monodromy Lax pair for Pj, system
(4.7a), to the 2 x 2 linear system of [1] given in (1.5b). The first approach we take is to
use the generalized Laplace transform (3.11). We start by writing (4.7a) in the form

(ABS + BY)®y = ((\BS + B}) + BY)®, (4.20)
where
A 100 ot 0 0 A mo g ws
By=10 1 0], Bi’:§ 0 —t 0], Bi=[(ws m @ |. (421)
0 0 O 0 0 1 %’LI)Q %wl 7%

Substituting the formula for ®(\,t) from equation (3.11) into equation (4.20), and as-
suming that the contour C' can be suitably chosen to eliminate any remainder terms that
arise from integration-by-parts, we find

(z — 1)33% = ((x—1)B} — (B3 + BY))Y. (4.22)

Since the diagonal matrix Bg has a zero in the (33) position, it follows that the third row
of this expression gives a relationship between the elements of Y:

37373 = 11)2171 + ’wlf/g. (423)

Using this relation to eliminate Y3 from (4.22) we obtain the following 2 x 2 system:

dy [t /1 0 1 (Ay+1 By 1 (A B Y;

ar _ 1t 2 - V. v=(=%

dx {2(0 —1>+z( co Do+1) -1\ Dy ’ Yz)’

(4.24)
where

Ag = way, By =wiwy, Co=w1wy, Dy=wiwy,
Ay = —(woz + 1), By = —(3+ wiws), (4.25)
C1 = — (w3 + w1w2), Dy = —(wiy +m).

System (4.24) is equivalent (up to a gauge transformation) to the 2 x 2 system of Jimbo—
Miwa given in [1], i.e. equation (1.5b). Adopting the parametrisation used by Jimbo—
Miwa, it follows that y(t) given by (4.13) is a solution of the fifth Painlevé equation.

There is also an alternate reduction of (4.7) to the Jimbo-Miwa system (1.5b) which
makes use of suitable gauge transformations rather than the generalized Laplace trans-
form. Starting with equation (4.20) we note that choosing the constant ¢4 as in (4.12)
implies that the matrix B’S’ has zero determinant. Indeed, from the above expression for
B? we have

det (Bg) = W1wWowW3s + 12)112)2’[[)3 + w3u73 — Thwlﬁ)l — m'UJ21I)2 — mrh,

13
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which is zero from (4.11) and (4.12). It follows that Bj has eigenvalues (u1, pi2,0), and
so there exists a matrix G such that

0
M2
0

GTBSG =

ook
ocoo

If we now make the gauge transformation ® = G then equation (4.20) becomes

d Y ~ ~ [
% = (I+G ' (AB3 + BY)'GBY)Y,
where ég = diag [p41, pt2, 0]. Since multiplication on ég is from the left if follows that this
can be rewritten further as

dy AP A5 | -
— = [T+ A5
d\ R W e Y,
where
) 1 (G12G23 — G13G22)Ga1p11 (G12Gaz — G13Gaa)Gaapz 0
Ay = 3t(G) (G13G21 — G11G23)Gs1p1 (G13G21 — G11G23)Gsap2 0],
(G11G22 - G12G21)G31,u1 (G11G22 - G12G21)G32,u2 0
) 1 (G13G32 — G12G33)Garpr (G13Ga2 — G12Gaz)Gazpe 0
A = 4ot (G) (G11G33 — G13G31)Ga1p1 (G11G33 — G13G31)Gaapa 0],
(G12G31 - G11G32)G21,u1 (G12G31 - G11G32)G22,u2 0
. 1 (G2aG33 — GazG32)Gripn  (GaaGas — Ga3Gaz)Grape 0
Ag = At (@) (G23G31 — G21G33)Grip (Ga3Gs1 — G21G33)Giape 0],
(G21G32 - G22G31)G11M1 (G21G32 - G22G31)G12M2 0

and G;; are the entries of G. The zeros in the (13) and (23) entries of these coefficient
matrices imply that this system is equivalent to a 2x 2 system for the first two components

of V,
vV _ (a0 A AN o (N
a—(AQ‘i‘)\_t‘i’)\_’_t)ya y— 5]2;

and a quadrature for the third component. The eigenvalues of the matrices A3, A% and
A5 are (1/2,0), (—=(80 + 61 + 050)/2,0) and (— (6o + 61 — 0s0)/2,0), respectively.

We now make a gauge transformation Y=H Y, where H is the diagonalising matrix
for A3, and introduce a change of variables = = (A +t)/2t, to get

ay [t/1 o0 1 (4, B 1 (A B
A i - N - 4.2
dl‘ |:2 (0 —1) . X <CO DQ) * r—1 (Cl D1 y’ ( 6)
where 0 0 0
Ao-ﬁ-ﬁo:—%, AgDy — BoCy = 0,
o B0 + 01 + O .
1+ Dy :—%, 1D1 — B1Cy =0, (4.27)

Ao+ A = —6.
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System (4.26) is equivalent (up to a gauge transformation) to the 2 x 2 system of Jimbo—
Miwa given in [1], i.e. equation (1.5b). Adopting the parametrisation used by Jimbo—
Miwa, it follows that §(t) given by

Ay —m)B
:l)(t) — ( 0 _ ’Cn) 1
AlBO
_ U~}1 [mwg — 111111)3] (1 i (m + 90)11)1 (1 _ ’LZIl [mwg — 111111)3])) (4 28)
wao [T?L’lf}l — w2w3] (m + 90)@1 + wWowWs w2 [ﬁ’L’lDl — 'lUQ’u)g] ’ '

is a solution of the fifth Painlevé equation with § scaled to § = —1/2 and

~ ~ ~ 2
A_l 00_91+90c A
a—2<2> A=

where 6y, 01,0+ are given by

- O+ 0 — O O+ 01+ 00 -
o= 0T =00 5 P01t 00

0 2 3 92 ) 0()0:01_00-

Simplifying the above expressions for &, B, 4 and substituting the expressions for {w;,w;}
in (4.16) into (4.28) we obtain the Bécklund transformation for Ps given in (1.14).

5 Similarity reduction to the fourth Painlevé equation

The following similarity reduction was derived in [7] and reduces system (1.10) to a
system of ODEs that are solvable in terms of the fourth Painlevé equation. The similarity
reduction is given by

i0

vi(7) = ey, (5.1)

where

01 = —p1zs + a3 + wows, O3 = ps(21 + 22) + §(21 + 22)°, (5.2)

2
0 = —p2$3+i$3+$33}1, T =21+ T2 + T3,

and p1, p2, p3 are real constants such that p; + p2 + p3 = 0. Under this reduction, system
(1.10) becomes

10,1 ok %

e’v] = 1,3,

0,1 ok %

e vl = iy, (5.3)
0, 1 o x % _ 1.2

e vy = ivjvy, 0= p3T+ 577,

where prime denotes differentiation with respect to 7. This system was integrated directly
in [7] in terms of SD functions and shown to be solvable in terms of the generic fourth
Painlevé equation, P4. Following the approach outlined in the previous sections, we will
use (5.1) to construct a monodromy Lax pair for the reduced system (5.3) and then carry
out the explicit integration in terms of P.

15
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5.1 A monodromy Lax pair

To compute the reduced Lax pair we introduce the monodromy variable A in the following
way
A= 1 — 9. (54)

Writing ¥ = Wexplik(k121 + koo + k3x3)] and then U(z;, k) = R(x;)®(r,\) where
R(x;) is given by
R(mla T2, x?}) = dlag (ei0276_i91a 1))

the scattering Lax pair (2.2) becomes
i).,— + Dl(ib\ = Z( —
i).,- + DQé)\ = Z( —

A=T7)S2+V1)®

1
2
%()\ —+ 7')51 + ‘/2)&),

where the matrices D;, S;, V; are given by

Dy = diag (—1,0,1), D, = diag (0,1, -1),
Sy = diag (1,0,0), S, = diag (0,1,0),
0 —e—i%g 0 02 0 vy
Vi = 0 —p1 —v7 |, Vo = 6i9v3 0 O
—v3 0 0 0 v O

After rearranging, the above system can be written in the form

b, — (AQ(” n Q<0>)<i> (5.52)
&, = (AP“) v P<0>)<i>, (5.5b)

where the matrices Q1) P Q) P(O) are given by
1 i
QW = —idlag (1,-1,0),
1 i
PO = — diag (1,1,0),

and

1 1
—i’US —5’1}1 0
1
p1— 5T 0 )
PO —; 0 —p2+ 37 —vf
f%vg %vl 0

5.2 Solution in terms of the fourth Painlevé equation

We consider the following 3 x 3 system of matrix equations
O = (AB;1 + B§)<I> (5.72)

o, = (AM{* + Mg)cb, (5.7b)
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where the matrices Bf, M{, B3, M{ are given by

B} = —diag (1,-1,0), (5.8a)
M} = —diag (1,1,0), (5.8b)
and
—t 1;)3 wo
Bg =|wy -t @1 s (58C)
1D2 w1 0
—t 0 w2
Mi=10 t —ui], (5.8d)

and {w;, w;} are all functions of ¢. Compatibility of equations (5.7a) and (5.7b) gives the
following system of equations

/ ~  ~ ~/
wy] = —wWaWs, wy = waws,
/ ~ o~ ~/
Wy = —wW1W3, Wy = W1W3, (5.9)
’wé = 72#&)3 — 2’(2}112)2, 121’3 = 215’[2)3 + 2’[01’[1)2.

This system admits first integrals

w1y, — wee = 20y,
) 1 ~1 2 ~2 0 (510)
w1W1 + Welz — waws = —201,

with 6y and #; constants. Elementary computation now shows that the functions y and

Y, given by
2w1w2 ~ 211)1’&12
t)=— t) =— 5.11
y(t) T i(t) v (5.11)
satisfy the classical P4 equation (1.1),
d?y 1 rdyN2 3 4 9 9 16}
SV o (Z) 2B a2 - Z
dt? 2y(dt) +2y oty +2( Oé)y—i_y7
d’y 1 dyg\2 3 4 2 2 3
= () +2P P 22— Q)i+ =
a2 2g(dt) TR AT A2 A+ 2

with o = —260; + 1 and 3 = —862 for the y equation, and & = —260; — 1 and B = —862
for the y equation.

Using the parametrisation for y(t), §(t) given by equation (5.11) we obtain the follow-
ing expressions for the functions {wj;(t),w;(t)}:

2(7 — 2ty — §* + 461) ~

1 "= — 1 !

(log wy) 7 — 20552+ 40y) (log 1)

(' — 2ty — 5 + 461) (Y 2ty g+ 40))
- — ,  (logws) = ;
(7" — 2t5 — §2 — 46,) (v + 2ty + y> — 46))

(logws)’ = — (g + 2t), (logws) =y + 2t. (5.12¢)

 2y(y + 2ty + 42 + 46,)
(v 2ty + 2+ 46))

,  (5.12a)

(logwg)" = — (5.12b)

17
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In order to solve the reduced 3WRI system (5.3) in terms of P4 we compare the
monodromy systems (5.5) and (5.7) to get the following correspondence:

v1(t) = 24w, va(t) = —iws, v3(t) = e~ 2 =5/ 2) gy, (5.13a)

VHE) = —idy,  vi(t) = 2iti, vi(t) = —ie' P32y (5.13b)

where we have chosen p; = ps = —p3/2 and made the change of variables t = (7 + p3)/2.

5.3 Reduction to the 2 x 2 monodromy Lax pair for P,

In this section we use the generalized Laplace transform (3.11) to construct the map
between the 3 x 3 Lax representation for P, given in (5.7) and the 2 x 2 system of Jimbo
and Miwa given in (1.5a). Substituting the formula for ®(A,¢) from equation (3.11) into
equation (5.7a), and assuming that the contour C' is suitably chosen to eliminate any

remainder terms that arise from integration-by-parts, we find
ay -
;*d— = (—al+ By)Y, (5.14)

x

where the matrices B}, Bj are given in (5.8a) and (5.8¢), respectively. We note that,
because the diagonal matrix By has a zero in the (33) entry, the third row of this equation
gives the following relationship between the components of ¥

11}3 = 'lDQYl + wl?'g.

Using this expression to eliminate Y3 from (5.14) we are able to reduce equation (5.14)
to the following 2 x 2 system

W~ (et + )y v (T, (515

where

A = (e )i = (0 ) 0=y %) 60

’lDQ’lI}l U)l'lbl ws —t

We note that this system is related to the Jimbo-Miwa system of [1] by a simple gauge
transformation.

6 Conclusion

In this paper we have constructed linear 3 x 3 matrix representations (Lax pairs) for the
generic fourth and fifth Painlevé equations, respectively, see equations (5.7) and (4.7).
The 3 x 3 systems are directly analogous to the 3 x 3 Lax pair associated with the generic
sixth Painlevé equation, Pg, which was first derived in [4], and then later in [5] and [14],
[15] by different means. Indeed, as we have shown here, all three Lax representations
arise from classical similarity reductions of the full three-dimensional three-wave resonant
interaction system.

The existence of the 3 x 3 systems for P, and Pj5 raises the question of alternate
monodromy Lax pair representations for the Painlevé equations which are distinct from
the 2 x 2 cases identified in [1] by Jimbo and Miwa. In the case of Pg, the connection
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between the 2 x 2 Lax pair of [1] and the 3 x 3 Lax pair of [4] has been established
by two different methods (by factorization of a residue [4], and by Laplace transform in
A-space [5]). We have shown that a similar connection can be established between our
monodromy Lax representations for P4 and P5 and the 2 x 2 systems of Jimbo and Miwa
[1] via the Laplace transform in A-space.

As far as we are aware, the isomonodromy problems for the A-part of equations (4.7)
and (5.7) have not been studied in detail. The fact that our 3 x 3 system for P4 possesses
an irregular singularity at infinity and no other singularities in the complex A-plane
establishes a clear distinction between this system and the isomonodromy problem of
Jimbo and Miwa in [1], i.e. equation (1.5a). It will be interesting to determine the
monodromy data for equation (5.7) and to investigate whether or not it can be used to
determine all Bécklund transformations for P4 and, hence, to see if it is possible to obtain
all hierarchies of exact solutions of Py.

Another direction for future research will be to evaluate the connection, if possible,
between our 3 x 3 systems and other alternate Lax pair representations for P4 and Ps.
Thus, for instance, it may be possible to establish a link between the 3 x 3 systems found
here and the order three and order four linear systems associated with the symmetric
Painlevé equations found by Noumi et al [9]-[10]. Similarly, the connection between our
monodromy Lax representation and the 2 x 2 Lax pair for P4 found by Kitaev (see [22],
[23]) and later by Milne et al [24] is yet to be established.

Acknowledgements This work was supported by ARC DP grant number DP0559019.
The research was carried out during AVK’s visits to the School of Mathematics and
Statistics at the University of Sydney, Australia.

A On Spectral Interpretation of the Backlund Trans-
formations for P;

We recall the Bécklund transformation for Ps was found in [25] (see also [26]):

2/ 26ty
oty — V202 + (V2o — V28 + tV=20)y + /28

<+1—\/T > (A.2)
<H¢+¢) (A.3)

2

ﬁQ = V25— Ba, 2= VB £0, (A4)

where y = y(t) and § = §(t) solve P5 for the parameters a, 3, 7, and § and &, B, 4,
and & , respectively. The important feature of this transformation is that the branches of
the square roots in equations (A.1)—(A.4) can be taken arbitrary but the same in all the
formulae.

Our goal here is to discuss the spectral interpretation of this transformation. For this
purpose we use the Jimbo-Miwa [1] isomonodromy representation of P5. Consider the
following linear matrix ODE:

dv t Ag Ay

o= Got 3 Ty

(A.1)

%

Q <>
Il

= N

—23

). (A.5)
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1 . . .
Here 03 = 0 _01 and the matrices A4, (p = 0,1) are independent of X. Consider
the following parametrization of the matrices A,
A= (*T % —u(z+6p) A — —z — fotfe uy(z + 790_2"’9“)
B I T R A

Then, the isomonodromy deformations of equation (A.5) with respect to ¢ are governed
by the following system of nonlinear ODEs, which we will call the Isomonodromy Defor-
mation System (IDS)

dy Oo =01 + 0 300+ 01+ 0

= e — — 2 _ —
b ty—2:(y—1? = (y—1)(—— 5 ), (A.6)
dz _ O — 01 + O 1 0o + 01 + O
t% = yz(z+ — ) g(z—&-é‘o)(z—i— — )7 (A7)
d 0o — 01 + O 1 O + 01 + 0
talogu = —22—90+y(2+%)+§(2+%). (A.8)

In this system 6, (v =0, 1, co) are complex constants considered as parameters. Exclud-
ing the function z from equations (A.6)—(A.7) one finds that the function y satisfies the
fifth Painlevé equation (1.2) for the set of the coefficients (1.13).

We note that by rescaling t we may set the coefficients b=6= —1/2, and hence we

may further put
V=20 =1/-20 = =41

in equations (A.1)-(A.4). To take into account the possibility of different choices of
branches of the square roots in equations (A.1)-(A.4) we introduce the parameters &1,
€9, €1, €1, each taking the value 1, in the following way

1/Qoézglw) /_26252m7 y=1-0— b, (A.9)

2 2
— 0y — 01 +0s = 0y— 01 — 0 ) L
\/204:61%, \/—26252%, 4=1-0y—6,. (A.10)

By substituting equations (A.9) and (A.10) into formulae (A.2)—(A.4) we get the following
equations relating the formal monodromies:

A €1 — &2
O =€

(1= 60— 01) + = ;62 (1 _ #(90 _ ) - ;529m> . (A1)

Go— by =2 (1— 05— 0y) + 122 <1€1;52(9001)512529m),

(A.12)

€1 — &2

éo+91:1+8< (90—91)4—61_'—62900). (AlS)

2

Equations (A.11)-(A.13) define 25 = 32 different relations for the formal monodromies
0’s, according to the number of tuples (e,e1,e2,1,&2). It is easy to notice that all these
formulae can be presented as the compositions of the actions on the #-parameters of the
Schlesinger transformations “dressing” the infinity and zero points:

S:t,:t : 000 — 900 + 1, 00 — 00 + ]., 01 — 01, (A14)
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with possibly the reflections:

RO : 00 — 790, 01 — 01, 000 — 900, (A15)
R1 : 90 — 90, 91 — —91, 900 — 900, (Alﬁ)
Roo : 90 — 60, 91 — 91, 900 — —900, (Al?)
Ro1: 0o — 01, 1 — 0o, oo — boo, (A.18)
and the following Okamoto-like transformations, mixing the f-variables:
0=y =0T 00 g PO e g g (a9)

B Similarity reduction to the third Painlevé equation

The following similarity reduction was derived independently in [6] and [7] and transforms
system (1.10) into a system of ODEs that are solvable in terms of solutions of the generic
P3 equation

P32

d2y_1 dy 2 ldy 1
dt

5
ceJ_ 2 N 3,9
a2 =y L + t(ay +ﬂ>+7y +y, (B.1)

where «, 3,7, are arbitrary complex parameters. The similarity reduction is given by

v = exp[—%zg + z'plzcg]ul
Vg = exp[—%xg + ipzl'g]’dg (B2)
v3 = (1 — 29) T P3ug, T = (x1 — 12)e”?,

where p1, p2, ps are real constants related by p; + p2 + ps = 0. Under this reduction
system (1.10) becomes

Tty = juivs
TPyl = —jvivy (B.3)

o
T35 = (0] V5.

It was shown in [7] that solutions of this system can be represented in terms of an SD-type
equation that is equivalent to the particular case of the fifth Painlevé equation (1.2) with
6 = 0. It is well known [25] that equation (1.2) with § taken to be zero is equivalent to
the general P3 equation. As in the case of P4, P5 and Pg we will construct a monodromy
Lax pair for the reduced system (B.3) and then carry out the explicit integration in terms
of Pg.

We introduce the monodromy variable A as follows

A=e "k, (B.4)

and then, taking k3 = 0 in (2.2) and writing U(z;,k) = R(z;)®(r, ) where R(x;) is
given by

R(z1, 22, 23) = diag (eXP[—@'Pzws]a explip1as], exp[—%ﬂi:ﬂ),

21
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we obtain the following monodromy Lax pair

= (@ + @)@ (B.5a)
M, — ()\P(l) + P<0>)<I>,

where the matrices M, QW) , P QO PO) are given by

(B.5b)

M = diag (17 1, 0),
Q(l) = idiag ( — TR, TK1, kK1 + "32)7
PM = jdiag (— k2,k1,0),

and
—p2 =T 1'”31)3 —Ug
Q(O):Z 71)31}3
—v}
_1 7Ip3U3 0
PO —; H‘“’d U3 0 0
0 0
We compare (B.5) with the following 3 x 3 system
1 0 0 t/? 0 0 1 7900/2 771/3 —W39
01 0 @A:( 0 —t/2 0 |+5| w62 —y )<1> (B.6a)
0 0 O 0 0 -1 Wa w1 0
1 0 0 A/2 0 0 1 0 —ws O
01 0 @tz( 0 =x2 0)+5(ws 0 0 )(I), (B.6b)
0 0 O 0 0 0 0 0 0

where {w;,w;} are functions of ¢ and 6

~ 1s an arbitrary constant. The compatibility
condition for (B.6) is

;- _
tw) = Wats, t] = waws,

twé = —11)1’(1)3, t@é = —wiws,
twh = —Oows + 1w, tws = Oz + twiws.
We note that the third row of (B.6a) gives the relation
)\(I)g = 11)2@1 + w1(1>2,
and so we can eliminate ®3 from the above system. The resulting 2 x 2 system has the
form:
d¢ - t (1 0 1 —900/2 —’Lz}g 1 ’UJQ’(I)Q w1wsa
ax [2 <0 —1> DY < ws  0s0/2) N2 \iwy  wii 2 (B.7a)
do A1 0 1 /0 —ws D,
_ = | = — = . B. b
dt {2( —1)+t<w3 0>]¢’ ¢ <<I>z (B.7b)
Making the change of variables ¢ — t2, X — )/t we find that system (B.7) is equivalent
(up to gauge transformation) to the Jimbo-Miwa system for P3 given in [1]
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Written in terms of the new variables the compatibility condition becomes

tw’l = 2121211)3, t’d)’l = 211)21113,
twé = —21171’[1)3, t’lI}é = —2’(1)111}3, (B8)
twh = —2000w3 + 220 Wy,  ty = 20,0103 + 2t2w wa,

for which we get first integrals

wiwWy + was = C1,

Wiwaw3 — W1Waws3 + 5900 (w11 — watha) = ¢2,
where ¢; and ¢y are constants. Without loss of generality we set ¢; = 1 and ¢p = 6p/2.
Elementary computation now shows that the functions y and g, given by

() = —2— (B.9)

L1 Ws’

t =
v = e
satisfy the classical P3 equation with a = 46,3 = 4(1 — ),y = 4,0 = —4 for the y
equation, and & = 46y, 8 = 4(1 + 0),7 = 4,6 = —4 for the § equation.

In order to solve the reduced 3WRI system (B.3) in terms of P3 we compare the
monodromy system (B.5) with system (B.7) to find

v1(7) = wi(7), valT) = wa(T), w3(T) =7 Pws(T), (B.10a)
vi(1) = w1 (7), vi(T) =wa(r), wi(r)=TP03(r). (B.10b)
We will show that the functions {w;(7),@;(7)} can be expressed in terms of y(t), y(t),

z(t) and w(t), where z = twy;, w = wiwy and 7 = t2. Using the expression for y
given in (B.9) and the compatibility conditions (B.8), we obtain the following system for

{y, 2w}
t% = (42 — 20)y° + (2000 — 1)y + 2¢, (B.11a)
t% =4z2(t — 2)y — (2000 — 1)z + (60 + 00)t, (B.11b)
ti(ln w) = —(4z — 2t)y. (B.11¢)

dt

It follows from (B.8) and the above expressions that the functions {w;, @w;} are given as

1/2
. 3 1 1/2
wi(t) = f (t - Z) . D) = ﬁ(z(t - z)) (B.12a)
1/2
1 /(t—=z - g 1/2
wa(t) = ( - ) . b(t) =7 (z(t— z)) , (B.12b)
where f and g are arbitrary functions such that w = f/g, and
d 2t
t%(lnwg) = — — 20, (B.12¢)

d N 2t
t%(lnwg) = 5 + 2000 (B12d)
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To conclude this appendix we state without proof an alternate reduction of system
(B.6) to a 2 x 2 system. Using the generalized Laplace transform (3.11) in (B.6a), the
resulting matrix equation has the form

x—t/2 0 0 di/ —900/2+1 —U~)3 — W2 B
0 x+t/2 0| —=— ws 0o /2+1 —iby | Y. (B.13)
dx -
O O 1 wo w1 0

By choosing the determinant of the RHS matrix to be zero we can make a gauge trans-
formation Y = GY where G is the diagonalizing matrix, to obtain

av [, 1 1 7.
— =14 A Ao Y B.14
dx 2+:r—t/2 1_|—ac—|—t/2 o ( )
where the Aj are all of the form
* % 0
Aj=1*x * 0
* % 0

This can then be reduced (after a change of variables) to a 2 x 2 system of the form

Yy 1 1
— = 1A —A —Agl Y. B.15
ar 2+x—t 1+x 0 ( )

Isomonodromic deformations in ¢ of this equation are parametrized by solutions of the
degenerate fifth Painlevé equation (1.2) with 6 = 0, see [27], [28].

The Lax pair (B.7) has two irregular singularities at zero and infinity, while the Lax
pair (B.14) has two regular singularities at zero and ¢ and an irregular singularity at
infinity. By comparing the two reductions given above it is possible to obtain a mapping
between these two systems and, as with the Backlund transformation for P5, a mapping
between two solutions of Ps.
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