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Abstract

For a certain class of martingales, the convergence to mixture normal distribution
is established under the convergence in distribution for the conditional variance.
This is less restrictive in comparison with the classical martingale limit theorem
where one generally requires the convergence in probability. The extension removes
a main barrier in the applications of the classical martingale limit theorem to non-
parametric estimates and inferences with non-stationarity, and essentially enhances
the effectiveness of the classical martingale limit theorem as one of the main tools
in the investigation of asymptotics in statistics, econometrics and other fields. The
main result is applied to the investigations of asymptotics for the conventional kernel
estimator in a nonlinear cointegrating regression, which essentially improves the
existing works in literature.
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1 Introduction

Let {M,;, Fri, 1 <i < k,} be a zero-mean martingale array with the difference y,,;, and let
M? be an a.s. finite random variable, where the o-fields are nested, that is, Fri © Fniii

for 1 <i < k,,n > 1. Suppose that, for all ¢ > 0,
ZE[yrzn‘I(|?Jm| >€) | Fniz1] —p 0, (1.1)

and the conditional variance

S B | Fais] —p M2 (1.2)
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The classical martingale limit theorem (MLT) shows that M, s, = > .yn; —p Z, where
the r.v. Z has characteristic function EeZ = Ee=M***/2 ¢ ¢ R. If M? is a constant, the
nested structure of the o-fields F,, ; is not necessary.

As one of the main conventional tools, the classical MLT is widely used in statistics,
econometrics and other fields. In many applications, however, the convergence in prob-
ability in (1.2) seems to be too restrictive. To illustrate, consider a functional of the

form

My; = (nh®)"V*> " glag/h)ersr, i=1,2,...,n, (1.3)
k=1

where ¢ is a real integrable function on R, ¢ is a stationary process, z; is an integrated
process (i.e., I(1) process) such as a random walk, and h = h,, is a certain sequence of
positive constants satisfying that i — 0 and nh?> — oco. Write F, = o(x1, ..., Tp; €1, ..., €& ).
If E(egtr | Fr) = 0and E(e, | Fi) = 1, {M,;, Fi}i; forms a zero-mean martingale array
with the conditional variance V2 = ﬁ > or_i ¢*(xx/h). Unfortunately, the asymptotics
of M, , can not be obtained by the classical MLT. Indeed, under certain conditions on x;
such that z(,s/v/n = W(s) on D[0,1], where W (s) is a standard Brownian motion, we
may prove

V2o /Oo ¢*(@)dr L (1,0), (1.4)
where Ly (t,s) is the local time of the process W(s) defined as in next section, but
it is difficult or not possible to replace the convergence in distribution in (1.4) by the
convergence in probability. See, e.g., Wang and Phillips (2009a) for instance. It should
be pointed out that, given (1.4), one may enlarge the probability space in which 1, ..., x;
are equipped so that under this new space

Vi —p /_OO g*(x)dx Ly (1,0). (1.5)

o0

This fact can not be used to establish the asymptotics of M, , as well since, without
independence between ¢; and x;, this enlarged probability space may destroy the nested
o-fields structure (i.e., F,; C F,11,) required in the classical MLT.

Such functionals M,,, having a martingale structure commonly arise in non-linear
regression with integrated time series [Park and Phillips (1999, 2001)], non-parametric
estimation in relation to nonlinear cointegration models [Phillips and Park (1998), Karlsen

and Tjostheim (2001), Karlsen, et al. (2007), and Wang and Phillips (2009a, 2009b, 2010)]
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and many other related research areas [Marmer (2008), Gao, et.al (2009a, 2009b), Choi
and Saikkonen (2010), Kasparis (2008, 2010), Kasparis and Phillips (2009)]. In such cases,
g may be a kernel function K or a squared kernel function K2, and the sequence h is the
bandwidth used in the nonparametric regression. As illustrated above, the classical MLT
is limited to establish the asymptotics of M, ,,, which, as is well-known, plays a key rule
in the development of non-parametric estimates and inferences with non-stationarity:.
The main aim of this paper is to provide an extension of the classical MLT. It is shown
that, for a certain class of martingales such those having a shape as in (1.3), the condition
(1.2), that is, the convergence in probability for the conditional variance in the classical

MLT, can be reduced to less restrictive:
Y Bl | Fuisa] —p M. (1.6)

As discussed above, this kind of extensions removes a main barrier in the applications of
the classical MLT to non-parametric estimates and inferences with non-stationarity. It is
expected that our results will essentially enhance the effectiveness of the classical MLT as
one of the main tools in the investigation of asymptotics in statistics, econometrics and
other fields. We finally remark that there are little useful works in literature to establish
a central limit theorem for martingale under less restrictive condition (1.6). Theorem
3.4 of Hall and Heyde (1980) provided a partial result in this direction, but the result
can not be used to our specified class of martingales as defined in next section. Park
and Phillips (2001) considered a class of martingales having the shape as in (1.3), but
imposed some extra conditions. More currently a unpublished manuscript by Jeganathan
(2006) discussed convergence in distribution of row sum process to mixture of additive
processes. When specified to the martingales defined as in (2.1) below, the conditions
used by Jeganathan (2006) are quite complicated and also hard to identify. Unlike these
existing works, our conditions are neat and the identification on the conditions is quite
straightforward.

This paper is organized as follows. In next section, we present our main results. The-
orem 2.1 provides a framework in an extension to the classical MLT. It is shown that, for
the specified class of martingales defined as in (2.1) below, a minor and easy identified
additional condition, together with the convergence in distribution for the conditional
variance, is sufficient to establish the convergence to mixture normal distribution. It is
interesting to notice that, general speaking, it is not possible to replace the convergence

in probability for the conditional variance by the convergence in distribution without any



additional conditions. This kind of additional condition might be close to necessary to
investigate the asymptotics for the specified martingale defined as in (2.1). Theorem 2.2
gives an important application of Theorem 2.1 to general linear process, where we investi-
gate the asymptotics for the functionals having shape as in (1.3). Our result includes the
x), being a partial sum of ARMA process and fractionally integrated processes, which are
most common used in practice. Using Theorem 2.2 as a main tool, Theorems 2.3 and 2.4
investigate the asymptotics for the conventional kernel estimators in a non-linear cointe-
grating regression model. These results significantly improve those in existing literature.
This section also presents several remarks for possible further extensions of our results.
All technical proofs are given in Section 3.

Throughout the paper, we denote by C, CY,... the constants, which may changes at
each appearance. We also use the following definitions and notation. If 047(11), ag),..., agﬁ)

(1 <n < oo) are random elements of DI0, 1], we will understand the condition
(@D a® a®y S (ol o ab)
to mean that for all a&), ag),..., agﬁ)—continuity sets Ay, As,..., Ay

P(ozle) cA,aP e Ay, aP e Ap) — P(a&) € A, a2 € Ay, ...,al) € Ay).

[see Billingsley (1968, Theorem 3.1) or Hall (1977)]. D[0,1]* will be used to denote
DI0,1] x ... x D[0, 1], the k-times coordinate product space of D[0,1]. We still use = to

denote weak convergence on DI0, 1].

2 Main results

Motivated by non-parametric estimates and inferences with non-stationarity, this section

considers a class of statistics defined by
Sn = Z LTln€n,k+1, (21)
k=1

where {€, 11, Fnkf1<k<n forms a martingale difference and wy, is adapted to F, for
1 <k <n,n>1 Let f,(..) be a real function of its components, and 7, and &,; be

two sequences of random variables. We specify the zj, to have a form:

Tpn = fn(en,lv"'ven,k; M1y -5 Thnks §n17€n27"')a



and the F, j to be an increasing o-fields for each n > 1. We do not require the nested
structure of F,, in this paper. The increase of F,; on k and the structure of x,, are
quite natural in many applications.

In order to investigate the asymptotics of S,,, we make use of the following assumptions.

Assumption 1.  {nnit1, €nk+1, Fnk f1<k<n forms a martingale difference, where ny,
and €, satisfy that, as n — oo first and then m — oo
2 2
mngll?%(n |E(77n,k+1 | fmk) - 1| - 07 mngll%%(n |E(6n,k+1 | Fn,k) - 1| - 07 a.s.

and for some 6 > 0,

X (B[ | o) + Ellenpsa " | Fap)] < oo
n>1

By virtue of Assumption 1, it is readily seen that, for each 0 < s < 1 and all € > 0,
3 B o | Fa) —as s and E350 B i I (| > /i) | Fug) —p 0. The
classical martingale invariance principle implies that

[nt]

%Zm,jﬂ = W), (2.2)

on D|0,1], where W (t) is a standard Winner process. See, e.g., McLeish (1974) for

Wyo(t) =

instance. Our next assumption on xy,, depends on 7, as well as W (?).

Assumption 2. (i) &,;,7 > 1, are F,1-measurable for each n > 1, and there exist a
sequence of constants 0 < d,, — 0o and a Gaussian process G(t), which is independent of

W (t), such that

[nt]
=, (t) = dl Sty = G, onD[o,co). (2.3)

(1) maxi<p<p [Trn| = op(1) and

1 n
%ZW,nIIE(%,kHGn,kH|fn,k)| = op(1), (2.4)
k=1

(iii) There exists a positive functional g*(W,G) of W(s),0 < s <1 and G(s),0 < s < o0,
such that

Gr=> 2, —p ¢(W,G) (2.5)

k=1



We have the following main result.

THEOREM 2.1. Under Assumptions 1-2, we have
{Sw G2} —p {gW.G)N, (W, G)}, (2.6)
where N is a standard normal variate independent of g(W,G). Consequently,
Sn/Gn —p N(0,1). (2.7)

Remark 1. If the condition (2.5) can be strengthened to convergence in probability
without changing the probability space and the o-fields F, i is nested, i.e., Fn; € Fpii,
for 1 < i <mn, Assumption 2(i), (2.4) and the part related to n, in Assumption 1 are
not necessary. In this situation, Theorem 2.1 can be easily established by the classical
MLT as stated in Section 1. Unfortunately, it is generally difficult to replace (2.5) by
G? —p ¢*(W,Q), except that g>(W,G) is a constant. Our result hence provides a useful

extension to the classical MLT.

Remark 2. If ¢*(W, Q) does not depend on G(s),0 < s < oo, Assumption 2(i) related
to &n ;45 not necessary. This point s important since, in many applications, we may have
Tpn = [u(My) with My, = Y70 Dag + &n, where &, is negligible comparing to M, (that
18, M, itself is not a martingale, but may be approached by a martingale. In regard to
the martingale approaches of stable random variables sum, we refer to Wu and Woodroofe
(2004) for further details). Theorem 2.1 can be used to this situation without Assumption
2(1) if the k. and xy.,, satisfy the related conditions.

Remark 3. If n, is independent of €,y, the condition (2.4) holds true automat-
ically. A simple sufficient condition to give (2.4) is \/%722:1 |zkn| = op(1), if only
MaX i<k [E(Innk+1]* | Far) + E(lenss1* | Fup)] < co. This condition can not be re-
movediexcept the condition (2.5) can be strengthened to convergence in probability without
changing the probability space, as explained in Remark 1. A simple example is given as
follows. By letting np = e, k > 1, be a sequence of iid N(0,1), xg, = n*3/2(2§:1 €)?
and Fy = o(ey, ..., &), we have that Y7 23 . —p fol W4(t)dt and

n 1
Su=3 tencris —o /0 W2(8)dW (#),
k=1



where W (t) is a standard Winner process. The result (2.5) in Theorem 2.1 is not true
for this example, since fol W2(t)dW (t) is not equal in distribution to (fol W*(t)dt) V2N,
On the other hand, the condition (2.4) can not be satisfied as

n k
fDmeEekma ZZQ HD/WQ
k=1 ':1

In what follows we consider an application of Theorem 2.1 to general linear processes.

Let {&;,j > 1} be a linear process defined by

§ = Z Pk Vj—k;s (2.8)
k=0

where {v;, —00 < j < oo} is a sequence of iid random variables with Evy = 0, El/g =1,
Elvp|*™ < oo for some ¢ > 0 and characteristic function ¢(t) of vg satisfying [*_[p(t)[dt <
0o. Throughout the section, the coefficients ¢, k > 0, are assumed to satlsfy one of the
following conditions:
C1. ¢y ~ k= * p(k), where 1/2 < u < 1 and p(k) is a function slowly varying at oo.
C2. Y 1 |ow| <ocoand ¢ = > 70, dr #0.
Put y, = Zle & and yg,, = yr/dn + ¢, where ¢/, — 0 and d2 = Ey2. Tt is well-known

that, with ¢, = —(lfu)%3f2u) fooo (x4 1) Hd,
3-2u 2
o _ o ) cuntp*(n), under C1,
dn - Eyn { ¢2 n, under C2 (29)

See, e.g., Wang, Lin and Gulati (2003) for instance. We consider the limit behavior of

sample functions of the form:

Sln == (%)I/QZf(Cnyk,n)€k+la (210>

k=1
when ¢, — oo and ¢,/n — 0, under the following conditions:

Assumption 3. [ is a real function on R satisfying [~ [|f(z)| + |f(z)]*]dz < oo
for some v > 0.

Assumption 4. (i) Fy is a sequence of increasing o-fields such that vy € Fr and vy,
is independent of Fy for all k > 1, and vy, € Fy for all k < 0. (ii) {ex, Fi}r>1 forms a
martingale difference satisfying, as m — 0o, maxXysm |E(€;,, | Fr) — 1| — 0,a.s. and for

some § > 0, maxy>1 E(lepy1]*H | Fr) < o0.



Assumption 4 is a specified version of Assumption 1 by making use of the independence
between 1. Typically, in applications, we may choose Fp = o{vg,vk_1,...} or Fr =
{€ky -y €15 Vi, Vk_1, ...} together with the condition that vy, is independent of Fy, for all
k > 1. To investigate the asymptotics of Sy,, we start with the following notation. A
fractional Brownian motion with 0 < 5 < 1 on D|0, 1] is defined by

Walt) =55 [ " s (o (s) + / (¢ — 5P aw(s),

— 00

1 o0 2 \1/2
- (= p=1/2 _ p—1/2

A(B) (2ﬂ+/0 (1+5) 2] ds)
W(s),0 < s < oo is a standard Brownian motion, and W*(u),0 <
dent copy of W(s),0 < s < oo. It is readily seen that W;5(t) = W(t) and Wjs(t) has a

continuous local time Ly, (¢, s) with regard to (¢, s) in [0,00) x R. See, e.g., Theorem 22.1

of Geman and Horowitz (1980). Here and below, the process {L¢(¢,s),t > 0,s € R} is

u < 00 is an indepen-

said to be the local time of a measurable process {((t),t > 0} if, for any locally integrable
function T'(z),

/OtTK(S)}dS = /_OO T(s)L¢(t,s)ds, allte R,

[e.9]

with probability one.
Note that Ly, (1,0) is a functional of W(s),0 < s <1 and W*(u),0 < u < oo. Write
Gi, = 3 [2(caYrn)- As a direct consequence of Theorem 2.1, we have the following

theorem.

THEOREM 2.2. Under Assumptions 3 and 4, when ¢, — oo and ¢, /n — 0, we have
{Sw: GL.} —p {g(W,W")N, (W, W)}, (2.11)

where N is a standard normal variate independent of g*>(W, W*) f f2(x)dx Ly with
Ly being defined by

r Lw,,,_.(1,0), under C1,
YT Lw(1,0), under C2.

Consequently,

Remark 4. The result (2.11) under C1 is new, in which the y, includes the frac-
tionally integrated process as an example. Theorem 3.2 of Park and Phillips (2001) in-
vestigated the asymptotics of Sy, under C2, but only allows the ¢, to be equal Ey? = ¢n
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and imposes strong restrictions on f and vy. Using similar ideas as in Park and Phillips
(2001), Wang and Phillips (2009a) considered more general situations under C2 (the re-
sult is included in the proof of their Theorem 3.2), but still imposes some additional con-
ditions. The result (2.11) under C2 essentially improves these existing results. It should
be mentioned that, unlike these existing results, our proof is quite neat and straightforward

by our extended martingale limit theorem, given in Theorem 2.1.

Remark 5. Under the conditions of Theorem 2.2, one always has cov(ys, €41) =
Ely:E(ery1 | Fi)] = 0. Wang and Phillips (2009b) investigated the asymptotics of S,
under C2, imposing the €1 to be serially dependent and cross correlated with ys for
|t —s| < mq, where mq is a given constant. As a consequence, in Wang and Phillips
(2009b), one may have cov(yy, €41) # 0. This makes the functionals in Wang and Phillips
(2009b) essentially different from the one investigated in current Theorem 2.2. However,
Wang and Phillips (2009b) does not cover the result (2.11) under C2 as a special case,

since in (2.11) we allow €41 is cross correlated with ys for 1 < s < k.

Remark 6. [t is interesting to notice that the result would be quite different if ¢, = 1.

Indeed, under much weaker conditions on f,yx, and €, which adds to

nt|
(oo 7= Do on} = 0.V

on D[0,1]?, one may prove =37\, S (Ykn)ers1 —p fol flU(8)]dV (s), a stochastic inte-
gral. There are many papers which investigate the convergence to stochastic integrals. We

only cite Kurtz and Protter (1991) and Hansen (1992) for reference.

Remark 7. The individual asymptotics of the functionals like G2, has been investi-
gated in Wang and Phillips (2009a) [also see Wang and Phillips (2010) for zero energy
situation] under weaker condition than Assumption 3. FEzplicitly, it follows from (2.5)
of Wang and Phillips (2010) ' that, for each fized x € R and all h satisfying h — 0
(h*logn — 0 under C2) and d,,/nh — 0,

{Zh 1/229 [ (yr — 2)/h], Zfl (yr — x)/h], ng yk—x/h]}
—D {ToNﬁw, 71 Lw, 7'2»CW}7 (2.13)

where d>2 = Ey? is given as in (2.9), 78 f ¢ (x)dr, 7 = [ fi(z)dx and 7 =
[ fo(x)dz, provided that [ |g(t)|dt < oo, [|g(t)|dt < oo and |§(t)] < C'min{|¢|,1}, where

IThe result is only for x = 0, but it is not difficult to see that the result holds true for any fixed = € R.
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= [e'g(t)dt; |f;(z)| and ff(ac), j = 1,2, are Lebesque integrable functions on R
wzth 71 # 0 and 75 # 0. It is readily from (2.13) that

4, \—1/2 <—n
(E) > k1 9l(yr — )/ 5 To NE;VUQ, (2.14)

> ey fol(yr — @) /B - -
> ey [illyx — @) /B T
S Bllye—2)/h] T (2.15)

These results will be used in the proofs of Theorems 2.2-2.4.

As stated in Introduction, the results given in Theorem 2.2 play a key rule in the inves-
tigation of non-stationary cointegration regression. To illustrate, consider the following

nonlinear cointegrating regression model
Zt :m(yt) +€t+17 t= 1,2,...,77/, (216)

where €,,1 is a zero mean stationary equilibrium error and m is an unknown function
to be estimated with the observed data {z;,y:};_,. The conventional kernel estimator of
m(z) in model (2.16) is given by

ﬁl(l’) _ Z?:l ZtKh(?Jt - .Z‘)
> Ky — )

where Kj(s) = +K(s/h), K(z) is a nonnegative real function, and the bandwidth param-

(2.17)

eter h = h,, — 0 as n — oco. Note that m(z) has the usual decomposition:

m(x) —m(z) = 2 Cont Ky — @) i >t [m(yt) - m(:v)} Kn(y: — x)
Z?:l Ku(y: — ) Z?:l Kp(y — x)

and it is the first term to determine the asymptotic distribution, depending on the asymp-

, (2.18)

totics of

(SQn,ng) = {(%)UQZQHK Cn Ytn), & ZK (CnYtn) } (2.19)

t=1

where v, = (y — 2)/dn, d> = Ey?

n

and ¢, = d,/h. An application of Theorem 2.2
to (San, G3,) essentially improves the existing results on the asymptotics of the kernel
estimator 7 (x), which was currently investigated in Wang and Phillips (2009a, 2010). To

do this, we require the following additional assumptions.

Assumption 5. 1y, = Z;Zl &;, where &; is defined as in (2.8) with ¢y, satisfying C1 or
C2.

Assumption 6. The kernel K satisfies that [7._ K(s)ds =1 and sup, K(s) < oc.

10



Assumption 7. For given x, there exists a real function mi(s,z) and an 0 < v <1
such that, when h sufficiently small, |m(hy + x) — m(x)| < hYmy(y,x) for all y € R and
22 K(s) [ma(s, ) + mi(s,z)lds < oo.

THEOREM 2.3. Under Assumptions 4-7, for any h satisfying nh/d, — oo and nh'***/d,, —

0, we have

d

(@)71/2(7’%(93)—7"1(%)) —p TNL,? (2.20)

where d2 = Ey2, given as in (2.9), 7% = [*°_K?*(s)ds and N is a standard normal variate

independent of Ly, which is given as in Theorem 2.2. We also have
1/2
(h ZKh(yt - :c)) (m(z) —m(xz)) —p 7N. (2.21)

If Assumptions 6 and 7 are strengthened to the following Assumptions 6* and 7*, an

explicit bias term may be incorporated into the limit theory (2.20) and (2.21).

Assumption 6*. (1) K(z) satisfies that [ K(y)dy =1 and for some p > 2,

/ypK(y)dy # 0, /y"K(y)dy =0, i=12.,p—1
(ii) K(x) has a compact support and is twice continuous differentiable on R.

Assumption 7*. For given fized x, m(zx) has a continuous p + 1 derivative in a small

neighborhood of x, where p > 2 is defined as in Assumption 6*.

THEOREM 2.4. Under Assumptions 4-5 and 6*-7*, for any h satisfying nh/d, — oo

and nh'+2®+V) /d, — 0, we have

3
~—r
|
3
S
|

(|

and also,

/ ypK(y)dy} —D TN,C;Vlﬂ, (2.22)

(e e}

(h é[(h(yt - x)) v {m(x) —m(x) — % /_Z ypK(y)dy} —p TN. (2.23)

Remark 8. In past decade there have been increasing interests in the investigation of
asymptotics for the kernel estimator m(z) of m(z) in the model (2.16), under different
setting on the regressor vy, and the error process €. Phillips and Park (1998) studied
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nonparametric autoregression in the context of a random walk. Karlsen and Thostheim
(2001) and Guerre (2004) studied nonparametric estimation for certain nonstationary
processes in the framework of recurrent Markov chains. Karlsen, et al. (2007) developed
an asymptotic theory for nonparametric estimation of a time series regression equation
inmwvolving stochastically nonstationary time series. Under similar conditions and using
related Markov chain methods, Schienle (2008) investigated additive nonlinear versions of
(2.16) and obtained a limit theory for nonparametric regressions under smooth backfitting.

More recently, Wang and Phillips (2009a) and Cai, et al. (2009) considered an al-
ternative treatment by making use of local time limit theory and, instead of recurrent
Markov chains, worked with partial sum representations y, of linear process, as given in
Assumption 5. Unlike these cited results where the independence between the regressor y;
and the error process €; is essentially imposed, our results allow the endogenous regressor
case, and also allow the regressor y, to be fractionally integrated processes. Furthermore
Theorem 2./ investigates the bias analysis, which does not attend in the previous articles.
In another papers, Wang and Phillips (2009b, 2010) considered the errors u; to be serially
dependent and cross correlated with the regressor x; for small lags. As stated in Remark

5, these works have different error structure as used in current Theorems 2.3 and 2.4.

Remark 9. Many interesting facts are raised in the nonlinear cointegrating regression.
For instance, a possible ”optimal” bandwidth h which yields the best rate m(x) — m(x)

2 is different from non-parametric regression with a sta-

or the minimal E(m(x) — m(x))
tionary regressor; the use of augmented regression, as is common in linear cointegration
modeling to address endogeneity, does not lead to bias deduction in nonparametric regres-
sion, except there is an asymptotic gain in variance deduction; the particular advantage
that the local linear nonparametric estimator has bias reducing properties in comparison
with the Nadaraya- Watson estimator m (x) defined as in (2.17) is lost when the regressor
Yy 1S nonstationary. For more detailed discussions of these interesting facts, we refer to

Wang and Phillips (2009a, 2009b, 2010).

3 Proofs of main results

3.1. Proof of Theorem 2.1. For convenience of notation, we omit the index n on 7, ,

€nk and &, i in the following proof. It suffices to show that, for any o, 3 € R

. . o2
lim BeioS+iBCh —  pel=5+if)o? (3.1)

n—oo
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where 0% = ¢?(W, ). Let A > 0 be a continuous point of o?. Write

k

n
* 2 * *
xk,n = $k7n1(§ :xj,n S )\)7 Sn = § :zk,n€k+1
k=1

j=1

and 0% = 02I(0? < \) + Al (0? > \). It is readily seen that

*
< = .
pax |z, | < max |zi.| = op(1) (3.2)

and because of (2.4),
LS i | Fui)
= Li.n M k+1€n,k+1 n.k
Vi

1 n
< — E@ ps1enrat | For)| = 0p(1). 3.3
> \/ﬁ;‘xk HE (Mgt 1€nkt1 | For)| = op(1) (3.3)

Since A is a continuous point of o2, the continuous mapping theorem shows that

G2 = GPI(G2 <N+ MI(G? > )\) —p o}

n

Now, by noting G} — maxi<p<n 23, < Y1y Tho < Go, we have

G*? = 2372271 —p O3 (3.4)
k=1
Combining all above facts, the result (3.1) will follow if we prove, for all «, 5 € R,

lim Be@Sititi? _  pel-%+ife (3.5)

n—oo

Indeed, this claim follows from the facts that S} = S, and G2 = G? on the set GZ < )\,
and limy ., P(G2 > \) = 0.

Recall that £S}? < C EG:* < 2C . {S},G*?},>1 is tight on D[0, 1]%. Hence, for each
{n'} C {n}, there exists a subsequence {n”} C {n'} such that

{S,://, G,:%} —D (S, 0_3\), (36)

where S is a limit random variable of S*,,. For (i, for € R, 0 = ujp < upp < ... <ugn, =1

and 0 = ugy < U9y < ... < Ugn, < 00, define

i = Zﬁm[W(UM)—W(ULk*ﬂ],

13



and

Z Bor |G (uar) — Gugr-1)].

By virtue of (3.6) and recalling that o3 is F = o{W(s),0 < s < 1;G(¢),0 < t < oo}~
measurable, to establish (3.5), it suffices to show that, for all a, 3, Big, for € R, 0 = u1g <

U < ... <UIN;, = 1and 0 = Ugp < Uzl < ... < Ugn, < OO0,

1.2 2 : ;
EelVl+ng+zaS+ a‘oy EeZV1+’LV2. (37)

Indeed, the result (3.7) implies that
E(eiaSJriBai ’F) _ 6(7%a2+i,3)0'/2\
This, together with (3.6), yields that, for each {n'} C {n}, there exists a subsequence
{n"} C {n'} such that
lim Eei@SuwtibGh  _  peiaS+ifoed _ po(-%+if)od
The result (3.1) hence follows because the limitation does not depend on the choice of the

subsequence.

We next prove (3.7). To this end, write

Vin = Zﬁlk[Wn(ulk)—W Ui k— 1 : Zﬁlknmb

where (7, = (1;/+/n when [nuy ;1] < k < [nuy;], for j =1,..., Ny;

Na
> BorlEnluak) = Zn(usp—1)] = Z Bor €k
k=1

where 35, = [(2j/d,, when [nus ;1] < k < [nuy;], for j =1, ..., Ny; and

n
> B{(eFimiteriasn 1) | £,

k=1
We need the following two propositions. Their proofs will be given in Sections 3.5 and

3.6.

PROPOSITION 3.1. For any o, f1x € R and 0 = uyp < ugy < ... < uyn, = 1, we have
1 1
Fn —D .= —5 ;B%k(ulk — ulkal) - §OJ2O'§, (38)

and el'! is uniformly integrable.

14



PROPOSITION 3.2. For any «, Big, Por € R, 0 = uyp < ugy < ... < uyny, = 1 and

0 =1ug < ug < ... < uUgn, < 00, we have
I, = E|E(e"Win-tn ) 7 1) — 1| = o(1). (3.9)
Furthermore, as n — oo, we have
Eei0SitiVintiVen—Tn  _,  poiVe (3.10)
We are now ready to prove (3.7). First recall that {S)},>1 is tight, and
Vin =p Vi, Vap —p Vo, (3.11)
by virtue of (2.2) and (2.3). These facts, together with (3.8), yield that
{5y, Vin, Van, Tnln>1

is tight on D0, 1]*. Hence, for each {n'} C {n}, there exists a subsequence {n”} C {n'}
such that

{S:L’H ‘/1n”7 Vv2n”7 Fn”} —D {87 ‘/17 ‘/27 F} (312)

Z'SZ,, +iv1n// +iV2n

on D[0,1]*. Consequently it follows from the uniformity of Fe "~ because

of Proposition 3.1 that, as n” — oo,
BeiSintiVipn4iVaun =T, pgiS+iVitiVa—T (3.13)
This, together with (3.10), yields that
EeiSHVitieT _ pive (3.14)

and hence

. . . N . . .
iVi+iVo+iS+Lia202 -1 162 (urp—ut p— iVo Vi+iVo
Ee 20°0% = emz ks F(temuie1) BtV — Be )

where we have used the independence between W (t) and G(t) and the fact that
Eeivl _ e—ész;l ﬁfk(ulk—ul,k—l)‘

This proves (3.7) and also completes the proof of Theorem 1. O

3.2. Proof of Theorem 2.2. We may write Sy,, = ZZZI T n€k+1 With

Cny\1/2
Tpn = (E) / f(cnyk,n) = fn(elv s €B3 Ty e T 517527 )a

15



where 1; = v;,1 < j < nand { = v_j11,5 > 1. It suffices to check that 7;,¢; and
xjn, satisfy Assumptions 1 and 2. In fact, by Assumption 4, it is readily seen that
{nj+1, €541, F; } j>1 forms a martingale difference satisfying Assumption 1 and \/iﬁ Zg"jl n; =
W (t) on D[0, 1], where W (t) is a standard Winner process. By the definitions of F}, and
&y kb > 1, is F; measurable and obviously \/iﬁzgnjl ; = W*(t), on DI[0,00), where
W*(t) is a standard Winner process independent of W (s). This gives Assumption 2(i).
On the other hand, it follows from Corollary 2.2 and Remark 2.1 of Wang and Phillips

(2009a) that, for any 0 <" <147,

Cn Fenmn) ™ —p
n
=1

—00

[e.e]

Lw,,,_,(1,0), under C1,

1+
|f(@)[ 7 dx { Lw(1,0), under C2, (3.15)

whenever ¢, — oo and ¢, /n — 0. By virtue of (3.15), simple calculations show that

n
Cny\ 14v/2 24y _
lrgggcnlxkﬂ < (g) ;Uc(cnyk,n” T =op(1),

1 — P
— Y zenl < P 1 f(Catrn)| = 0p(1),
v k=1 (Cy—
and
n Cn n .
xi,n - E f2(cnyk:,n) —D 92(W, w )
k=1 k=1

This gives Assumption 2 (ii) and (iii). Combining all these fact, we prove (2.11) by
Theorem 2.1. O

3.3. Proof of Theorem 2.3. It follows from Theorem 2.2 that
{20, G3,} —p {TLP N, 72 Ly}, (3.16)
whenever ¢,/n — 0 and ¢, — oo, where ¢, = d,/h. This, together with (2.15) with

fily) = K?(y) and fo(y) = K(y), implies that

(ﬁ)*m i et Bnlye — ) S 3o Ki(ye — )

nh 2=t Ky — ) Gl 2imr Ky — @)
On the other hand, it is readily from Assumption 7 and (2.15) with fi(y) = K(y) mi(y, x)
and fa(y) = K(y) that

—p TN L2 (3.17)

(%)—1/2 Z?:l |m(yt) — m(gg)| Ky (y: — )

nh > i1 Kn(ye — o)

dn\-1/2 S mal(ye — x) /b, 2] | K[(ye — x) /R
= Ga S Ky — )/

16
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since nh? /d,, — oo. Taking these estimates into (2.18), we proves (2.20). The proof of

(2.21) is similar, and hence the details are omitted. O

3.4. Proof of Theorem 2.4. By virtue of (2.18) and (3.17), to establish (2.22), it

suffices to show that, under Assumptions 6* and 7*, for any h satisfying nh'+2¢+1) /d, — 0,

D i [m(yt) - m(x)] Kn(y: — )

Aln = 2?21 Kh(yt — l’)
P (P) (g o0 1/2
_ hp_!() /OoypK( )dy+0p[(sh) . (3.18)

This is exactly same as in the proof of Theorem 2.2 of Wang and Phillips (2010). For the
sake of completeness, we rewrite the proof as follows since it is not very complex. The

numerator of A, involves

Z{m w-manx (1) =S, (3.19)

where

Ipy = i {m(yt) - i m(j.)'(x) (ye — x)j }K (yt }: x) .

Write Hj(x) = 2/ K (x),j = 1,2...,p. Recall that K(x) has a compact support with twice
continuous differentials. For j = 1,...,p — 1, H;(z) are twice continuous differentiable
satisfying ffooo [|HJ’(:1:)| + ]Hj”(x)ﬂdx < 00. Hence ﬁj(t),j = 1,...,p — 1, is integrable,
where flj (t) = |7 €™ H;(z)dz. See Proposition 18.1.2 of Gasquet and Witomski (1998)
for instance. Furthermore, for j =1,...,p — 1, |f:7( )| < Cmin{|¢|,1} as [ Hj(x)dz = 0.
By virtue of these facts, together with [ K(x)dr = 1 and [ Hy(x)dz # 0, it is readily
seen from (2.13) that

ho (4)
i K (M)

where O'JZ- = [mm(w } fH2 Ydz, and

h=? I, . m® () Vi
NI p /Hp( )dz. (3.21)

—p o, NLS? j=1,2...p—1, (3.20)
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On the other hand, by noting limy o sup,cq |m®+Y (yh + 2)| < C by Assumption 7%,

Taylor expansion yields

+ g Y — T
Ll <CZIy zl” (T>

and hence

h7p+1)| +1| < CZt 1 p+1 (th

> K (M) > K (M)

where Hy,,1(x) = |z|P™ K (z). Combining (3.19)-(3.22), simple calculation show that

(d_2>—1/2 [Am _ M /OO ypK(y)dy}

n p! e

) —p C’/Herl(x)dx? (3.22)

( ) 1/2 p—1 ( ) 1/2| +1|
< SR Z'”*z“ K (257)

— Op[h+ (=)t = 0p(1),

d
nh)

whenever nh'+2°+1) /d, — 0. This proves (3.18). The proof of (2.23) is similar and hence

the details are omitted. The proof of Theorem 2.3 is now complete. O

3.5. Proof of Proposition 3.1. Write Y,,,, = ¢ 037, mt1 + taxy, , €mi1. By As-

sumption 1, simple calculations show that
B = 1) | Fam} = —5 B{[Bintines + 0Znenial | Fan} + R
where, for the 0 > 0 defined as in Assumption 1,
|Rum| < E(|Ynm|2+6 | fnm) < C( (246)/2 || mn|2+5)

Recall (3.2) and (3.4). It is readily seen that

n n

—4 4
Elanm! < en /2+Clrg]3§ | E T =
m=

18



It now follows from Assumption 1 again that

Lo = Z E{(e" —1) | Fom}
- _5 Z E{[ﬂikmnm+1 + Oéx;kn,n'gﬂ”ﬂrl]2 ’ fn,m} + Op(l)
B __Zﬁ*2E77m+1|an _%Z n m+1|Fn,m)

- Z Oéﬁ)lkm xjn,nE{<nm+1€m+l) ‘ fn,m} + 0P<1)

m=1
1 &
™ Z B ([Nt = [Py m-1]) — — Z fEmn +op(1
m=1
N1 2
1 2 )
—D 3 Z ﬁlm(ulm - ul,mfl) - 5 0N
2 — 2

where we used the fact that, by (3.3),

| Z Oéﬁfm x;kn,nE{(nm—i-lem-i-l) | fn,m}|

m=1
< C Z |33;kn,n| |E{(77m+1€m+1> | ]:n,m}| = OP(l)-
m=1
This proves (3.8). Recall that E(ef,, | Fux) + E(iyq | Fax) < C and note that
1
‘E{(eynm_l) ‘fn,mH B ( o | Fam) < C (0~ +:U:72,,n)' (3.23)

We have

Tn

The uniformly integrality of e™»| is obvious. The proof of Proposition 3.1 is now complete.

|

3.6. Proof of Proposition 3.2. Write Yy, = ¢ 5], 0m1 +iQz;),, 6,11 as in the
proof of Proposition 3.1, and let E1 X = E(X | F,1). We have that

I, = E’Elexp{ZYnk—ZE Yor _ 1 ]Fnk}—l‘
E’El exp { ZYM - ZE Y1) | Fue] } {er (1) ] 1|

+E‘El exp {Yn1 — E[(BYM - 1) | fn,l}} - 1‘
= I, + Iy, (3.24)

IN
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Recall that (3.23). It follows from maxj<,<, r*% = op(1) and maxj<,<, -5, < A that

Ay, = ’El exp {Ym —E[(ey’“ — 1) |.7-"n71}} — 1‘
e [ (1) iFa] Bl = 1) | £

< O+ 2:2)elr ) = op(1),

IN

and Ay, is uniformly integrable as Ay, < C(1+ A)e?. This implies that I, = FA;, — 0,
as n — oo.

To consider I, write

LI ek B [(¥nk 1) ]
)

Un,m

Y,
Upm = €' —e” [ bFm]

Using (3.23) and Y _,_, ;2 < 2 again, it follows that

< SialE[EmonIF]l < OT e k) < ot (3.25)

[tnm| < < <

As for E(vym | Fum), by using [e? — 1 — | < |2]|+9/2ell | we have

|E(Vpm | Fam)| = }E{(ey’lm —1) | fn,m} L1 P [(eynmfl)lfnym} |
< [B{(em = 1) | Fpn}| 2 Bl 0]
< CefUtN (n~! + ¥ )(2+6)/2

Now, by recalling F,, ,, € F;, m+1 for any n > m > 1 and n > 1, it is readily seen that

Lo <Y El[tnml [E@am | Fam)]

m=2

< 0620(1+2)\) E Z(n—l + x;%n)(2+5)/2 — 0,

m=2

since
B = Do a2

< (n% g max ]xnk| 1—1—23: =op(1

1<m

and Ay, is uniformly integrable by noting A, < C(1 4 A*%/2). Taking these facts into
(3.24), we proves (3.9).
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The proof of (3.10) is simple. Indeed it follows from (3.9), V4, is F,, ;-measurable and
and EeV'n — Fe'"' due to (2.3) that

’Eei OéS:L"r’iVln-i-iVQn—Fn _ Eeﬂ/Q’
S E‘E(eiaSZJriVm*Fn ‘ fn,l) _ 1‘ =+ \Eew?” . EGZVI‘ 0.
The proof of Proposition 3.2 is now complete. O
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