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Abstract

It is well-known that the Gauss decomposition of the generator matrix in the
R-matrix presentation of the Yangian in type A yields generators of its Drinfeld
presentation. Defining relations between these generators are known in an explicit
form thus providing an isomorphism between the presentations. It has been an open
problem since the pioneering work of Drinfeld to extend this result to the remaining
types. We give a solution for the classical types B, C and D by constructing an ex-
plicit isomorphism between the R-matrix and Drinfeld presentations of the Yangian.
It is based on an embedding theorem which allows us to consider the Yangian of rank
n — 1 as a subalgebra of the Yangian of rank n of the same type.

1 Introduction

According to the original definition of Drinfeld [5], the Yangian associated to a simple
Lie algebra g is a Hopf algebra with a finite set of generators. Another presentation of
the Yangian was given by him in [6] and it is known as the new realization or Drinfeld
presentation; see also book by Chari and Pressly [4, Chapter 12] for an exposition. The
Hopf algebra which coincides with the Yangian in type A was considered previously in the
work of Faddeev and the St. Petersburg (Leningrad) school; see the expository paper [11]
by Kulish and Sklyanin. The defining relations of this algebra are written in the form of
a single RT'T relation involving the Yang R-matrix R. An explicit isomorphism between
the R-matrix and Drinfeld presentations of the Yangian in type A is constructed with the
use of the Gauss decomposition of the generator matrix 7'(u). Complete proofs were given
by Brundan and Kleshchev [3]; see also [13, Section 3.1] for an exposition.

At least for the classical types, the R-matrix presentation is convenient for describing
the coproduct of the Yangian and allows one to develop tensor techniques to investigate
its algebraic structure; c¢f. Arnaudon et al. [1], [2] (types B,C and D) and [13, Chapter 1]
(type A). On the other hand, finite-dimensional irreducible representations of the Yangian
associated with any simple Lie algebra g are classified uniformly in terms of its Drinfeld



presentation. An explicit isomorphism between the presentations is therefore important for
bringing together the two approaches and enhancing algebraic tools for understanding the
Yangian and its representations. Our main result is a construction of such an isomorphism
in the remaining classical types B, C' and D which thus solves the open problem going
back to Drinfeld’s work [6].

To explain our construction, suppose that the simple Lie algebra g is associated with the
Cartan matrix A = [a;]7,_;. Let a1, ..., a, be the corresponding simple roots (normalized
as in (5.1) and (5.2) below for types B, C, and D,,). In accordance to [6], the Drinfeld
Yangian YP(g) is generated by elements «;,., & and & withi=1,...,nandr=0,1,...
subject to the defining relations
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where the last relation holds for all i # j, and we denoted m =1 — a;;.

If g = gy is the orthogonal Lie algebra oy (with N = 2n or N = 2n + 1) or symplectic
Lie algebra sp (with even N = 2n) then the algebra Y®(gy) (the Yangian in the R-matriz
or RT'T presentation) can be defined with the use of the rational R-matrix first discovered
n [14]. The defining relations take the form of the RTT relation

R(u —v) T (u) T (v) = To(v) Th(u) R(u — v) (1.2)
together with the unitarity condition
T'(u+r)T(u) =1, (1.3)

with the notation explained below in Section 2. Here T'(u) is a square matrix of size N
whose (i, j) entry is the formal series

r=1

so that the algebra Y (gy) is generated by all coefficients t subJect to the defining
relations (1.2) and (1.3). Apply the Gauss decomposition to the matrix T'(u),

T(u) = F(u) Hu) E(u), (1.4)



where F'(u), H(u) and E(u) are uniquely determined matrices of the form

(1) . (3) (1) 6121(U) .. en(u)
Flu) = f21E(U) S .' | E(u) = | 3 .‘ egNE(u) |
fni(u) fya(u) ... 1 0o 0 ... 1

and H (u) = diag [hi(u), ..., hx(u)]. Define the series with coefficients in Y#(gy) by

k() = hi(u— (i = 1)/2) " hia (u — (i — 1)/2)

fori=1,...,n—1, and
h (u — (n — 1)/2)_1 hps1(u— (n—1)/2) for 095,41
Fop (1) = € 20y, (u — 71/2)71 hoir (u —n/2) for sp,,
h1(u — (n — 2)/2)_1 i1 (u — (n —2)/2) for 09,.

Furthermore, set

& (W) = fimi(u—(i—1)/2), & (u) = ejipr(u— (i —1)/2)

fori=1,...,n—1,

(fn+1n(u —(n— 1)/2) for 09,11
a () = farin(u—n/2) for spy,
(frtin-1 (u —(n— 2)/2) for 09,
and
(e,mﬂ (u —(n— 1)/2) for 09,11
o (1) = 4 enntt (U - n/2) for spy,
[ en—1n+t1 (u —(n— 2)/2) for o09,.

Introduce elements of Y®(gy) by the respective expansions into power series in u~!,

Ki(u) =1+ Z I T and £ (u) = Z gt (1.5)
r=0 r=0
for 2 =1,...,n. Our main result is the following.

= of YP(gn) to the
elements of Y2(gn) with the same names defines an isomorphism YP (gn) = Y (gn).

Main Theorem. The mapping which sends the generators k;, and &



As was pointed out in [1], the existence of such an isomorphism follows from the fact
that the classical limits of the Hopf algebras Y (gy) and Y (gy) define the same bialgebra
structure on the Lie algebra of polynomial currents gy[z|. Therefore, the Hopf algebras
must be isomorphic due to Drinfeld’s uniqueness theorem on quantization. The main
obstacle for constructing an isomorphism explicitly in types B, C' and D is that, unlike
type A, there is no natural embedding of the Yangian of rank n—1 into the Yangian of rank
n in their R-matrix presentations. To overcome this difficulty, we first prove an embedding
theorem allowing us to consider the Yangian Y®(gy_») as a subalgebra of YZ(gy). When
restricted to the universal enveloping algebras, this coincides with the natural embedding
U(gn—2) < U(gn). This theorem effectively reduces the isomorphism problem to the case
of rank 2.

The second ingredient of the proof of the Main Theorem is another presentation (called
minimalistic) of the Yangian Y (gy) which goes back to Levendorskii [12] and was recently
given in a modified form by Guay et al. [8]. Its use eliminates the need to verify complicated
Serre-type relations in Y?(g) for the proof that our map is a homomorphism.

We will mainly work with the eztended Yangian X(gx) which is defined by the relation
(1.2) omitting (1.3). We give a Drinfeld presentation for X(gy) which we believe is of
independent interest. This presentation given in Theorem 5.14 is analogous to the one
in type A; see [3]. Furthermore, we describe the center ZX(gy) of the extended Yan-
gian in its Drinfeld presentation by providing explicit formulas for generators of ZX(gy)
(Theorem 5.8) which are then used in the proof of the Main Theorem.

We acknowledge the support of the School of Mathematical Sciences at the South China
University of Technology and the Australian Research Council.

2 Notation and definitions

Define the orthogonal Lie algebras oy with N = 2n 4+ 1 and N = 2n (corresponding to
types B and D, respectively) and symplectic Lie algebra sp,y with N = 2n (of type C) as
subalgebras of gly spanned by all elements F;,

Ej :Eij_Ej’i/ and E] :Eij_giEjEj/i’; (21)
respectively, for oy and spy, where the E;; denote the standard basis elements of gly.
Here we use the notation i’ = N — ¢ + 1, and in the symplectic case we set ¢; = 1 for
i1=1,...,nand g, = —1 fori =n+1,...,2n. To consider the three cases B, C' and D

simultaneously we will use the notation gy for any of the Lie algebras oy or spy.

To introduce the R-matrix presentation of the Yangian, we will need a standard tensor
notation. By taking the canonical basis eq,...,ey of CV¥, we will identify the endomor-
phism algebra End CV with the algebra of N x N matrices. The matrix units e;; with
i,j € {1,...,N} form a basis of End C". We will work with tensor product algebras of
the form

End (CM)*" @ A=EndC" ®...® EndC" © A, (2.2)

m



where A is a unital associative algebra. For any element

N
X = Z €ij &® Xz‘j c End(CN ® A (23)

ij=1

and any a € {1,...,m} we will denote by X, the element (2.3) associated with the a-th
copy of End C¥ so that

N
Xo=) 190V @e; 190" @ X;; € End (CV)*" @ A, (2.4)

ij=1

where 1 is the identity endomorphism. Moreover, given any element

N
C = Z Cijnl €if © €xl € EndC" ® EndC",
gk, d=1
for any two indices a,b € {1,...,m} such that a < b, we set
N
Cav =Y, cuul1® NV @e; @1°0 D ey @ 1% € End (CN)*™. (2.5)
g k=1

We will keep the same notation Cy;, for the element Cy, ® 1 of the algebra (2.2).
Set

N/2 -1 in the orthogonal case,
K =
N/2+1 in the symplectic case.

As defined in [14], the R-matriz R(u) is a rational function in a complex parameter u with
values in the tensor product algebra End CY @ End C¥ given by

P Q
R(u)=1—-— 2.6
(=1-"4 -2 (26)
where
N
P = Z eij ® eji, (2.7)
ij=1
while () is defined by the formulas
N N
Q = Z €ij &® €irj and Q = Z €i€j €ij X €irjty (28)
i,j=1 4,j=1

in the orthogonal and symplectic case, respectively. Note the relations P? =1, Q* = N Q
and
Q in the orthogonal case,

—Q in the symplectic case.

PQ:QP:{



The rational function (2.6) satisfies the Yang-Baxter equation

R12<U — U) ng(u) R23(U) = Rgg(v) ng(u) R12(u — ’U). (29)
The extended Yangian X(gy) is a unital associative algebra with generators tl(;), where
1<i,7< Nandr=1,2,..., satisfying certain quadratic relations. Introduce the formal
series -
tig(u) = b+ Yt u™" € X(gw)[[u] (2.10)
r=1
and set
N
T(u) =Y e; @ti;(u) € EndCY @ X(gn)[[u™]].
ij=1
The defining relations for the algebra X(gx) are then written in the form
R12(U — U) T1 (U) TQ('U) = TQ(U) T1<U) ng(u — U). (211)

The Yangian' Y(gy) is defined as the subalgebra of X(gy) which consists of the elements
stable under the automorphisms

iy T(u) = () T(u), (2.12)

for all series f(u) =1+ fiu™' + fou=2 +--- with f; € C.
The following tensor product decomposition holds

X(gn) = ZX(gn) @ Y(gn), (2.13)

where ZX(gy) is the center of the extended Yangian X(gy). The center is generated by
the coefficients of the series

zy(u) =1+ Z 21(\7,") u" (2.14)
r=1
found by
T'(u+kr)T(u)=Tw) T (u+r) =2n(u)l, (2.15)
where the prime denotes the matrix transposition defined by
(X'):; = Xjir %n the orthogonél case, (2.16)
gi€j Xjrir in the symplectic case.

Equivalently, the Yangian Y(gy) is the quotient of the algebra X(gy) by the relation
zy(u) = 1, that is,
T (u+ k)T (u) = 1; (2.17)

1Since we will work with this R-matrix presentation of the Yangian most of the time, we will suppress
the superscript R in the notation Yf(gy) used in the Introduction.
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see [1] and [2] for more details on the structure of the Yangian.
In terms of the series (2.10) the defining relations (2.11) can be written as

[tij(w), tu(v)] = (fkj(u) ta(v) — ti;(v) tz‘l(u)) (2.18)

U—
ﬁl_ﬁ <5k1 Z elp tpj - 51] Z ejp tkp ))

where we set 0;; = 1 in the orthogonal case, and 8;; = €;¢; in the symplectic case. Similarly,
relation (2.17) reads as

Z% ik (U4 K) ty(u) = 0. (2.19)

3 Embedding theorems

Let A = [a;;] be an N x N matrix over a ring with 1. Denote by AY the matrix obtained
from A by deleting the i-th row and j-th column. Suppose that the matrix A% is invertible.
The ij-th quasideterminant of A is defined by the formula

|Alij = ai; —ri (A7)

]7

where rij is the row matrix obtained from the i-th row of A by deleting the element a;;,
and c} is the column matrix obtained from the j-th column of A by deleting the element
a;;; see [7]. In particular, the four quasideterminants of a 2 x 2 matrix A are

|Al11 = ay; — apy a521 Aoy, |Al12 = a5 — ayy a511 Ag9;

|Al21 = ag; — agy CL1_21 11, |Al2e = a9y — ay; 6L1_11 Qqa-

The quasideterminant |Al;; is also denoted by boxing the entry a;;,

a; ... Q1; ainN
|A|2] = | ;1 [ a;N
any .- anj ... QNN

Now suppose that n > 1 in the case B, and n > 2 in the cases C' and D. With the given
value of n, consider the algebra X(g N_Q) and let the indices of the generators tz(;) range
over the sets 2 <i,7 < 2" and r =1,2,... (the prime refers to gy so that i’ = N —i+1).

The following is our first main result.

Theorem 3.1. The mapping

tin(u)  tij(u)
ti(u) |tij(u)

tij (U) —

7



defines an injective algebra homomorphism X(gn_2) — X(gn). Moreover, its restriction
to the subalgebra Y(gn_2) defines an injective algebra homomorphism Y (gn_2) — Y(gn)-

Proof. Denote by s;;(u) the quasideterminant appearing in (3.1) so that
sij(u) = ti(u) — tia (u)tr (u) ™y (w). (3.2)

We start by verifying that the series s;;(u) satisfy the defining relations for X(gn_2). We
will do this by connecting the quasideterminants with quantum minors of the matrix 7'(u).
Introduce power series 7,7(u) in u~" with coefficients in X(gy) as the matrix elements of

either side of (2.11) with v = u — 1:

Rip(D) Th(u) To(u — 1) = eayp, @ €agpy, @ 7o (). (3.3)
ai;bi
Lemma 3.2. (i) Ifaj # dj then {4 (u) = —77%% (u).

(ZZ) ]f bl 7é blg then Tl?llb(? (u) — _Tl?;b(? (U)

Proof. The operator Ris(1) remains unchanged if we multiply it from the left or from the
right by (1 — P12)/2 4 Q12/N in the orthogonal case, and by (1 — Pj5)/2 in the symplectic
case. By applying multiplication from the left to the left hand side of (3.3) we derive part
(7). Applying (2.11) and using the respective multiplications of the left hand side of (3.3)
from the right we get part (i7). O

Remark 3.3. As the proof of Lemma 3.2 shows, the assumptions are not necessary in the
symplectic case for the skew-symmetry properties to hold. ]

Lemma 3.4. For any 2 < i,j < 2’ we have

sij(u) =ty (u+1)" 7 (u+1). (3.4)
Moreover, '

[t11(u), 7{i(v)] = 0. (3.5)
Proof. By (3.2) we have
tu(u —+ 1) Sij(u) = tu(u + 1>t13 (U) — tn(u + 1)7511 (u) tn (u)fltlj(u).
However, t11(u + 1)t;1(u) = t;1(u + 1)t11(u) by (2.18), so that
tn(u + 1) sij(u) = tn(u + 1)752](11,) — tll(u + 1)tlj(u)

The definition (3.3) implies that this coincides with 7/%(u+1) hence (3.4) follows. Relation
(3.5) follows easily from (2.18). It can also be derived by noting that the commutation
relations between the series involved in this calculation are the same as for the Yangian
Y(gly). Therefore, (3.5) holds due to the corresponding properties of the quantum minors
for Y(gly); see, e.g., [13, Section 1.7]. O



Now we will need some simplified expressions for both sides of (2.9) when v = u — 1.

Lemma 3.5. We have the relations

ng(l) ng(u) Rgg(u — 1)

B Piz+ P3| Qi3 + Qa3 Po3 Q12

= Ry2(1) <1 v + u—r  w—)u—r) Pi3Q23 SO(U)) (3.6)
and

Rgg(u — 1) ng(u) ng(l)

. Piz+ Po3 Qi3 + Qo3 Q12 Po3

a (1 o ou—1 * u—r  (u—Du—r) (zs Prs go(u)) (1), (3.7)
where |4/

— in the orthogonal case,
o) = (u—ll)(u—/{)

_ in the symplectic case.
u(u —k —1)

Proof. The product of R-matrices Ry3(u) Re3(u — 1) on the left hand side of (3.6) equals

P P P3P
(ot P Q13 n Q23 L st
v u—1 wu—k u—r—1 wulu—1)
 Pi3Qas Qs n Q13 Q23
wu—r—1) (w—1)(u—r) (wW—r)(u—r-—1)
We have

(1 — Ppo) PisPog = (1 — Pyo) Pio P = —(1 — Ppo) Pis

and
(1 = P12)Q13Q23 = (1 — Pio) Q13 P1a = —(1 — Pi2) Qas.

Now continuing with the symplectic case, we also have

C212-1313-[323 = Q12P12P13 = _Q12P13

and
Q120Q13Q23 = Q12 Q13 P12 = —Q12Q23.
Since Q13 Pos = Pa3Q12, the expression simplifies to the right hand side of (3.6).
In the orthogonal case, the last two relations take the different form

Q12 P13 Pos = Q12 Pi3 and Q12Q13Q23 = Q12Q23.



Write Pi3Q93 = Q12 P13 and use the relations (1 — Pjo) Q12 = 0 and Q?, = N Q15 together
with Q12Qa3 = Q12 P13 to express the left hand side of (3.6) as

P13+P23+Q13+Q23 Q13 Pos )

(1—P12)(1— — u—r  (u—1)(u— k)

_l_

Q12 (1_P13+P23_|_Q13+Q23_Q13P23+2(K—1)P13>
1—k u—1 u—K (u—1)(u— k) '

This coincides with the right hand side of (3.6).
The proof of (3.7) is obtained by using the same arguments and writing the products
of the P and () operators in the reverse order. ]

Lemma 3.6. The mapping
ty(u) = 7ij(u),  2<i,j<?2

defines a homomorphism X(gn_2) — X(gn).
Proof. Consider the tensor product algebra (2.2) with m = 4, which is associated with the
extended Yangian. We have the relation

Rgg(a — 1)R13(&) R24(CL) R14(CL + 1)R12(1)T1 (u) TQ(U, — 1)R34(1)T3(’U)T4(U — 1)

= R34(1)T3(U) T4(U — 1)R12(1)T1(U) TQ(U — 1)R14(CL -+ 1)R24(a) R13<CZ) R23(CL — 1), (38)
where a = u — v. It follows easily by a repeated application of the Yang-Baxter relation
(2.9) and the RT'T relation (2.11). We will transform the operators on both sides of (3.8)
by using Lemma 3.5 and then equate some matrix elements. We begin with the right hand

side and apply first (2.11) with v = u— 1 to write the product Ry2(1)7;(u)T5(u—1) in the
reverse order. Next, use (2.9) to write

ng(l)R14(CL + 1)RQ4(CL) ng(a) Rzg(& — 1) = R24(a) R14(6L + 1)312(1)}213(&) Rgg(a, — 1)

and apply (3.6) with u replaced by a to the last three factors. Then use (2.9) again, and
apply (3.6) with u replaced by a + 1 to the product Ris(1) Ris(a + 1) Ras(a). As a result,
the right hand side of (3.8) is transformed in such a way that the last four factors are
replaced with the product

P, P. P
<1 st + oy n Q14 + Qo4 B 94 Q12 — PuyQospla + 1)>

a a—r+1 ala—r+1)
Pz + P Qi3+ Qa3 Pa3 Q12
% <1_ a—1 + a—r (a—1)(a— k) —P13Q23<,0(a)>. (3.9)

10



Now apply the operator on the right hand side of (3.8) to a basis vector of the form
e ®e; ® e ® e for certain j,l € {2,...,2'}. Each of the operators Q12, Q13 and Qa3
annihilates the vector, so that the application of the second factor in (3.9) gives

a—2
—1

61®€j®61®61—

_161®61®€j®61. (310)
Next apply the first factor in (3.9) to each of the vectors occurring in (3.10). The operators
Q12 and (14 annihilate the vector e; ® e; ® e; ® ¢;, while

Pyle1®e;®@e1®e) =€ Qe Qe @ e.

The vector ¢; ® e; ® e; ® e; will be annihilated by a subsequent application of the operator
R34 (1)T5(v)Ty(v — 1) due to Lemma 3.2(i7). The same property holds for the vector
P14Q24 (61 ® €; ® €1 @ ;). The application of the first factor in (3.9) to the second vector
e1®e ®e; @e in (3.10) gives

1
el®el®ej®ez—5(ez®61®ej®el+el®ez®ej®el).

By Lemma 3.2(i7), this expression will be annihilated by a subsequent application of the
operator Ryo(1)7(u)Ty(u —1).

We may conclude that the restriction of the operator on the right hand side of (3.8) to
the subspace spanned by the basis vectors of the form e; ®e; ®e; ®e; with 5,1 € {2,...,2'}
coincides with the operator

a—2

L R0 Tifo — ) Ri(D T Ty — 1) (1- 724 20

11
a a—kKk+1 (3 )

Now consider the operator on the left hand side of (3.8). We will apply it to basis vectors
of (CM)®* and look at the coefficients of the basis vectors of the form e; ® e; ® e; ® e, with
i,k € {2,...,2'} in the image. The same argument as for the right hand side, with the
use of (3.7) and Lemma 3.2(7) instead, and with reversed factors in the operators, implies
that the coefficients of such basis vectors coincide with those of the operator

-2 P
a (1_ﬁ+ Q

a—1 a a—k+1

)Rw( )T (u) To(u — 1) Rga (1) T3 (v) Ty (v — 1). (3.12)
Furthermore, the application to the vectors e; ® e; ® e ® ¢ with j,1 € {2,...,2'} gives
RlQ(l)Tl(U)TQ(U — 1)R34(1)T3<U)T4(’U — 1) (61 & 6]‘ & €1 & 61)

= Z T ()T (v) (a1 @ e @ e ®eq), (3.13)

c,d=1

where we only keep the basis vectors which can give a nonzero contribution to the coefficient
of e1®e; ®e; ®ey, after the subsequent application of the operators 1, Poy or (Qo4. Moreover,

11



by Lemma 3.2(i), the values ¢ = 1 and d = 1 can also be excluded from the range of the
summation indices. This implies that the values ¢ = 1’ and d = 1’ can be excluded as well,
and so we can write an operator equality

Py (24
1-—=4+4 — =R —
a +ox—/-c~|—1 24(u = 0),
which is the R-matrix associated with the algebra X(gy_2). The same argument with the
use of Lemma 3.2 (i) shows that this equality can also be used for the operator (3.11). In
other words, by equating the matrix elements of the operators (3.11) and (3.12) we get
the R-matrix form of the defining relations for the algebra X(gy_») satisfied by the series

1i -
71j(u), as required. O

Returning to the proof of the theorem, we can now show that the map (3.1) defines a
homomorphism. By taking the composition of the homomorphism of Lemma 3.6 with the
shift automorphism 7'(u) — T'(u + 1) we get another homomorphism X(gn_2) — X(gn)
defined by t;;(u) — 7{;(u + 1). It remains to apply Lemma 3.4 and note the commutation
relations [tll(u),tll(v)] = 0.

Next we show that the homomorphism (3.1) is injective. For each N introduce an
ascending filtration on the extended Yangian X(gy) by setting deg tg;) =1 — 1 for all
r > 1. Denote by fg) the image of tg;) in the (r — 1)-th component of the associated
graded algebra gr X(gy). The map (3.1) defines a homomorphism of the associated graded

algebras gr X(gny_2) — grX(gn). It takes the generator tfi(;) € grX(gn_2) to the element

of gr X(gn) denoted by the same symbol. As shown in the proof of the Poincaré-Birkhoff—
Witt theorem for the extended Yangian [2, Corollary 3.10], the mapping

0 1
t() — FZ']'SCT ! + 5 5ij CT (314)

ij
defines an isomorphism

grX(gn) = U(gn[z]) @ C[G1, Gy -],

where C[(y, (o, . . . | is the algebra of polynomials in variables ¢;. These variables correspond
to the images of the central elements z%) defined in (2.14),

z2 ¢, (3.15)

Therefore the homomorphism gr X(gy_2) — gr X(gy) is injective and so is the homomor-
phism (3.1).

Finally, observe that the homomorphism (3.1) commutes with the automorphism ¢
defined in (2.12) associated with an arbitrary series f(u) =1+ fiu™' + fou™® +--- in the
sense that the following diagram commutes:

X(gn-2) — X(gn)

| [

X(gn-2) — X(gn),

12



where the horizontal arrows denote the homomorphism (3.1). Therefore, the image of the
restriction of this homomorphism to the subalgebra Y(gn_2) of X(gy_2) is contained in
the subalgebra Y(gy) of X(gy). This restriction thus defines an injective homomorphism

Y(gn-2) = Y(gn). 0

The following generalization of Theorem 3.1 will be useful for our arguments below.
Fix a positive integer m such that m < n for type B and m < n — 1 for types C' and
D. Suppose that the generators tg) of the algebra X(gny_2,) are labelled by the indices
m+1<i,j<(m+1) andr=1,2,... withi’= N —i+ 1 as before.

Theorem 3.7. The mapping

ti(uw) ... tim(uw)  tj(w)
ot [ ) ] M S SmE), (316)

defines an injective homomorphism X(gn_om) — X(gn). Moreover, its restriction to the
subalgebra Y (gn—_om) defines an injective homomorphism Y (gn_om) — Y(gn)-

Proof. We argue by induction on m. The case m = 1 is Theorem 3.1. Suppose that m > 2.
By the Sylvester theorem for quasideterminants [7] (see also [10] for a proof), we have the
identity

tn(u) .. tim(w)  ti(uw) Spo(u) ... Som(u)  sz;(u)
tmi(u) ... tmm(u) b (W) |~ [Sm2(w) ... Spm(w)  Spmy(w) |
tin(uw) .. tim(uw)  |ti(w) Sio(u) ... Sim(w) | sii(w)

where

Sab(®) =\ () [ton(u)

tn(u)  t(u) ‘ |

By Theorem 3.1, the mapping tq,(u) — Sap(u) with 2 < a,b < 2’ defines a homomorphism
X(gn—2) = X(gn). Furthermore, by the induction hypothesis, the map

Spo(u) ... Som(u)  S9;(u)
tij(u) = Sma(w) ... Smm(u)  spmi(u) |’ m+1<i,j < (m+1)),
sio(w) ... Sim(u) |sij(u)

defines a homomorphism X(gy_2,m) — X(gn—2) thus proving that (3.16) is a homomor-
phism. Its injectivity and the remaining parts of the theorem are verified in the same way
as for Theorem 3.1. ]
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We will point out a consistence property of the embeddings (3.16) whose particular case
[ =1 was already used in the proof of Theorem 3.7; cf. [13, eq. (1.85)] for its counterpart

in type A. We will write 1, = 2/17(71]\[) to indicate the dependence of N. For a parameter [
we have the corresponding embedding

PN X (gn—am-) < X(gn-2)
provided by (3.16).
Proposition 3.8. We have the equality of maps
P o g = ).

Proof. For all [ +1 < a,b < (I+1)" introduce the series s4(u) with coefficients in X(gy)
by

ti(w) ... ty(u)  tp(w)
s = [on(w) o tuw) twln)
ta(u) ... ta(u) [te(u)

The desired equality amounts to the identity for series with coefficients in X(gy),

St (w) o Sipgm(w) s () tu(u) oo tgm(w) t1;(u)
Sigmiv1 (W) oo Sipmigm(u) SH—mj(u) T tami (W) o tmiem(w) tl+mj(u)
8“4_1(%) e 5“+m(u) Sij (U) til (U) . til—l—m(u) tij (u)

which holds for all [+ m + 1 < 4,57 < (Il +m + 1)’ due to the Sylvester theorem for
quasideterminants [7], [10]. O

For subsets {ay,...,ar} and {by,..., b} of {1,..., N} introduce A-type quantum mi-
nors by the formula

tzlllc)lkk (u) = Z sgnp - tap<1)b1 (U) e tap(k>bk: (u —k + 1)
pES)

These are formal series in u~! with coefficients in X(gy).

Proposition 3.9. For allm+1<1i,7 < (m+ 1) we have the identity

tll(u) oo tim (u) tlj (U)
b () b (1) g ()| = FAm (W) 1 (o ).
tin(u) tim(uw) |t (w)
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Proof. This identity holds for the Yangian Y(gly); see, e.g., [13, Section 1.11]. The com-
mutation relations between the generator series t,(u) of X(gy) occurring in this identity
are the same as for the Yangian Y(gly), with a possible exception of the commutators
[tij(u),t;;(v)], and in addition in the B case, the commutators of the series in the last
row or last column of the quasideterminant. However, since the quasideterminant depends
linearly on such generators, the identity does not depend on such commutators. Hence it
holds for X(gy) as well. O

The following is a counterpart of the corresponding property of the Yangian for gly;
see, e.g., [3].

Corollary 3.10. We have the relations
[tan(u), Yt (v))] =0

foralll <a,b<mandm+1<i,j<(m+1)".

Proof. By Proposition 3.9 we only need to verify that ¢,,(u) commutes with the quantum
minors. This follows by the same argument as for the proof of the proposition. O

4 Gauss decomposition

As we pointed out in the Introduction, the Gauss decomposition (1.4) will play a key role in
constructing the Drinfeld generators. We will assume that T'(u) is the generator matrix for
the extended Yangian X(gy) (that is, we ignore relation (1.3)) and recall the well-known
formulas for the entries of the matrices F(u), H(u) and E(u) which occur in (1.4); see,
e.g., [13, Sec. 1.11]. We have

tll(u) Ce tu_l(u) tll(u)
hi(u) = ti_l‘l(u) ti_u:_l(u> P DA SR ¢ (4.1)
ti(w) .o i (u) tii(u)
whereas
tii(u) oo tioa(w) t(w)
i) =h@) ™ |y ) () (42)
tll(u) c. t”_l(u) t”(u)
and
tu(u) . tl i_l(u) th(u)
G =l L ) )] B (4.3)
tin(u) o tialu) [ ti(u)
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for 1 < i < j < N. Obviously, the algebra X(gy) is generated by the coefficients of the
series fj;(u), e;;(u) and h;(u) which we will refer to as the Gaussian generators.

Suppose that 0 <m <nif N =2nand 0 < m <nif N =2n+ 1. We will use the
superscript [m] to indicate square submatrices corresponding to rows and columns labelled
by m+1,m+2,...,(m+ 1)". In particular, we set

1 0 0
R I
f(m+1)"m+1(u) e f(m+1)’ (m+2)/(u) 1
L emiimya(u) ... em+1(m+1)’(u>
ORI |

: : €(m+2)/(m+1)/(u)
0 0 e 1

and H™(u) = diag [hms1(w), . . ., Bgngry (w)]. Furthermore, introduce the product of these
matrices by
T (w) = FIm(w) H™ (u) BM(u).

Accordingly, the entries of T (u) will be denoted by t,Z”](u) with m+1<i,j < (m+1).

Proposition 4.1. The series tgn] (u) coincides with the image of the generator series t;;(u)
of the extended Yangian X(gn_om) under the embedding (3.16),

0 () = P (1 (), mA+1<i,j < (m+1).

Proof. Set s;;(u) = 1, (t;;(u)). Since the Gauss decomposition (1.4) uniquely determines
the matrices F'(u), H(u) and E(u), it suffices to verify that such matrices obtained by the
Gauss decomposition of the matrix

S(u) = [s(w)], m+1<4,j< (m+1),

coincide with FI™(v), H™ (u) and EM™ (u), respectively. Let S(u) = F(u)H(u)E(u) be
the Gauss decomposition of S(u). By formulas (4.1), (4.2) and (4.3), the entries of the
matrices F'(u), H(u) and E(u) are found as the quasideterminants of certain submatrices of
S(u). However, as we pointed out in the proof of Proposition 3.8, such quasideterminants
coincide with the corresponding quasideterminants of submatrices of the matrix 7'(u). O

We record the following as an immediate consequence of Proposition 4.1.

Corollary 4.2. The subalgebra X" (gx) generated by the coefficients of all series t%n] (u)
withm+1 < 4,7 < (m+1)" is isomorphic to the extended Yangian X(gn_om). In particular,
we have the relation

R uw — o) T (u) TV (0) = T (0) T (1) RYg) (u — ), (4.4)
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where R™(u) is the R-matriz associated with X(gn_om). Moreover,

T (4 gYTI () = T ()T (4 4 k7)) = 200 ()1, (4.5)
with k'™ = k —m, for a certain series z][(?] (u) whose coefficients generate the center of the
subalgebra XM (gy). O

Introduce the coefficients of the series defined in (4.1), (4.2) and (4.3) by

eii(u Ze Oy ) = i fOwT ) =1+ i e
r=1 r=1

Furthermore, define the series by

ki(u) = hi(u)ilhzﬁrl(u); ei(u) = e;i41(u), filw) = fir1i(u) (4.6)
fori=1,...,n—1, and set
enn+1(u) for 02n+1 fn—}—ln(u) for 02n+1
€n(U) = €nn+1 (U) for 5p2n ) fn(U) = fn+1n(u) for 5p2n (47)
€n—1 n+1(u) for o9, frt1 nfl(u) for o0y,
and
Py (1) 7Y Pygq () for 09,41
fut) = { 2ha(w) Fhoa(u)  for spy, (48)
Pyt (1) ™Y By () for o09,.

Lemma 4.3. For the parameter m chosen as above, suppose that the indices j, k,l satisfy
m+1< 4,k < (m+1) and j # 1. Then the following relations hold in the extended
Yangian X(gn),

[emy(u0), 17 ()] = — ti?(v)(eml(v) — ei(w)), (4.9)

u—v

[y (). 67 0)] = = (fim(w) = fin () £ (0). (4.10)

Proof. 1t is sufficient to verify the relations for m = 1; the general case will follow by the
application of the homomorphism ),,; see Proposition 4.1. Both relations follow by similar
arguments so we only verify (4.9). Since

hi(v) = ti1(v), fr1(v) = tea (v)t11 (v) 7, e (v) = ti1(v) Mt (v),

we can write

£ (V) = ta(v) =t (V) (V)" (0) = ta(v) = fia (V) (V)en(v).
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The defining relations (2.18) imply

[t1(u), tri(v)] = ! (ths ()t (v) — trj(v)tn(u))

uUu—v

and so

[t1(w), 14/ (0)] + [t (w). fir () <>eu<v>}=ui (15 ()t () = 1,3 (0)tu(w))

(Y

(fkl( Vhy(u)er;(w)ty(v) = frr(v)hi(v)er;(v)ty(u)).

The second commutator on the left hand side can be transformed as

[tlj(u)a fk1(“)h1(v)€1l<v)] = [tlj(u),tm(v)] e11(v) + tri(v) [hj(u),eu(v)}
= [t1;(u), tra(v)]€x1(v) + ter (v) [t1; (), 111 (0) "1 (v)],

which equals

[t1;(w), tra (V)] exa(v) + taa (v) [t1(u), t12 (0) 7 Jt1a(v) + foa (0) [E1(u), £10(0)]
= [tlj(u)7tk1(1’)]61l(v) — fia(v) [tlj(u)ytn(v)]eu(v) + fr1(v) [t1j(u),t1z(v)]~
Hence, calculating the commutators by (2.18), we come to the relation

1
—v

[t1j(w), fr1(v)hy(v)en(v)] = » (trs (w)ha (v)ery(v) — tri(v)ha(u)er(v))
%U(fkl(v) 1(w)erj(u)hy(v)er (v) = fia(v)hi(v)er;(v)h(u)er(v))

%U(fkl(vﬁlj(u)hl (v)ert(v) = fra ()t (v)ha (w)en(w)).
This gives

[t (w), 1) (v)] = (t2) ()b (wer(v) — t) (W) b (w)ery(u)).

u—v

By Corollary 3.10, ¢1;(u) commutes with tlg (v) and so (4.9) with m = 1 follows.

5 Drinfeld presentation of extended Yangian

Here we will give a Drinfeld presentation for the extended Yangian X(gy) analogous to
that of the Yangian Y(gly) [3]; see also [13, Sec. 3.1]. Isomorphisms between classical Lie
algebras in low ranks lead to corresponding Yangian isomorphisms; see [2] and [9]. We
begin by reviewing them in the context of Drinfeld presentations.
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5.1 Low rank isomorphisms

We will follow the notation of [13, Sec. 3.1] for the Gauss decomposition of the generator
matrix of the Yangian Y(gly), but use the corresponding capital letters H;(u), E;;(u) and
Fi(u) for the entries of the respective matrices occurring in the Y(gly) counterpart of
(1.4). The next lemmas are implied by the results of [2, Sec. 4].

Lemma 5.1. In terms of the Gaussian generators, the isomorphism X(spy) — Y(gly) has
the form

hy(u) — Hy(u/2), era(u) — Eia(u/2),
hQ(U) — HQ(U/Z), fgl(u) — Fgl(U/Z)

Lemma 5.2. In terms of the Gaussian generators, the isomorphism X(o3) — Y(gly) has
the form

hl(U) — H1(2U)H1(2U + 1), €12(U) — \/§E12(2U + 1), fgl(u) — \/§F21(2U + 1),
ho(u) — Hq(2u)Hs(2u + 1), eas(u) = —V2E15(2u), Faa(u) = —V2 Fy (2u),
hg(u) — HQ(QU)HQ(QU, + 1), 613(U) — —E12(2U + 1)2, fgl(u) — —F21(2U + ].)2

Lemma 5.3. In terms of the Gaussian generators, the embedding X(04) — Y(gly) ® Y (gl,)
s given by

hi(u) = Hi(u)Hi(u), ha(u) = Ha(u)Hi(u),

ho(u) = Hi(u)Hy(uw), hi(u) = Ha(u)Hy(u),
together with

e2(u) = Eiy(u), erz(u) = Ena(u),

e11(u) — —Ep(u) By (u), egor (1) — 0,

ear(u) = —Ena(u), ey (u) = —Ejy(u),
and

far(u) = Fyy (u), Jon(u) = Fy(u),

fin(u) = —Foi(u) Fyy (u), fara(u) = 0,

fra(u) = —Fy (u), fr(u) = —F3(u),

where Hj(u), Hi(u), E'5(u) and Fj,(u) denote the Gaussian generators of the second copy
of Y(gly) in the tensor product.

19



It will be convenient to use a uniform root notation for all three cases, so we will assume

that the simple roots of gy are aq, ..., «a, with
a; = € — €41, izl,...,n—l, (5].)
and
€n for O2n41
a, = 1§ 26, for sp,, (5.2)
€En—1 1 €n for 02p,
where €1, ..., €, is an orthonormal basis of an Euclidian space with the bilinear form (. ,.).

Proposition 5.4. We have the relations in X(gy),

[hn (), €n(v)] = — (€, an)hn(u) (en(u) — en(v))7
[ (t0), fu(0)] = (e, ) (fulu) — fn(U))hn(u)7

u—"v

(s ) (€0 (1) = €4(0))

[€n<u>> En (U)} =

)

2 U — v
) )] = — o) ) = ()
en(), )] = 2= El0)
Moreover, for gn = 09,11 we have
(00,0 (0)] = s (1) e 0) = () (53)
- 5 _1U 5 (en(u—1) = €, (v)) hpga (1)
and
s 1) Fu0)] = = s () () = ) (5.4
+ m(fn(u — 1) = fu(v)) huga (w),

whereas for gn = sp,,, and 02, we have

P (u) (en(u) - en(v))

u—v

[hn—i-l(u), en(vﬂ = (€n, p)

and

(fn(u) - fn(v))thrl(u).

u—v

[hn-i-l(u)? fn<v)] = _(env an)
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Proof. By Corollary 4.2, the subalgebra X~!(gy) of X(gy) is isomorphic to X(03) and
X(sp,) in types B and C, respectively, while the subalgebra of X["=2(0y,) is isomorphic
to X(o04). Hence the relations are implied by Lemmas 5.1, 5.2, 5.3, and the Drinfeld
presentation of the Yangian Y(gl,); see [13, Sec. 3.1]. For instance, to verify the first
relation in type B, use Lemma 5.2 to get

[hl (U), €1 (’Uﬂ = [Hl (2u)H1 (2U, + 1), \/§E12(2U + 1)}
= [H1(2u), V2 E12(2v + 1) Hy (2u + 1) + H1(2u) [H1(2u + 1), V2 E12(2v + 1)].

Applying the commutator formula
(u — ) [Hi(u), Era(v)] = —Hi(u) (Erz(u) — Erz(v))
from [13, Lemma 3.1.1], we bring the right hand side to the required form. O

5.2 Type A relations

Since the extended Yangian X(gy) contains a subalgebra isomorphic to the Yangian Y(gl,,),
some relations between the Gaussian generators of X(gy) can be obtained from those of
the Drinfeld presentation of Y(gl,,). We record them in the next proposition, where we use
the generating functions

es(u) = Z ey and fo(u) = Z Fy (5.5)
r=2 r=2

Proposition 5.5. The following relations hold in X(gx ), with the conditions on the indices
1<, 5<n—1and 1 <k, I <n,

[he(w), u(v)] =0, (5.6)
e(u). £(v)] = 3y, "D =R, (5.7
[hk(u), e; (2})} _ _<€k, Oéj) hk(u) (ei(,li)v_ €j ('U)) 7 (58)

(fi(u) = f;(v)) hk(u).

u—v

[he(w), f5(v)] = (ex, o)

Moreover, for 1 <i < n— 2 we have

(5.9)

o

u[e2(w), i1 (0)] — vfes(w), €54 ()] = ex(u)erss (v),
U[fz‘o(“)afiﬂ(v)] - U[fz(“):lel(v)} = —fir1(v) fi(u),
and for 1 <1< n—1 we have

[ei(u),ei(v)] _ (e;(u) — e;(v))?

u—"v

_(fz'('@ - fi(U))Q‘

u—"v

and

[fiu), fi(v)] =
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For1<1,7 <n—1 we have
[ei(u)a €j<v)} =0 and [fz(u)v fj(v)] = 07 Zf (&ia O‘j) = O,
whereas
[ei(w), [ei(v), ej(w)]] + [ei(v), [ei(w), e;(w)]] =0 and
[fi(u)v [fz’(v)7fj(w)u + {fz’(”% [fi(u)afj(w)u =0 if li—jl=1

Proof. The coefficients of the series t;;(u) with 4,5 € {1,...,n} generate a subalgebra of
X(gn) isomorphic to the Yangian Y(gl,). Hence, the upper left n x n submatrices of the
matrices F'(u), H(u) and E(u) defined by the Gauss decomposition (1.4) are given by the
same formulas as the corresponding elements of Y(gl,,). Therefore they satisfy the relations
as described in [3, Section 5]; see also [13, Section 3.1]. O

We point out two useful consequences of (5.8) and (5.9):
hi(ulei(u) = ei(u = Dhi(u)  and  hi(u) fi(u = 1) = fi(u)hi(u), (5.10)

which hold for all e =1,...,n — 1.

Another subalgebra of X(gy) isomorphic to the Yangian Y(gl,) is generated by the
coefficients of the series ¢;;(u) with n’ <4, j < 1’. This corresponds to the lower right n x n
submatrix of T'(u). It is known that the map

s:T(u) — T(—u)™* (5.11)

defines an automorphism of X(gx); see [2, Sec. 2]. Hence, the subalgebra of X(gy) gen-
erated by the coefficients of the series g(tij (u)) with n’ < 4,7 < 1’ is isomorphic to the
Yangian Y(gl,,). On the other hand, by inverting the matrices in the Gauss decomposition
(1.4) we get

Tu)™ = Ew)  Hu) " Fu)™. (5.12)
Since the upper triangular matrix F(u)~! appears on the left and the lower triangular ma-
trix F'(u)~! appears on the right, the lower right n xn submatrix of 7'(u)~! will only involve
the corresponding submatrices of F(u)™!, H(u)™' and F(u)~!. Regarding this lower right
submatrix of T'(—u)~! as the generator matrix for Y(gl,), apply now the automorphism
of the Yangian Y(gl,,) defined by the same formula (5.11). We can thus conclude that the
product of the matrices

1 0 ... 0] [w(w) O ... 0 1 epmory(u) ... ewv(u)
Jrw(u) o1 0 ... ... hyw)] |0 0 1

yields the Gauss decomposition of the generator matrix for Y(gl,). So we have derived the
following.

Proposition 5.6. All relations in X(gn) given in Proposition 5.5 remain valid under the
replacement of the indices of all series by i — (n —i+1)" for 1 <i < n. O
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5.3 Central elements in terms of Gaussian generators

We note some relations implied by Corollary 4.2 and low rank isomorphisms pointed out
in Section 5.1. Write relation (2.15) in the form

T'(u+r) = 2zn(u)T(u) ™" (5.13)

By the Gauss decomposition (1.4) we have t1;(u) = hy(u) so that using (5.12) and taking
the (N, N)-entry on both sides of (5.13) we get

hi(u+ k) = zn(u) by (u) 7" (5.14)

Taking N = 2n + 1 and applying this relation to the subalgebra X (oy) = X(03) (see
Corollary 4.2), we get
L) = hy(u+ 5 —n 4 1) b (w).

Lemma 5.2 allows us to bring this to the form
2 w) = hyy (w4 1/2) oy (0 = 1/2) ™ By (0) B (u = 1/2). (5.15)

Similarly, the application of (5.14) to the subalgebra X"~ (sp,) = X(sp,) with N = 2n
gives
AV w) = ho(u+ 5 — 1+ 1) ot (w) = ho (4 2) Ay (1), (5.16)

If gy = ox with N = 2n we apply (5.14) to the subalgebra X"~ (0y) = X(04) to get
D7) = by (04 k=14 2) Bty (0) = By (w4 1) hi1y (u).
We have hy,—1(u) hn—1y (1) = hy(w) by (u) by Lemma 5.3 and so
A2 w) = hy g (w4 1) B 1 (0) ™ B () B (). (5.17)

We will need some symmetry properties for the entries of the matrices in the Gauss
decomposition (1.4).

Proposition 5.7. The following relations hold in X(gy),
eiryr(u) = —e(ut+r—i) and  fiapy(u) =—filu+r—1i) (5.18)
forio=1,...,n—1. Furthermore, if gy = 02,41 then we have

€n+1n+2(u> = —tn (u + 1/2) and fn+2n+1<u) = _fn(u + 1/2)7

and if gn = 09, then

€n (n—l)’(u) = _en(u> and f(n—l)’n(u) = _fn(u)
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Proof. Suppose that 1 < ¢ < n — 1. By Corollary 4.2, we have the following consequence
of relation (4.5),
T ()~ A () = T (g 4 g1, (5.19)

As with the above derivation of (5.14), take the (i’,4’)-entry on both sides of (5.19) to get
ho(u) " 2 W) = hi(u+ k — i+ 1). (5.20)
Similarly, by taking the ((i +1)’,i’)-entry in (5.19) we obtain
—egigry i (u) b (u) " 2 (w) = hi(u+ Kk — i+ Dei(u+ 5 — i+ 1).
Together with (5.20) this gives
—eiiryi(u) =hiu+r—i+Deu+r—i+Dhu+r—i+1)""

The first relation in (5.18) now follows from (5.10) and a similar argument verifies the
second. The additional relations in types B and D follow from Lemmas 5.2 and 5.3,
respectively. ]

We are now in a position to give explicit formulas for the series zx(u) in terms of the
Gaussian generators h;(u). Recall that by Proposition 5.5 the coefficients of the series
h;(u) pairwise commute for i = 1,...,n; see (5.6).

Theorem 5.8. We have the identities in X(gn):

an(w) = [T hilw+ k=) [ haCu+ 5 =i+ 1) - hga () By (u — 1/2)
=1 1=1
n—1 n
anv(w) = [[hiCu+ k=) [ halu+ 5 =i+ 1) by (u)
=1 =1

for gy = 09, and gy = 5P, .

Proof. Take the (2/,2’) entries on both sides of (5.13). Expressing the entries of the
matrices T (u + k) and T'(u)~! in terms of the Gaussian generators from (1.4) and (5.12),
we get

ho(u+ k) + fi(u+ k) hi(u+ K)er(u+ k) = 2y (u) (he (u) ™" + ey (w) by (w) ! frra(u)).
Since zy(u) is central in X(gy), using (5.14) we can rewrite this as

ho(u) ' zn (1) = ho(u + k) + fi(u+ &) hi(u+ k) er(u+ k) — ey (u) hy(u + k) frro(u).
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Now apply (5.18) to get
ho(u) " 2n (w) = ho(u + K) + for(u+ &) hi(u+ K)era(u + k)
—epp(u+r—1)h(u+k)for(u+r—1).
Due to (5.10), this simplifies to
ho(u) " zn (1) = ho(u + K) + [for(u+ K — 1), e12(u+ K)] hi(u + K).
Calculating the commutator by (5.7), we bring this relation to the form
ho(w) 'y (u) = hy(u+ K — 1) " hy(u+ k) ho(u + K — 1).
Finally, use (5.20) with i = 2 to get the recurrence formula
n(u) = hi(u+k—1)" hy(u + k) zg\l,}(u)

By Corollary 4.2, the desired identities now follow from the respective base cases (5.15),
(5.16) and (5.17). O

Remark 5.9. The expansions provided by Theorem 5.8 are analogous to the multiplicative
formula for the central series z(u) for the Yangian Y(gly) implied by the quantum Liou-
ville formula and a decomposition of the quantum determinant [13, Theorem 1.9.5 and
Corollary 1.11.8]. O

5.4 Relations for Gaussian generators

In addition to the type A relations in X(gy) described in Section 5.2, we will now derive
some root system specific relations for each of the types B, C' and D.

Proposition 5.10. We have the relations in X(gn):
[Png1(w), €41 (v)] =0 and [Pns1(w), fai(v)] =0
Jor gn = 0241,

Pns1 () (en,l(v) —en_1(u+ 2))

) cna (0] = u—v+2 and
s (), for (0)] = — 1= Joc £u++2 2)) b ()
for gn = sp,,,, and
s (1), s (0)] = 2t L Z )
s (1) fra(0)] = — = Tt (09) a0

Jor gn = 02,
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Proof. First take gy = 09,11. Corollary 3.10 implies that h,.;(u) commutes with each
element of the subalgebra generated by the ¢;;(u) with 1 < ¢,j < n and so the relations
follow. Now let gy = sp,, or gy = 0,. By Corollary 4.2, the subalgebra X"=2(gy) of
X(gn) is isomorphic to X(g4). Applying Proposition 5.6 to this subalgebra, we get

Py () (en—l—l n+2(V) — €nt1 n+2<u))

[hn+1(u)7 6n+1n+2(v)] —

u—v
e (a1 (6) — Fuznsr (1) B ()
n+2n+1\V) — Jn+2n+1 U n+1(U
[hn-i-l(u)v fn+2n+1<v)} = - i .
U —v
It remains to apply Proposition 5.7. [

In the next proposition we use the root notation (5.1) and (5.2).

Proposition 5.11. Fori=1,...,n in the algebra X(gy) we have

[hi(u), hpia (v)] =0, (5.21)
[hi(u), en(v)] = —(€i, o) ) (er;(li)v_ e (v) : (5.22)
(), £s0)] = (e ) S =D, (5.23)

and
kn(u) —kn (U) .

[es(); fu(©)] = [en(w), fi(v)] = din—"-— (5.24)
Moreover, if it <n — 1 then
[hn+1<u):ei(v)] =0 and [hn+1(u)> fz’(“)] =0. (5.25)

Proof. Note that relations (5.22) and (5.23) for i = n were already verified in Propo-
sition 5.4. Now suppose that gy = 09,. By the defining relations (2.18), the sub-
algebra generated by the coefficients of the series ¢;;(u) with ¢, j running over the set
J=A1,...,n—1,n+ 1} is isomorphic to Y(gl,). Furthermore, Lemma 5.3 implies that

enn—l—l(u) = fn—l—ln(u) = 0.
Hence, we have the Gauss decomposition

where the subscript J indicates the submatrices in (1.4) whose rows and columns are
labelled by the elements of the set J. Therefore, the Gaussian generators which occur as
the entries of the matrices F;(u), H;(u) and E;(u) satisfy the type A relations as described
in Proposition 5.5. This completed the proof for type D.
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Now let gy = 02,41 O gy = 5P,,,. Almost all of the relations (5.22) and (5.23) with
i <mn,as well as (5.24) and (5.25) with ¢ < n — 1 follow from Corollary 3.10. For instance,
(5.22) and (5.23) are immediate from the observation that all elements of the subalgebra of
X(gx) generated by t;;(u) with 4,5 = 1,...,n—1 commute with the subalgebra X"=4(gy).
In addition, we use Lemma 5.1 to see that [h,(u), hpy1(v)] = 0 in type C.

Furthermore, the case i = n of (5.24) was already pointed out in Proposition 5.4. To
verify the remaining cases i = n — 1 of (5.24), apply Lemma 4.3 with m = n — 1. Since

() = fo(0)hn(v), relation (4.9) gives

1

u—v

[en 1 (), ful0)ha(v)] =
On the other hand,

[en—1(u), fu(0)a(0)] = [en—1(w), fu(V)] ha(v) + fu(V) [€n-1(u), hn(v)],

Fa(0)hn(v) (€01 (v) = €ni(u)).

whereas

1
len—1(w), hy(v)] = — (V) (en—1(v) — €1 (u)) (5.27)
by Proposition 5.5. This gives [e,_1(u), f(v)] = 0. The other case of (5.24) is verified in
the same way. ]

Lemma 5.12. In the algebra X(09,41) we have

[en—l(u)7 €n(Uﬂ _ n—1n41(V) = €n_1ny1(u) ;in£1(v)en(v) + €n—1<u)€n(v)7 (5.28)
[Frr(u). £ (0)] = Tttt = St a€0) = I aQOSn0) 4 Soca®Inl0) (5 )

In the algebra X(0a,) we have

ens@hea®] =0, sl ful0)] =0, (5.30)
and
v o), xe)] = Fo2mt1) = o (0~ ucalO)ent) + acaldea) (s
o s, 0] = T2 = ) ~ frsD0) 4 D)
In the algebra X(sp,,) we have
w0 ea)] = 2LErmm) —Ermins )~ aa0ea) s enlt) g
s, o] = 2128~ Frsteca)— Foa () + )
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Proof. By Lemma 4.3, in X(09,,1) we have

1

[en-1n(), 5 1 (0)] = =17 (0) (en1041(0) = €t ().

Using the Gauss decomposition for 7"~ !(u), we can write the left hand side as

[en—ln(u)v hn(v) enn-i—l(v)} = [en—1n<u)7 hn(”)] enn+1(V) + hn(v) [en—1n<u)’ 6nn+1(v>] .

Now observe that tr[z_l](v) = hy(v) so that (5.28) follows by the application of (5.27). A

similar argument yields (5.29).

Now turn to the case gy = 02,,. Relation (5.30) follows from Lemma 5.3. As we pointed
out in the proof of Proposition 5.11, the Gaussian generators which occur as the entries of
the matrices F;(u), H;(u) and E;(u) in (5.26) satisfy the type A relations as described in
Proposition 5.5. Therefore, (5.31) and (5.32) follow from the Drinfeld presentation of the
Yangian Y(gl,); see [13, Lemma 3.1.2].

To prove (5.33) and (5.34), note that by Corollary 4.2, the subalgebra X"~2(sp,, ) is
isomorphic to X(sp,). Hence, we may take n = 2 and will work with this case throughout
the rest of the argument.

The defining relations (2.18) for X(sp,) give

[t12(u), tas(v)] = ” i » <t22(u)t13(v) - tQQ(U)tB(u)) (5.35)
ﬁ <t24(v)t11(U) + to3(v)t12(u) — tae(v)t13(u) — tgl(v)t14(u)>.

Applying the Gauss decomposition (1.4), for the left hand side of (5.35) we can write

[t2(u), ta3(v)] = [ha(w)era(u), ha(v)eas(v) + far(v)ha(v)ers(v)] =
= h1(u) [exa(u), ha(v)eas(v)] + [ha(u), ha(v)eas(v)]erz(u)
+ [hi(u)era(u), for(v)h(v)]er(v) + for (V)ha (V) [P (W)ers(u), erz(v)].
Corollary (3.10) implies that [hy(u), ha(v)eas(v)] = 0. Furthermore, by (2.18)

[h1(u)612(u), f21(”)h1(v)} = [tm(u),tm(v)} = u—lv(tm(u)tn(v) — tQQ(U)tn(U))

_ ! <h2(u)h1(v)—h2(v)h1(u)+ fgl(u)hl(u)elg(u)hl(v)—fgl(v)hl(v)elg(v)hl(u)>.

u—"v

Similarly, we have

[hl(u)elg (u), 613(1))} = [tlg(u), tn(v)_ltlg(v)} s
and (2.18) gives

[tlg(u),tll(v)_l] = !

ti(v) ™ (tlz(v)tn(u) - tlz(u)tll(v)>t11(v)_l
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together with

[t12(u), t1s(v)] = " ! (t12(w)trs(v) — tr2(v)t13(w))

! (t14(v)t11(u) + t13(v)tio(u) — tia(v)t1z(u) — tll(v)t14(u)).

u—v—3

Writing the resulting expression back in terms of the Gaussian generators and applying
(5.8) with £ =2 and j = 1 we find that the left hand side of (5.35) equals

h (u)ha(v)[erz(w), e2s ()] + ~ i ” (hl(u)h2(v)€12(v)€23(v) - hl(u)h2(1})612(u)623(v)>
+ —— (ha(Whi ©)exs(v) = ha@)h (w)ers(v)

+ fa(w)hi(u)erz(u)hi(v)ers(v) — far(v)ha(v)erz(v)ha(u )613(U)>+
3 I ) (1)) + e () (w)ern(n) = ern(v) (w)ens(u) b (w)ers(u).

As a next step, write the right hand side of (5.35) in terms of the Gaussian generators.
Cancelling common terms on both sides, we bring the relation to the form

hl (U,) hg (U) [612 (U), €923 (U)]

~u i y ha(u)ha(v) (613(U) — e13(u) — era(v)eas(v) + 612(U)623(U)>
u—;v—?) ha(v) <624(U)h1 (u) + hy(u)eas(v)ern(u) — h1(u)613(u)),

where we also used the property [hl(u), 623(’0)] = 0 implied by Corollary 3.10. Since the
series hq(u) and ho(v) are invertible, we thus get

[e12(u), exs(v)] = " i ” <613(U) —e3(u) — ega(v)eas(v) + 612(U)€23(U)> (5.36)
+ u—;zj—?) (hl(u)ilem(v)hl(U) + eg3(v)era(u) — 613(U)>.

Now we need an expression for the commutator [h;(u), e24(v)] which is obtained by a
calculation similar to the above derivation of (5.36). Namely, we begin with the following
analogue of (5.35),

[tll(u), t24(U)] = » i " <t21 (u)t14(v) — t21(v)t14(u)> (537)
ﬁ <t24(v)t11(u) + ta3(v)tia(u) — taa(v)tiz(u) — t21(v)t14(u)>.
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Then write the left hand side in terms of the Gaussian generators so that it equals

ho(v) [h1(w), e24(v)] + [ha(w), for (v)]Ra(v)ers(v) + for (v) [ha(w), hi(v)era(v)].
Furthermore, use (5.9) with £ = j = 1 and expand

[h1<u),h1(1)>614(1])} = [t11<u),t14(v)}

by the defining relations (2.18). Now writing the resulting expressions on both sides of
(5.37) in terms of the Gaussian generators and simplifying as with the derivation of (5.36),
we come to the desired commutation relation

Tha (1), ea4(0)] = —— <624(v)h1(u)+h1(u)623(v)612(u)—hl(u)elg(u)>.

u—v—3
Applying it to (5.36), we can transform the latter as

[elg(u), 623(’0)} = i
1

b (eaa(v) + exsv)enn(u) — ens(w)).

(613('0) —e13(u) — e1a(v)egs(v) + 612(U)€23(U)>

By rearranging the terms, write it in an equivalent form,
2

[e12(u), e23(v)] = —

1

u—v—1

<613(v) — eg3(u) — ega(v)eas(v) + 612(U)€23(U)>

<624("U) + e12(v)eas(v) — 613(’0)).

Finally, multiply both sides by u —v —1 and set u = v+ 1 to see that the second summand
vanishes. This yields (5.33). Relation (5.34) is verified by a similar argument. O

In the next proposition we use notation (5.5) for generating functions of elements of
the extended Yangian X(gy).

Proposition 5.13. Suppose that 1 <i<n—1. If (o, ) = 0 then

ei(u), en(v)] =0 and [fi(uw), fu(v)] = 0. (5.38)

If (v, o) # 0 then
u[ef(u), en(v)] — v[ei(u),efZ(v)} = —(ay, ap) e;(u) e, (v) and (5.39)
wl f7(w), f(v)] = v [ filw), fr(0)] = (i, an) fu(v) fi(u). (5.40)

Proof. If i < m — 2 in types B and C or i < n — 3 in type D, then (5.38) is implied
by Corollary 3.10. If i = n — 1 in type D, then (5.38) follows from Lemma 5.3 with
e1(u) = epa(u) and ey(u) = e (u) by taking into account Corollary 4.2. To get (5.39) and
(5.40), consider the expressions for (u — v)[e;(u), e,(v)] and (u—v)[f;(u), f(v)] provided
by Lemma 5.12 and take the coefficients of u="v=* for r, s > 1. O]

Note that relations (5.39) and (5.40) hold in the case (a;, ) = 0 as well; they are
implied by (5.38).
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5.5 Theorem on the Drinfeld presentation

We will now prove the theorem on the Drinfeld presentation for X(gy). We use notation
(4.6), (4.7), (4.8) and (5.5) for the generating series and the root notation (5.1) and (5.2).

Theorem 5.14. The extended Yangian X(gn) is generated by the coefficients of the series
hi(u) with i = 1,...,n+ 1, and e;(u) and f;(u) with i = 1,...,n, subject only to the
following sets of relations, where the indices take all admissible values unless specified

otherwise. We have

For i < n we have

[alu)s5(0)] = —(er, 05) 220~ 650)

(fi(w) = fi(v)) hi(u)'

u—v

[hi(w), f;(v)] = (e, )

For j < n — 2 we have

[hsr(@).e;@)] =0, [hea(w), f5(0)] = 0.

For gy = 09,41 we have

s (1) 0] = s e (1) (e (1) = (1)
-5 _1U = (en(t = 1) = en(0)) g (1)
and
s (). £(0)) = = s (0 () = £,0)
+ gy Ul = 1) = o) ),

whereas for gy = sp,,, and 0y, we have

Py () <6n(u) - en(v))

u—v

[hn+1 (u), €n(v)} = (€n, p)

and
(Fu(t) = fa(0)) i ()

u—v

(M1 (), fr(0)] = —(€n, )
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Moreover, for gn = 09,41 we have

[hnﬂ(u)aen—l(?))] =0 and [hnﬂ(u)afn—l(U)] =0,

for gn = sp,,, we have

Pops1 (1) (en,l(v) —en_1(u+ 2))

(g1 (), en1(v)] = — and
s (), foa(0)] = — Lot = il 2)) s ()
and for gy = 09, we have
s (), e s ()] = "2 (en:(vi —en(@)
s (1), foa(0)] = — 22 = = f}u)) 1 ()

In all three cases we have
(v, i) (ei(u) — ei(v))2
2 uU—v

(a, ) (filw) — fi(“))Q‘

2 uU—v

and

[ei(u), ei(v)] =

[fi(w), fi(v)] =

Furthermore,

lei(u),e;(v)] =0 and [fi(u), f;(v)] =0 if  (ou, ) =0,

whereas for i # j we have

u[ef(u),ej(v)} - v[ei(u),eg(v)] = —(a4,a;j)e;(u)e;j(v) and
w7 (w), fi(0)] —v[fi(w), f; (0)] = (i, ;) f;(v) fi(w).

Finally, for i # j we have the Serre relations

> Leilupn), [ei(up), - [€itpm) e;(@)] ... ]] =0 and

pEGm,

Y [filup), [filup@), - [Filupim), 5(0)] - ]] =0,

pEGH,

where m =1 — a;;.
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Proof. Apart from the Serre relations where ¢ or j takes the value n, all the relations
are satisfied in the algebra X(gy) due to Propositions 5.4, 5.5, 5.10, 5.11 and 5.13. To
derive (5.58) and (5.59) we use a theorem of Levendorskii [12] which provides a simplified
presentation of the Drinfeld Yangian Y2 (g); see also [8]. In particular, the theorem implies
that the Serre relations (1.1) in the definition of Y (g) (see Section 1) can be replaced by
their level zero case r1 = --- =1, = s = 0. As we demonstrate in Section 6 below, the
defining relations of Y (gy) are satisfied by the elements of the extended Yangian X(gy)
which are defined by the respective coefficients of the series r;(u), & (u) in Section 1. This
includes the level zero case of (1.1) which is implied by the embedding U(gny) — X(gn);
see [2, Proposition 3.11]. Hence, by [12], relations (1.1) hold for the coefficients of the series
£ (u). However, the series & (u) and & (u) coincide with e;(u) and f;(u), respectively, up
to a shift of the variable u by a constant. This shift does not affect the Serre relations,
and so we can conclude that (5.58) and (5.59) hold as well for all ¢ # j.

Now consider the algebra )/i(gN) with generators and relations as in the statement of
the theorem. The above argument shows that there is a homomorphism

~

X(gn) = X(gn) (5.60)
which takes the generators A", ¢! and £ of X(gy) to the elements of X(gy) denoted

1
by the same symbols. We need to demonstrate that this homomorphism is surjective and

injective. To prove the surjectivity we need a lemma.

Lemma 5.15. For all 1 <i < j < n in the algebra X(02,11) we have

e = [ 6], 1= 15" 157,
ey ==l gl A==l A
Forall1 <i<j<n—11in the algebra X(sp,,) we have
ez(‘?ﬂ = [ez(‘;)a 651)}7 f](-?u = [fj(l)a fj(:)}a
ey =—leg el == 50

Moreover, for 1 <i < n—1 we have

IS ]‘ ' I ]‘ IS8
=L ) =L )
r r 1 r 1 r
ez(i’) = _[ez(i’)—h ez(‘ )}7 fl(’z) = _[fi( )v fz(’—)lz}
For all1 <i<j<n—1in the algebra X(03,) we have
() () _ 1) g
eir = €0 €5 ], i =157 157 )
(r) _ (r) (1) (r) _ 1) plr)
eij/__[eij/flaej }7 fj/i __[fj 7fj/71¢}7
and for 1 <1< n— 2 we have
ey ==l e £ = =AY fel)-
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Proof. All relations follow easily from the Gauss decomposition (1.4) and defining relations
(2.18). To illustrate, consider the case gy = sp,,,. By taking the coefficients of v~ on both

sides of (2.18), for 1 < j < n — 1 we get [tlj(u),t§1]-)+1
the Gaussian generators we come to the relation hy(u)[e;(u), e§.1)] = hi(u)eq j41(u), which
gives [e1(u), )] = e1541(u) so that 7)) = [efT), eV,

By a similar argument, for 1 < j < n —1 we find that e(lTj), = [egTj), 68-11)/3'/

Proposition 5.7 to write this as eg?, = —[eg’“}, eg»l)]. The remaining cases with i = 1 are

treated in the same way. The extension to arbitrary values of ¢ follows by the application
of Corollary 4.2. ]

By Lemma 5.15, all elements eg.) and f;{ ) with r > 1 and the conditions i < j and

i < j' in the orthogonal case, and i < j and i < j' in the symplectic case, belong
to the subalgebra X(gly) of X(gn) generated by the coefficients of the series h;(u) with
i=1,...,n+1, and ¢;(u), fi(u) with i = 1,...,n. Hence, the Gauss decomposition (1.4)
implies that all coefficients of the series t;;(u) with the same respective conditions on the

| = t141(w). Writing this in terms of

|. Now apply

indices ¢ and j also belong to the subalgebra X(gly). Furthermore, by Theorem 5.8, all
coefficients of the series zy(u) are also in }z(g[N). Finally, taking the coefficients of v =" for
r=1,2,... in (2.15) and using induction on r, we conclude that the coefficients of all series
tij(u) belong to X(gly) so that X(gly) = X(gly). This proves that the homomorphism
(5.60) is surjective.

In the rest of the proof we will show that this homomorphism is injective. We will follow
the argument of [3] dealing with type A, and adapt it to the orthogonal and symplectic
Lie algebras. As a first step, observe that the set of monomials in the generators hy) with
i=1,...,n+1and r > 1, and eg) and f](:) with 7 > 1 and the conditions i < j and
i < j" in the orthogonal case, and i < j and 7 < j’ in the symplectic case, taken in some
fixed order, is linearly independent in the extended Yangian X(gy). Indeed, under the
isomorphism (3.14), the images of the elements eg) and f](: ) in the (r — 1)-th component
of the graded algebra gr X(gy) respectively correspond to Fj;2" ! and Fj;z"'. Similarly,
the image of hl(r) correspond to Fyx™ ' +(./2 for i = 1,...,n, while for the image of h,(fll
we have

(/2 for 09,41
Bf;)l = —Fp,x 4+ (/2 for sp,,
- n—ln—lxril - anxril + CT/Q for O2n,

which follows from (3.15) and Theorem 5.8. Hence the claim is implied by the Poincaré-
Birkhoff-Witt theorem for U(gy|[z]).

Define elements eg) and fj(: ) of )A((gN) inductively as follows. For gy = 09,41 set

0y = o S0, = 1, and

r r 1 r 1 r
e = e}, e, £ =10, 17, (5.61)
T (r 1 T 1 r
eij)’ = _[eijaflﬂ 65' )]7 fj(’z) — _[f]( ), f;zzli],
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for 1 <i < j < n. For gy = sp,, set eglll eir and erlz 77 and

)

r r 1 1 T
et = e, ¢, fiha= 10", 570, (5.62)
r r 1 1) T
E]) = _[egjzflﬂ €§- )]7 fj’z’ = _[f]( , fj’fliL
for 1 <i < j < n— 1. Furthermore, set efle/ =" and ff;,"zl — " and
' 1 ' T ]‘ T
egn) § [ez(n)’—lv 61(11)]7 f(’)' -5 [f(l) f(’)—li]> (5'63)
T T 1 1 T
Ez’) - [ez(i’)fh €§ )]7 f [f( ) f’ )11]
for 1 <i<n—1. For gy = 0g, set el = el and £, = £, and
r r 1 1) T
et = e, ¢, =100, 170, (5.64)
r r 1 r 1) T
E]) = _[egjzfl’ €§- )]7 f( | = [f]( ) fj’fli]7
for 1 <i < j < n— 1. Furthermore, set 67(2171/ = ¢!/ and féf),hl = " and
el = —lel s el S ==l £5 (5.65)

for 1 <i<n—2.

By Lemma 5.15, these definitions are consistent W1th those of the elements of the algebra
X(gn) in the sense that the images of the elements e ) and i ") of the algebra X(g ~) under
the homomorphism (5.60) coincide with the elements of X(g ~) with the same name.

The injectivity property of the hornornorphlsrn (5.60) Wlll follow if we prove that the
algebra X(g N) is Spanned by monomials in hZ , g and f taken in some fixed order.
Denote by 5 Fand H the subalgebras of X(g ~) respectively generated by all elements of
the form el , fl(r and h ") Define an ascending filtration on g by setting deg e, =r—1.
Denote by grc‘f the corresponding graded algebra. Let e ) be the image of e in the
(r — 1)-th component of the graded algebra gr . Extend the range of subscripts of ei(;) to
all values 1 <7 < j < 1’ by using the skew-symmetry conditions

e = —0,e\). (5.66)

(r)

The desired spanning property of the monomials in the e;;” clearly follows from the relations

e e = owey Y — e Y — Oy ey, + 0 0meg Y. (5.67)

We will be verifying these relations separately for each of the three cases.
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Type B,. Ifi,j,k, 1 € {1,...,n}, then (5.67) are essentially type A relations and they
were already verified in [3]. We will often use these particular cases of (5.67) in the
arguments below. R

By relation (5.56) (in the algebra X(0s,41)) we have [eZ(Z)H, éf”)lﬂ] = ;110 Z(;fl Y. For
i < j < n, using the definition (5.61) we obtain

T s T —(1 _(s
[67,(])7 T(LT)L+1] = [[ 7,(]) 176]( )1]]7 ’r(LT)L+1]
_(r —(1 _(s (1 (s _(r 1 s _(r
= [ei(j)—la [6;—)1jv€1(17)z+1u + [e](—)lj7 [6511)1+17ei(j)—lu = [ g( )137 [61(17)L+17 z(j) 1H
Hence, an obvious induction gives [éi(g),éésg 4] = 0for i < j < n. Now we verify

[éi(;), ér(f)lﬂ] = éf;f[”. Using (5.61), we get

—_(r) —(s —_(r (1 —(s
[ei(n)7€r(wz+1] = [[ei(n)—lv 7231n]7e1(1r)z+1}
_(r S (1 —(s _(r _(r —(s
= [61‘(73717[ é)lnaefw)z—l—l]] + [er(z—)1n7 [37(17)&17@1'(11)71]] = [ei(n)fl’ 7(1—)1n+1]a

where the last equality holds by (e i1y éT(f?)LH] =0 and [\, , é,,(leﬂ] = éff)lnﬂ Further-
more, &7 ,41 = 61”10, Exny1] by (5.61), and so

—_(r) —(s _(r _ (1

[ei(n)ver(werl] = [ei(n)—lu [672 )ln7 fwzﬂﬂ

—(s —(r —(1 —(1 —(s —(r —(1 _(r+s—1 _(r+s—1
= [ [ enna]] + [ [En21 )] = —lenman eV = ety

Thus, we have verified that [e; r) gl | =9; gt for 1 <i<j<n

©7 ) nn+1 n Zn-i-l
Next we will check
() (s _(r+s—1
[ei(j)’elngﬂ] = jkei(n+1 ) (5.68)

for 1 <7< j<nand1l<k<n. Suppose first that 1 <i < j < n. We have

_ 1
ij 7€kn+1] = [el(j)’ [elgrz’ er(wi—&-lﬂ

s r) —(1 —(1 s) —(r —(1 _(r+s—1 (r+s—1
= [elgrz’ [ei(j)ae'r(mz—l-lu + [qu,'r)L—i-h [615727 z(])H — 5kj [67(L12L+176i(n+ )] - 51{:] zn—:—l )

Now let 1 < i < 5 = n. Note first that

r)

e NORE

n+1] - [eflr_)ln’ [en—lmenn—HH [ 7(11)171’ [7(7,) es) H

€ e

(s
n— n—1ln’ “nn+l

+ [ér(,lsr);ffl; [é(l) é(r) ]j| [ (1) [6(7') —(5) ]:| — [é(l) [é(l) é(T-f—S)]] — 07

n—1ln’“n—1n Cn1n Cn_1ns nn+1 n—1lns "n—1n’ “nn+1

where the last equality holds by the Serre relations (5.58) with a,_1, = —1. As a next

step, verify [\, &\ )171-1-1] = 0. Indeed, we have

r —(s —(r —(1 1 s
e T(L)2n7er(L)1n+1] = Henf)mfp 7(131n] e T(L)ln’e£L731+1]:|
(1 r (1 _(s _(s (1 —(r (1
= [er(L—)lnv [[ T(L)2n 1 672 )1n]7 er(zr)H-lH + [6727)1—1-17 [67(1—)177,7 [ 7(L—)2n—1767(1,—)1n“] .
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Since the second term is zero, this equals

(1 —(1 —(s _(r 1 r —(1 —(s
[eéjlna [67(1—)1m [@7(120+1> 672—)271—1”] + [ ’r(L )1m [672—)%—1, [eéjlm er(mi—&—l]ua
where the first term is zero, so the expression equals

—_(1 _(s _(r _(1 _(r (1 (1 _(s s r
[[er(z—)ln7 67(Lr)z+1]’ [67(1—)271—1’ eqs—)ln]] + [er(z—)M—b [67(1—)1717 [67(1—)1717 67(17)1—1—1]” e 7(L)1n+17 7(1)271] =0.

(r) ()

Furthermore, for k& < n — 1 write the commutator [e,”, ., €.,

] as

(r) (1) (s) (1) _(r) (s) (s) n -
[ €n1ns [ekk-f—l?ek—i-ln-i-lu = [ekk—i-l? [Eh 1n7€k+1n+1u + [ek+1n+17[ k:k:—i—lvenflnﬂ
= [élgk)-l—h [6727")1”, élf;+)1 n—l—lH + 5’“1*2 [ééé;—)ln—i-l? éér—)2n] = [elglc)—&—l’ [éér—)ln7 élgjzl n—l—l]] .

Hence, by induction, the relation [e ) é,gsg +1) = 0 holds for k£ < n — 1. Finally,

n—1ln>
—(r) =(s —(r —(1 s —(r —(1 —(s 1 — —(r
[ei(n)7 61&734—1] = [[ei(n)fh 675—)1 n] elgri—{—l] - [6i(n)717 [eé—)1n7 615:124—1]] + [e’r(z )1n’ [6lgrz+17 el(n) 1]] - O’

which completes the verification of (5.68).
For the next case of (5.67) to verify we take the relations
el el = . (5.69)
We may assume that i > k. If i = k = n then the relations follow from (5.53). In its turn,
this implies (5.69) for i = n and arbitrary k& by an argument similar to the one used in the
proof of (5.68). Furthermore, a reverse induction on i, beginning with ¢ = n shows that
(5.69) holds for ¢ > k. For the remaining case of (5.69) with i = k£ < n use induction on i
starting with ¢ = n. For ¢ < n we have

_(r _(s (1 _(r 1 S
[ei(n)—&—hei(n)—&—l] = Hei(z’—)f—hei(-i—)ln—f—l] e z(z-)H? z(+)1n+1H

_(1 (1 _(s _(r (1 _(r (1 _(s
= Hei(iJ)rh [ei(H)»D ei(+)1 n+1]]7 ei(+)1 n+1} + [ei(iJ)rl’ [6i(+)1 n+1s [ei(H)»D ei(+)1 n+1m-
The first term vanishes, while by the induction hypothesis, the second term equals

(1 r _(s r _ 1 _(s —_(r —_(s
[ei(z’—)&-l? e z(+)1n+17 z(z—)l—1]7 z(+)1n+1]] = H z(—f—)ln-l—l?ez(z—)f—l] [ez(z4)rl>ei(+)1n+1H = _[ei(n)—i-hei(n)—f—l]

so that [ [ +17 el(n)ﬂ] = 0, completing the proof of (5.69). As its consequence, we derive a
more general relation

07 e = by el e (5:70)

17 7

which holds for all 1 <i < j<mnand 1<k <[<n. Indeed, using (5.69) we get

0 20 = [, 2,6 1] = [, ¢!

e e e B (1) Z(s) ”
ij 0kl 17 ) LWln+1 Ykn+1 In+1>

6- i Chnt1

s — —_(r — (r+s—1 —(s
+ [elgrz+1? [el(nzi-h 1(3)” [el(n+17 6k] in+1 )] + [(5Jl 6z(n)+17 €1£73+1]
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which equals the right hand side of (5.70). Our next goal is to verify the relations

el &) =0 (5.71)
for all admissible ¢, k, 1 with & <[ < n. We begin with the particular case

[ennias B =0 (5.72)

which we check by a reverse induction on k. Using the previously checked cases of (5.67),
for k =n — 1 we obtain

Ers i) = (e Banens Eat ]
—(r (1 s (1 r (1 —(1 —(s
= [er(uz—}—l) [67517),—0—17 [ 7(1 )lnv er(Lr)H—l]H - [ 'r(mi—i-la [61(17)L+17 [61(17)L+17 e'r(L—)ln]H .
Now apply the Serre relations (5.58) with a,,,—; = —2 to write this commutator as

r (1 s 1 _(s
&) el el e I+ el el e el

Hence,

_(r —(s _(1 _(r s —(1 —(s —(r —(1
[67(17‘3—5—17 eT(L—)l n’] = 2 [67273—&-17 [67(17)L+17 [ 7('L7‘)L+17 T(L )1 n]H + [67(1734-17 [67(1,—)1 n’ [67(11)1+17 efr(nz—i-l]H

- _2[ r(w)wrla [éngrl? é?isjln+1]} - _2[57(:11+1> éfiln/] =0

establishing the induction base. The induction step is a straightforward application of
(5.68), which completes the proof of (5.72). Now assume that ¢ = n in (5.71) to show that

e\ 1 e =0 (5.73)

for all £ <l < n. By writing

_(r _(s r 1 _(s
[eqsr)wrl?@igz?] = [er(w)z-i-l’ [el(n)ﬂ7€lgrz+1”

and relying on the already verified cases of (5.67), we reduce checking of (5.73) to the
particular case r = 1 where we may also assume [ < n — 1. Proceed by

_(1 (s —(1 1) - 1 —(1 _(s s 1)
[67(173—&-17 Glilﬂ = [67(112—&-17 [el(n)v elirz’H = [el(n)7 [67S73+17 elgrz’” + [61572’7 [el(n)7 67(”3+1H
and use (5.72) to see that the expression is zero. Now (5.71) follows from (5.70) and (5.73):

—(r —(s —_(r) =(1 s (1 —(s) =(r —(r 1 s
[ez'(n)—i-helgl;] = [[ei(n)7€r(wg+1] 6,512] - [67(17)L+17 [elgl27€z'(n)]] + [ei(n)v [67272-%17 61512]] =0.

The proof of (5.67) will be completed by checking that [6 " e,gi?] = 0 for all admissible
values with ¢ < j and k < [. This relation follows from (5. 71) by

r s r —(s —(r —(s —(1 s) —(r
[ez(j’)’elil}] = H ](n)—i-l’ z(n)-i-l] 61&12] = [6](71)-&-17 [ez(n)Jrlaelizm + [ez(n)-H? [eéz)u%(n)ﬂ]] = 0.
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Type C,,. We will now verify (5.67) for gy = sp,,,, where the arguments are quite similar

to type B,. We will outline the sequence of steps. By (5.55), we have [ez(w)rl, fm} =0 for
1 <n — 1. This implies

7 ew] =0 (5:74)
for i < j < n by an easy induction. Using (5.56) and the definition (5.63), we derive
T —(s —(r+s—1 —(r+s—1
AN S AR ARYY (5.75)
which then implies a more general relation
el ein] = 2e5 7 = el ey (5.76)
for i <n — 1. Using (5.63) we extend it further to
o5 e = o2l (5.77)

for all i < j <n and k < n, and then apply (5.75) to check

—(r —(s —(r+s—1
[er(z—)lm 615:73’} = elg (2_1)/)7 (578)
for k < n. Next, we verify
et ] = e (5.79)

for k< n—1and? <n—1. We use the reverse induction on ¢, beginning with : =n — 1
to show first that this relation holds for ¢ > k. The induction base is (5.78), while for
i < n—1 write [éi(;) ,élisr)b,} = [[éi(gil,éi(i)ln] ekn} then proceed by using the definition
(5.62) and (5.74). The case (5.79) with i < k now follows by an application of (5.63).

Furthermore, assuming now that i < j < n and k£ < < n we get from (5.79):

_(r) —(s —(r (1) —(s _(r) (s 1 (r+s—1
[ei(j)7€1g12] = [e-(.) [6( )& )'H = [5jl€i(n)7€1£12'] + [ez(n)v(ska Cint )]

17 2 7ln ) Ykn

thus proving
&7 el = dwely T e Y. (5.80)

Our next goal is to verify
ein ] =0 (5.81)

for all admissible ¢, k, 1 with £ <1 < n — 1. We begin with the particular case

el e 1=o. (5.82)

Cn—1n>Cp_ 1(n—1)

By (5.79), we have

r _(s T _(1 s 1 —(r —(1 (1 _
[ 7(1 )1n7 12)1 n—1 /] [ T(L)ln’ [er(z )lm T(L)ln ” =35 [er(z—)lnv [61(1—)1717 [67(1 )1n7 w(w)z’]”
(n—1) 2
1 1 _(r (1 —(s 1 —(1 (1 T —(s
= 2 [ 72 )1717 [67(1—)1717 [er(n—)lm 67(”)1’]]] - 5 |:6'r(L—)1n7 [675—)171? [67(1 )171’ 7(171 ]”
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where we also used the Serre relation (5.58) with a,_;, = —2. Hence

=(r)  (s) ] = _[—(1) (r) ® =) (r) (s)

[en—lrwen—l(n—l)’ en—ln? [en—lnﬂ[ n ln’enn]u = 2[ n 1n7én 1(n— 1)]

and so (5.82) follows. By a reverse induction on k we then derive

1 1y =0 (5.83)
for kK < n — 1. This relations extends to all values £ <1 <n—1,
[Ex s 6] = 0. (5.84)

The verification of (5.84) reduces to the case r = 1 with the use of (5.80), while in this
particular case it follows from (5.79), (5.80) and (5.83). Furthermore, by (5.80) and (5.84),

r) —(s r 1 _(s _(r 1 S 1 s) —(r
[ez(n)7elilz] = H z(n) 1:672 )ln] 61&12] = [ei(n)—b [eT(L )1naelgzm + [ T(L)ITL’ [elilz’ez(n) 1H =0

thus completing the proof of (5.81). As a next case of (5.67), we prove
e, e =o. (5.85)

in'’ kn’

If i = k = n then this follows from (5.53). If i =n — 1 and k = n write

@]:1-@

[enfln”enn’ €n1n> nn] €nn 2 [enn”

T _(s 1 (1 _(r
(r) ()]25[[() (r)

Applying the Serre relation (5.58) with a,,,—1 = —1 we get

1

n—1n'’ “nn’

w>ﬁ@4nH:_lwa
2

2 [enn” nn’’ “n—1n nn’?

(r) 1) H _ [e(s)

nn's Cn—1n

é(r) ]

[6 nn’’ “n—1n’

and so (5.85) with i =n — 1 and k = n follows. Together with (5.74) this implies
€ Ea] =0 (5:86)

for all 7. For the remaining values of the indices, (5.85) follows by writing

) ()7 L) () ()
[ | = s el

ezn”ekn 2 Heirwenn’ 2 €y
and applying (5.76), (5.79) and (5.86). Furthermore, we will verify
e, e =0 (5.87)

for k <1 < n—1. By the definition (5.62),

(1) (s) ") 12 (s () () (s 5) ) ()
[ez(n)”elgl’] = [ Cin'> [6l(l4)rl7€k ()l—i-l) H = [ell+1’ (€75 €, ()l+1)’H + [el(c (14+1)" [el(lll7ez(n H

so that applying (5.77) we get

r s —(1 r s
[ez(n)’7 6,5 12] = [el(lj—h [ez(n)” elg ()H—l)’]] :

Now (5.87) follows by induction on [ with the use of (5.85). The last remaining case of

(5.67) is [e w’)’ e,&‘?] 0 which holds for all i < j <n—1and k <1 <n—1. Indeed, we
have

ey eny) = [lef el ] = (e, e el] + (e, ey €5)]]

jn? Jn>o in'» in

which is zero by (5.81) and (5.87).
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Type D,. Now let gy = 09,. The arguments follow the same pattern as for types B,
and C), above. We will assume throughout the rest of the proof that the indices i, j, k, [
run over the set {1,...,n}. By (5.55) we have [\, . ér(f)ln] = 0. Therefore, fori <n—1,
using the definition (5.64) we obtain

—_(r) —(s r (1 S r+s—1) —(1 _(r+s—1
[6i(n)7 67(121”/] = [[ z(n) 1 612 )ln] (jln/} [ez(n )7 er(L )ln} = _ei((n—l)’)‘
Hence, for k < n — 1 we derive
r s T s — _(r+s—-1) (1 —(r+s—1
[er(z )1n7 elgn)] [ 12 )1n7 [615573, 1 ’IS, )1n H - _[elgn )’ evsjln/] - 6]5: (n—l)’)' (588)
Next we verify that
e ] = e (5.89)

by the reverse induction on i, beginning with ¢ = n — 1. Show first that this relation holds
for i > k by taking (5.88) as the induction base and using (5.64). To verify (5.89) for ¢ = k
write

[—(7’) é(S)] _ [[ 1 =) 1, [é(l) = (s) H

€in s Cin/ 7,7,+1’ i+1nl ii+17€i+1n/

and proceed by induction. As a next step, we point out the relations

—(r —(1 —(r

ei(j’) = [ei(iib ei(+)1j’] (5.90)
which hold for 7 > ¢ 4 1. Indeed, they follow by taking consecutive brackets of both sides
of the first relation in (5.88) with the elements e,(L )ln, e,(ll_)gn_l, . ,éﬁ)ﬂ with the use of

(5.88). Now we check (5.89) for i < k by induction on k—i taking the case ¢ = k considered
above as the induction base. Suppose that ¢ < k£ and write

e e = [l eithl ec]. (5.91)
If i + 1 < k, then by the induction hypothesis and (5.90) this equals

_(1) _(r+371)] . _(r+371).

—[€¢i+1’ Cit1 k! i

If i + 1 =k, then (5.91) equals

_(1 _(s _(r —(s) =(r r _(s _(r4s—1
Hei(iJ)rD 6z'(+)1 s ez'(+)1 n] = [ei(n)’7 ez'(+)1 ) =—le z(+)1nv ez(n)’] = _ez'((i+1)’)

by (5.89) with i > k verified above. Thus, (5.89) holds for all admissible values of i and k.
By employing (5.89) we can derive a more general relation: for j < n we have

e el = aiyel Y wael Y. (5.92)

Indeed,
_(r) —(s r _ _(r) —(s r+s—1
[ei(j),elgg] = [6( ) [el( ),61&2 H = [(5]'1 62-( ),elgr)b,] + [6( 5k] (n )]

ij In> i
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which gives (5.92). Our next goal is to verify the relations
") e =0 (5.93)
for all admissible ¢, k,l with £ <[ <n — 1. We begin with the particular case
e 1y = 0 (5.94)
which we check by reverse induction on k. For k =n — 2 by (5.89) we have

r _(s _(r (1 1 _(s (1 _(r _(s
€102 00] = [E 0 600 (6D 1,8 lT] = = [ (6021 0] = 0.

n—1n’ "n—1ns [*n—2n—12 “n—1n/ n—1ns l*n—2n> “n—1n

For k < n — 2 use (5.90) to write

[ ()

€niny €

s — 1 s
Ii()v%l)/]: [e() B 1) (s)

n—1n €k k415 Cpp1 (n— 1)/]}
which is zero by the induction hypothesis. This verifies (5.94). We will now extend (5.94)
to all values k <l < n—1:

e 1 Ei0] = 0. (5.95)
First, verify it for » = 1. Assume that [ < n — 2. By using (5.92) with j =1 =n — 1 and
(5.94) we get

éé)lm[el(n) 17‘3;()71 1y 1= [el(n)7eli()n 1)]

_ —(1 s _(1) —(s
- [el(n)7 [er(z,—)ln7 61572 H [en 1n lgl ]7
where we also used (5.89). Hence (5.95) holds for r = 1. Furthermore, by a similar
transformation we find

_(r —(s —(1) - — _(r+s—1
[67(1—)1n7€l£l2] = e 7(1—) 1n [el(n) elgr)uu [el(n)aeli(+ ))]

_(1 _(1 _(r+s—1 _(r+s—1
:[el(n)7[7s—)1n7 Igrj’_ )H [7(1) ,elgl,* )]:07

e el = [

thus proving (5.95). Consider (5.92) with j =n—1and k <[ < n—1 and take the bracket
of both sides with éfll_)ln. This finally gives (5.93).
To complete checking (5.67), it remains to show that

el e =0 (5.96)

for all admissible values with ¢ < j and k < [. To this end, observe that the mapping
o : X(09,) — X(02,) which swaps generators of each pair (e() el )), (f,ﬁ”_)l,fé”) and

n—1

(hff), hr(;) ), and leaves all other generators unchanged, defines an involutive automorphism
of X(02,). The subalgebra & is invariant under o and we have the induced automorphism

o of the associated graded algebra gr £. The definitions (5.64) and (5.65) imply that &

acts by ( ) . (T

in'»

(r)

— e /|—>€
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for i < n, and leaves ecach element éi(;-)

applying & to (5.93) we get

and él-(;-,) unchanged for i« < j < n — 1. Hence,

(e, e =0 (5.97)
for all admissible ¢, k,l with k <l <n —1. Finally,ift <j<n—-1land k<l <n—1,
then using (5.93) and (5.97) we get

—(r s —(1) =(r —(s
[ez(]’)’ elgrl?] - [[6( : 6-( )] elgl?] =0

jno Zin!

thus verifying the remaining cases of (5.67) for type D,,.

To complete the proof of the theorem, note that in all three types relations (5.67) imply

(r)

that the graded algebra gré is spanned by the set of monomials in the elements ¢€;;” taken

in some fixed order. Hence the algebra £ is spanned by the corresponding monomials in
the elements eg). It is immediate from the defining relation of X(gy) that the mapping
MO B0 s 0 0 el

defines an anti-automorphism of )/E(g ~). By applying this anti-automorphism, we deduce
that the ordered monomials in the elements f;: ) span the subalgebra F. Note also that

the ordered monomials in hl(»r) span H. Furthermore, by the defining relations of X (g ),
the multiplication map N
FOHRE— X(gN)

is SurJectlve Thus, ordering the elements A" e and f in such a way that the elements

i z]
of F precede the elements of 7—[, and the latter precede the elements of &, we can conclude
that the ordered monomials in these elements span X(gy). This proves that (5.60) is an
isomorphism. O

We point out another version of the Poincaré-Birkhoff-Witt theorem for X(gy) which
is implied by the proof of Theorem 5.14. Denote by &, ]: and H the subalgebras of
X(gn) respectlvely generated by all elements of the form e f ) a nd h( ") Consider the
generators h with ¢ = 1 ,n+1and r > 1, and e ) and f with » > 1 and the
conditions i < j and i < j' 1n the orthogonal case, and ¢ < j and 7 < j' in the symplectic
case. Order the elements h\"”, ") and f in such a way that the elements of F precede

AR Y]

the elements of H, and the latter precede the elements of &£.

Corollary 5.16. The set of all ordered monomials in the elements hZ , z; and f;f) with

the respective conditions on the indices forms a basis of X(gn). ]

6 Isomorphism theorem for the Drinfeld Yangian

We will now prove the Main Theorem as stated in the Introduction. By the R-matrix
definition of the Yangian Y(gy) = Y (gn) in Section 2, this is the subalgebra of X(gy),
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whose elements are stable under all automorphisms (2.12). It is clear from the definition
of the series #;(u) and &(u) with 4 = 1,...,n, and the explicit formulas (4.1), (4.2) and
(4.3), that all the coefficients &;, and & defined in (1.5) belong to the subalgebra Y (g ).

Proposition 6.1. The subalgebra Y(gn) of X(gn) is generated by the elements k,,, &
and &, withi=1,....nandr=0,1,....

Proof. Due to the tensor decomposition (2.13) of X(gy), it suffices to check that these
elements together with the coefficients zj(\?) of the series zy(u) given in (2.14) generate the
algebra X(gy). Using the definition of the series x,(u) and formulas (4.6) it is straightfor-
ward to express hy(u)h,1(u)™! as a product of the series of the form r,;(u)~! with some
shifts of u by constants. On the other hand, Theorem 5.8 implies that hy(u + K)hy1(u)
equals zy(u) times the same kind of product of the shifted series r;(u)™'. Therefore, all
coefficients of hi(u) and hence all coefficients of the series h;(u) with i = 1,...,n+1 belong
to the subalgebra of X(gy) generated by the elements given in the proposition. Further-
more, for each ¢, the elements ez(-r) and fl@ are found as linear combinations of the &, and
. respectively. By Theorem 5.14, the coefficients of the series h;(u) with i = 1,... ,n+1,
and e;(u) and f;(u) with ¢ = 1,...,n generate the algebra X(gy) thus completing the
proof. ]

Now we will verify that the generators &;,., & and &;, of the subalgebra Y (gy) provided
by Proposition 6.1 satisfy the defining relations of the Drinfeld Yangian Y?(gy) as given
in the Introduction. We will do this in terms of the equivalent generating series relations
for s;(u) and & (u). We use the notation {a,b} = ab + ba.

Proposition 6.2. The following relations hold in Y (gy):
[ki(u), ki (v)] =0, (6.1)

ri(u) — ki (v)

€ (), &5 (v)] = =, "B =R, (62)

0, 0] = F 2 (i, 0p) L2 E W =GO} (63)

6. 60 + [0, 60)] = 7 2 (0 TW-EOEW GO}
; [ (o), €7 (), - (€ (upmy), ()] -] = 0, (6.5)

where the last relation holds for all i # j, and we set m =1 — a;;.

Proof. The proof amounts to writing the relations of Theorem 5.14 in terms the series &, (u)
and & (u). In particular, (6.1) and (6.2) are immediate from (5.6) and (5.7), respectively.
Moreover, the Serre relations (6.5) are implied by (5.58) and (5.59). In the case where
i,7 < n — 1, relations (6.3) and (6.4) hold due to the corresponding results in type A as
shown in Section 5.2; see [3] and [13, Sec. 3.1] for the calculations. The remaining cases of
(6.3) and (6.4) are dealt with in a way quite similar to type A, so we will only point out a
few necessary modifications specific for types B, C' and D.
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Type B,,. To verify the i = j = n case of (6.3) for &, (v) write

[hgl(u)hn-ﬁ-l (u), en(v)] = hgl(u) [hn-i-l (u), en(v)] + [hgl(u% en(U)} Py (w).
Calculating the commutators by (5.3) and (5.43), we get

(1= ) [ () (), ea0)] = S () (1) () — ea(0))

u—v

2oy (enlu = 1) = en(v)) i (u).

+ (en(u) = en(v)) " (W)haga (u) —
Relation (5.43) gives

and

Therefore, we derive

(1= ) ) (1) e (0)] = 5 (" () (), (1) — e (0)

This yields (6.3) with ¢ = j = n by writing the relation in terms of the series ,(u) and
¢, (v). The remaining cases of (6.3) follow by similar arguments.

Now choose the minus signs in (6.4) and verify it for i = n — 1 and j = n. By (5.28)
we have

(= v+ 1/2) [en_1 (1), (v — 1/2)] = entnp1 (v — 1/2) — €n1ns1 (1) (6.6)
— en1 (V= 1/2)en(v — 1/2) + eny (w)en(v — 1/2).
By swapping u and v we also get
(=0 —1/2)enlt— 1/2),0s ()] = entnan (= 1/Dencraa(v) (6.7)
—en(u— 1/2)en(u — 1/2) + enr (V)en(u — 1/2)

which we can also write in the form

en1(v)en(u—1/2) = % en(t—1/2)en_1(v) (6.8)
- m (camtnmn (= 1/2) = e a(v) = eqs (= 1/2)en(u— 1/2)).
Now (6.7) and (6.8) give
(u—v+1/2)[en(u—1/2),€,-1(v)] = en1ps1(u—1/2) — €y_1n41(v) (6.9)

—ep_1(u—1/2)e,(u—1/2) + ep(u—1/2)en—1(v).
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By (6.6) and (6.9), we have

(w—v+ 1/2)([en,1(u), en(v = 1/2)] + [en(u — 1/2), en,l(m])
=en1nt1(u—1/2) —ep_1n11(v) —en_1(u—1/2)e,(u — 1/2) + e, (u — 1/2)e,-1(v)
+en1ni1(v—1/2) —ep_1ni1(u) —ep1(v —1/2)e, (v —1/2) + e,1(u)e, (v — 1/2).

Setting v = u in (6.8) we get

en1(u—1/2)e,(u—1/2) = = {en 1(u), en(u— 1/2)} +en1ni1(u—1/2) —en_q1pi1(u).
Using also this relation with u replaced by v, we thus come to
(u—v+ 1/2)([en_1(u), en(v—1/2)] + [en(u—1/2), en_l(v)D
=en(u—1/2)e,1(v) +ep_q(u)e,(v —1/2)

— s ew(u) ealu—1/2)} = 3 {ew(v). ealv ~ 1/2)}

which is equivalent to (6.4) for ¢ = n — 1 and j = n. The case with the plus signs and all
other remaining cases follow by similar calculations.

Type C,. Since [h;(u),e,(v)] = 0 and [h;(u), fu(v)] = 0 for ¢ < n—1 by (5.43) and
(5.44), relation (6.3) holds for i < n — 1 and j = n. Furthermore, (5.43) gives

(u—v+ 1) [ha(u),en(v — 1)] = =2k, (u)(en(u) — en(v — 1)) (6.10)
which implies
(u— v+ 1) [hp_1(u) " hy(u), en(v — 1)] = (u—v + DAy (u) " [hn(u), en(v — 1)]
= —2h,1(u) " (u) (e (u) — en(v — 1)).
Taking v = u in (6.10) we get
—2hpo1 (W) hn (Wen (u) = —{hno1 (W) " ha (), en(u — 1) }.
Hence,
(u—v+4 1) [hp1(u)  hy(u), en(v — 1)] = (u— v+ D)hy_1(w) " [hn(w), en(v — 1)]
= 2hn_1 (W) hn(wen (v — 1) = {hp1(u) " by (u), e, (u — 1)}
This gives
(u =) [hp—1(u) (), e, (v — 1)] = ={ hp_1(w) " hy(u), ex(u — 1) — e, (v — 1)}
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which implies (6.3) for ¢ = n — 1 and j = n for the series £, (v). The remaining cases of
(6.3) follow by similar arguments. In particular, the case i = j = n for the same series is
straightforward from (5.43) and (5.48), whereas the case i = n and j = n — 1 is derived
from (5.43) and (5.51).

Relations (5.53) and (5.55) imply the respective cases of (6.4). The derivation of (6.4)
fori =n—1and j = n relies on (5.33) and (5.34) and follows the same pattern as for type
B,, above.

Type D,. Applying (5.43) and (5.48) we get

ot () s (1), €0 (0)] = —— o1 (1) i () e () — €0(0)

(en() — e (0)) hnos () s (1)

1

uUu—v

+

so that (6.3) holds for i = j = n for the series ¢, (v). The remaining cases of (6.3) follow
with the use of (5.43) by similar calculations. Relations (5.53), (5.54) and (5.55) imply the
corresponding cases of (6.4). The remaining case of (6.4) requiring a longer calculation is
i=n—2and j =n. It is performed with the use of (5.31) and (5.32) in the same way as
for the case 1 =n — 1 and j = n in type B, above. ]

Propositions 6.1 and 6.2 imply that the mapping Y?(gn) — Y(gn) considered in the
Main Theorem is a surjective homomorphism. Its injectivity follows from the decomposi-
tion

Y(gn) =@ (Y(gn) NH) @ F (6.11)

and the corresponding arguments of the proof of Theorem 5.14. This completes the proof
of the Main Theorem.
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