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ABSTRACT. For N > 3, by the seminal paper of Brezis and Véron (Arch. Rational Mech. Anal.
75(1):1-6, 1980/81), no positive solutions of —Au-+u? = 0 in RN \ {0} exist if ¢ > N/(N —2);
for 1 < ¢ < N/(N —2) the existence and profiles near zero of all positive C1(R™ \ {0}) solutions
are given by Friedman and Véron (Arch. Rational Mech. Anal. 96(4):359-387, 1986).

In this paper, for every ¢ > 1 and 6 € R, we prove that the nonlinear elliptic problem (x)
—Au — Mz|72u + |z|%9 = 0 in RN \ {0} with u > 0 has a C'(RN \ {0}) solution if and
only if A > A*, where \* = ©O(N — 2 — O) with © = (0 + 2)/(q¢ — 1). We show that (a) if
A > (N —2)2/4, then Up(z) = (A — X*)1/(@=D|2|=© is the only solution of (x) and (b) if
A* < XA < (N —2)2/4, then all solutions of (x) are radially symmetric and their total set is
Uo U{Uy,qx : 7 € (0,00)}. We give the precise behavior of U, 4 » near zero and at infinity,
distinguishing between 1 < ¢ < qn,9 and ¢ > max{qn g, 1}, where qn 9 = (N+20+2)/(N—2).

In addition, for # < —2 we settle the structure of the set of all positive solutions of (x)
in @\ {0}, subject to ulspao = 0, where Q is a smooth bounded domain containing zero,
complementing the works of Cirstea (Mem. Amer. Math. Soc. 227, 2014) and Wei-Du (J.
Differential Equations 262(7):3864-3886, 2017).

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. In two groundbreaking papers [33,34], Serrin studied a priori estimates of
solutions, the removability of singularities, and the behavior of isolated singularities for general
quasilinear elliptic divergence-form equations in € \ {0}, where Q C R¥ is a domain containing
zero. The history of the isolated singularity problem, its challenges and significant achievements
up to 1996 have been beautifully portrayed by Véron [41]. To address the interior isolated
singularity problem for nonlinear elliptic equations under conditions outside the range of Serrin’s
papers is a very difficult and multifaceted task. This has fueled a lot of research in the last
decade approaching the challenge from different viewpoints in specific and particular directions.
A very active line of research (see, for example, [3,11,13,17-19,21,22,28,29,43,44]) is to explore
the intricate links between the isolated singularity problem and singular potentials. Among
these, the celebrated Hardy—Schrodinger operator (see Ly in (1.6)) and, more generally, the
Hardy—Sobolev operator play a prominent role. Elliptic differential operators of this type are
important in the famous Caffarelli-Kohn—Nirenberg inequalities, being analyzed in connection
with the best constants and symmetry (or symmetry breaking) of extremal functions [8,9].
Recent developments and challenges on such topics, which have significance to diverse areas such
as quantum mechanics, astrophysics and Riemannian geometry, are expounded by Ghoussoub
and Robert in [26].

The Hardy-type inequalities among others reflect amazing mathematical structures in con-
nection with a variety of “energies” controlled by “entropy” associated with the Laplacian. For
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a bounded domain 2 C RN (N > 3) with 0 € , the classical Hardy inequality states that

2 2
/ |Vul|? de > =27 / Y dr forallue H(Q). (1.1)
Q 4 Q |zf?

It is well-known that Ay := (N —2)%/4 is the best constant for the inequality in (1.1). However,
Ay is never attained in Hg(£2) when € is bounded, in which case a remainder was shown to
exist by Brezis and Vazquez [5]. The improvements of this inequality on bounded domains,
involving for example the first zero of the Bessel function, have been lately linked with Sturm’s
theory regarding the oscillatory behavior of certain linear ordinary differential equations. The
Hardy inequality and its various refinements [1, 20, 24] have found rich and diverse applications
including the analysis of the stability of solutions of semilinear elliptic and parabolic equations
[5,7], the asymptotic behavior of the heat equation with singular potentials [38] and the stability
of eigenvalues in elliptic problems with perturbed Schrodinger operators [2]. For new perspectives
and applications of functional inequalities, we refer to Ghoussoub and Moradifam’s book [25].

In this paper, we study elliptic equations involving the Hardy—Schrédinger operator such as
- #u Feffut =0 i Q\{0}, w>0 inQ\ {0}, (1.2)
where Q C RV (N > 3) is either R¥ or an open set €y that contains zero, or an open set Qoo that
contains {x € RN : |z| > R} for R > 0; we assume ¢, \, § € R and focus on the super-linear case
q > 1. In the sub-linear case 0 < ¢ < 1, the classification and limit behaviors of the non-negative
solutions of (1.2) in RY \ {0} are known from the work [3] of Bidaut-Véron and Grillot.

From now on, we assume g > 1. For the long history associated with the study of problem
(1.2), we refer to [13,28,42] and the references cited therein. When A = 6 = 0 and ¢ > 1,
the study of the local and global solutions of (1.2) has been pioneered by Brezis—Véron [6] and
Véron [39,40]. Their results were generalized to p-Laplacian type equations with 1 < p < N by
Friedman and Véron [23] for p—1 < ¢ < N(p —1)/(N — p) and by Vézquez and Véron [37] for
qg > N(p—1)/(N — p). More recent generalizations exist in various directions, but without a
Hardy potential [4,10,12,14,15,35].

As a major advance in this paper, we unveil the structure of the set of solutions of (1.2) when
Q = RY for every §,\ € R and ¢ > 1. We give sharp existence results of all solutions of (1.2),
along with their precise behavior near the singular point £ = 0 and at infinity (see Theorems 1.1,
1.4 and 1.5 or Corollary 9.1). In addition, we provide the existence and profile near zero for
all solutions of (1.2) when € is a bounded domain of RY with 0 € Q and smooth boundary
08 on which we impose a homogeneous (or non-homogeneous) Dirichlet boundary condition (see
Theorem 1.3 or Corollaries 9.4-9.8). Using the Kelvin transform, our results can be reformulated
for problem (1.2) when € is an exterior domain. In Section 1.2 we state our main results, which
can be applied to equations where the Hardy—Schrédinger operator is replaced by more general
operators, see Section 1.3.

The difficulties in deciphering the profiles near zero for the solutions of (1.2) with Q = Qg arise
from and vary according to the position of A\ with respect to Ay = (N —2)2/4, the best constant
in the Hardy inequality, and the position of 6 relative to —2. When 6 > —2, the asymptotic
behavior near zero of the solutions of (1.2) has recently been classified by Cirstea [13] for A < Ay
(relying on the fundamental solutions of the Hardy—Schrédinger operator), and by Wei and Du
[42] for A > Ap. The methods in the latter case use among other things an approximation of
Apg by first eigenvalues of suitably modified eigenvalue problems and cannot be applied to the
former case and vice versa.

We stress that for § < —2, unlike § > —2, every solution of (1.2) with Q = Qg is bounded near
zero for every A € R (see Lemma 4.2 or [42, Proposition 2.7]). Since singular solutions were the
main interest of [13] and [42], the precise asymptotic behavior near zero was not pursued there

—Au
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for # < —2in (1.2). What this means (when using the Kelvin transform) is that the asymptotic
behavior at infinity for the solutions of (1.2) with Q = Q is still open for § > —2. We settle
this issue in Theorem 2.2 as a result of Theorem 1.2.

By means of a new and unified approach, in Theorem 1.2 we recover and extend to every
6 < —2 the results in [42] for A > Ay and also to the relevant maximal range for A < Ay (see
Section 1.2 for details).

Our findings differ according to four cases: (i), (M), (M3) and (N). The first one corre-
sponds to A > Ay and every 6 € R, whereas the latter three situations pertain to A < Ay and
arise from the position of § with respect to two critical exponents denoted by 6_ and 6., where

Oy :=py(¢g—1)—2 and pg ::%i A — A (1.3)

A first difference can be remarked at this stage compared with previous studies: when A > Ay
in our approach we can deal with every # € R at once. On the other hand, for A < Ay, we
emphasize that the position of # is not analyzed with respect to —2 but rather with two critical
exponents 01 defined in (1.3). This is because we rely on the Kelvin transform, the effect of
which when applied to a solution of (1.2) is to render an equation of the same type as (1.2) in
which only 6 changes, becoming b= (N—-2)g— (N +2+06). Remark that p, +p_ = N —2

and pyp_ = A. Thus, p1 are the roots of £ = 0 seen as a quadratic equation in O, where for
every 6 € R, we define
0+2
@;:Ll and () = 0= ©% — (N —2)© + . (1.4)
q—

In this paper, we give the structure of the set of all solutions of (1.2) with Q = R¥ as follows:

(a) A uniqueness result in Theorem 1.1 for Case (i), where
(U) A > g and 0 € R;
(b) A multiplicity result in Theorem 1.4 in relation to Cases (M;) and (My):
(Ml) A< Agandf < 9,;
(M3) A< Ag and 6 > 6. (Here, we always have 6, > —2 since ¢ > 1.)
(¢) Non-existence of solutions of (1.2) in Theorem 1.5 for Case (N'), namely,
N) A< Agand 6_<6<6,.
In Cases (U), (M1) and (M3), we see that £ > 0 and a radial solution of problem (1.2) is
given by
Uo(z) = Up(|z]) := £+ V2|~ for every z € RV \ {0}. (1.5)
The Kelvin transform in Section 2 reveals an intimate connection between Case (M;) and
Case (Mz)—the behavior near zero for a solution of (1.2) in one of these cases leads to knowledge
of the behavior at infinity for another solution of (1.2) in the other case. In Case (Msj) the
classification of the behavior near zero of the solutions of problem (1.2) given in [13] is closely
linked with the fundamental solutions @f of the Hardy—Schrédinger operator Ly := A+ \|z|~2.
(We recall this classification in Theorem 2.1.) When A < Ay, let @f be the fundamental solutions
of the linear equation

~Lx® =0 in B;(0)\ {0}, where Ly:=A4\|z|"% (1.6)
We set @ () = |z| 7P~ for each z € RV \ {0} and we define @} as follows
N |z| 7P+ for every 2 € RV \ {0} it A < A,
A () = { \x|_¥ log (1/]z|) for every 0 < |z| <1 if A= Ag. (L)

Then, @, satisfies (1.6) in D'(RY) and A| - |72®; () is locally integrable in RY. (The same
applies to @ if 0 < A < Ay.)
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For Q@ = RY, in Case (M;), like in Case (My), we prove in Theorem 1.4 that (1.2) has
infinitely many solutions, all radially symmetric satisfying

im =1 in Case (M7) and lim
1210 Uy () M) |00 Up ()

In addition, we find the following:

=1 in Case (My).

e For every 0 in Case (M), there exists a unique solution u; g of (1.2) with Q = RY | subject
to limy_o u(z)/®} (z) = 1, where ® is given by (1.7). Then, Uy U {p®u1o(p-) : p € (0,00)}
give all solutions of (1.2) in RY \ {0}.

e For each 6 in Case (M), the set of all solutions of (1.2) with Q = RY is Uy U {u® Uy o(p-) :
p € (0,00)}, where Uy g is the Kelvin transform of u, 5 with f:= (N —2)g— (N +2+40), namely,
Ui g(z) == |z|>Nu, 5(x/|z|?) for z € RN \ {0}. If 0 is in Case (M), then f is in Case (My)

~

and £(0) = £(0).

1,0

We bring to light several interesting features for the solutions of (1.2) when considered globally
for Q = RY rather than locally, say for = B;(0). A significant difference between local and
global solutions is that, whenever it exists, a solution of (1.2) in RY \ {0} becomes radially
symmetric (see Theorems 1.1 and 1.4). Another difference is that a host of solutions of (1.2)
that exist in Q \ {0}, where Q) is a smooth bounded domain containing zero, cannot be extended
as solutions of (1.2) in RY \ {0}. This becomes apparent by comparing Theorems 1.1, 1.4 and
1.5 with Theorem 1.3 (see also Remark 9.9).

Definition 1. By a solution (sub-solution, super-solution) of (1.2), we mean a positive function
u € C1(Q\ {0}) such that for all functions (non-negative functions) ¢ € CL(Q\ {0}), we have

A
/Vu~Vg0dx—/—ngodx—i—/mequodx:() (<0, >0). (1.8)
Q Q|| Q
We denote by CL(Q\ {0}) the set of functions in C1(Q\ {0}) with compact support in 2\ {0}.

1.2. Main results. We show that Case () resembles Case (M;) (respectively, Case (Ms))
only when it comes to the asymptotic behavior near zero (respectively, at infinity) for every
solution of (1.2) with Q = Qg (respectively, Q@ = Q). In other respects, Case (U) is different
from the rest. Our first result shows the reason.

Theorem 1.1 (Uniqueness). In Case (U), Uy in (1.5) is the unique solution of (1.2) for @ = RV.

To our best knowledge, this result is completely new. The crux of the proof is to show that
in Case (U), Uy models the behavior near zero for every solution of (1.2), which also happens in
Case (My).

Theorem 1.2 (Classification of behavior near zero, Cases (i) and (Mj)). In Case (U) and
Case (M), every solution of (1.2) with Q = Qq exhibits near zero the limit behavior

1m U(x) =
lz|—0 Up(z)

(1.9)

The advance made in Theorem 1.2 is to remove the restriction § > —2 imposed in [13] for
Case (M) and in [42] for Case (). When 6 < —2 in Case (U) a precise asymptotic behavior
near zero remained open: it was shown only that every solution of (1.2) is bounded near zero
[42, Proposition 2.7] (see Lemma 4.2 for another proof). The method in [42] is different than in
[13] and neither treatment could be adapted to cover the full range of Theorem 1.2. Indeed, the
techniques in [13] for Case (M;) rely on the fundamental solutions of the Hardy—Schrodinger
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operator Ly in (1.6) and thus cannot be extended to tackle Case (U) in Theorem 1.2. On the
other hand, the results in [42] depend on § > —2 and A > Ay to get an approximation (performed
in [44]) of the Hardy constant Ay by first eigenvalues of suitably modified eigenvalue problems of
—A¢ = \|z|72¢ in H}(Q), see [42, Lemma 2.3]; the analysis is also based on [42, Proposition 2.5
giving the existence and uniqueness of the solution to (1.2), where {2 is a smooth bounded domain
containing zero, subject to a zero Dirichlet condition on 02. But such a solution fails to exist in
Case (M) as we shall prove in Theorem 1.3.

We provide a new and unified proof of Theorem 1.2 that in our opinion is simpler than in
[13] and [42]. We describe here the novelty of our approach. Unlike the method in [13], we do
not use the fundamental solutions of the operator Ly in (1.6). Instead, we construct explicit
local sub-solutions and super-solutions of (1.2) with the advantage of unifying the treatment of
Cases (M) and (U). We also reason differently than in [42] for § > —2 in Case (U) since our
proof of (1.9) does not rely on the existence and uniqueness of the solution to (1.14) with h = 0.
In fact, we use the opposite strategy. First, without any concern for the existence issue, we prove
that any solution of (1.2) satisfies (1.9) in Cases (/) and (M;). Then, with this precise behavior
near zero, we infer in Theorem 1.3 that (1.14) has at most one solution via the comparison
principle in Lemma 4.1, whereas we obtain a solution as a limit of solutions to approximate
boundary value problems. (For the existence of a solution in Case (M), the condition h # 0 in
(1.14) is necessary.)

What sets apart Case (U) and Case (M) from the remaining cases is that every solution u
of (1.2) with Q = Qg satisfies

u(z)

11|£I‘1_1>I(1)f ) > 0. (1.10)
We prove this fact in Lemma 3.1 by devising an explicit family {ws}s~o of “rough” sub-solutions
of (1.2) in RY \ Bs(0), satisfying ws = 0 on 0Bs(0) and lims_,o+ ws(x) = cUp(x) for every
x € RY\ {0}, where ¢ > 0 is any suitably small constant. More precisely, we define w; as follows

)

ot s
||> ] for every |z| > 4, (1.11)
x

ws () = cUp(x) {1 — (
where we fix @ > 0 small, depending only on N, q,0 and \. It turns out that w; satisfies the
above properties for every ¢ € (0,c¢,), where ¢, > 0 depends on «, but not on §. With a suitable
choice of the constant ¢ = c¢(rg,u) such that v > ws on 9By, (0), where ro > 0 is such that
B,,(0) C Q, the comparison principle in Lemma 4.1 implies that u > ws for every § < |z| < 7.
By letting 6 — 0%, we obtain (1.10). We use the term “rough” in relation to the sub-solution
ws to indicate that at this stage we get liminf|,_,ou(x)/Uo(x) > c for a constant ¢ > 0 that is
not optimal.

To complete the proof of Theorem 1.2 it remains to show that (1.10) yields (1.9). This is
achieved in Proposition 5.2 by a unified construction of refined local sub/super-solutions of (1.2)
in B1(0) \ {0}. These are explicitly given in (1.12), working in Cases (U), (M;) and (My) (see
Lemma 5.1 for details). For every € € (0,1) and n > 0, we define wsiﬂ7 in RV \ {0} as follows

: )y T
wam(x) =1 —-e)Ug(x)|z|" {1+ -
N (1.12)

T ) (g TN
w! () == (1+¢)Us(z) || 1+ , ,
where a > 0 is suitably fixed, depending only on N, ¢,6 and A\, whereas v > 0 is arbitrary. Such

a construction, which we motivate in Section 5.1, appears here for the first time and is robust
enough to deal with the Hardy potential in the nonlinear elliptic equation (1.2).
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Theorem 1.1 follows readily from Theorem 1.2. Indeed, by proving in Case (U) that there is
only one asymptotic behavior near zero as in (1.9), using the Kelvin transform, we gain a unique
behavior at infinity for every solution of (1.2) with = Q,, namely,

)
|z|—o00 Uy (x)

=1. (1.13)

Then, using Lemma 4.1, we derive that Uy is in Case (i) the only solution of (1.2) in RY \ {0}.
In contrast, we prove in Theorem 1.4 that (1.2) in RY \ {0} has infinitely many solutions in
Case (M) and Case (Msz), whereas no solutions exist in Case (A) (see Theorem 1.5).

In Theorem 1.3 we extend some results from [13] and [42] and find new ones about the solutions
of (1.2), subject to a Dirichlet boundary condition on 9f2. For every ¢ > 1 and A,0 € R, we
address the existence, uniqueness or multiplicity of solutions to the nonlinear elliptic problem

A
—Au— ——u+|z/’uI=0 inQ\ {0},
PE || \ {0} (1.14)

u=h>0 ond, wu>0 inQ\ {0},

where ) is a smooth bounded domain containing the origin of RY (N > 3) and h € C(99) is a
non-negative function. By a solution of (1.14), we mean a function u;, € C*(Q\ {0})NC(Q\ {0})
that is positive in  \ {0} such that up|oq = h and wy, satisfies (1.2) in D'(2\ {0}).

Theorem 1.3 (Existence, uniqueness/multiplicity results for (1.14)). Let Q@ C RY be a smooth
bounded domain containing zero. Let h € C(02) be any non-negative function.

(1) Let Case (U) hold. Then, problem (1.14) has a unique solution up. Moreover, if © <
(N —2)/2 and h = 0, then uy(x)/|z| and |z|°Ful belong to L?(Q), u, € HY(Q) and,
for every ¢ € H}(Q),

Vuh-Vgpdx—/ %uhgodx—k/ |2|°uf ¢ dz = 0. (1.15)
Q Q |7l Q

(2) Assume Case (My) or Case (N). If h £ 0 on 0L, then problem (1.14) has a unique
solution uy,.

(3) If h=0 on 99, then (1.14) has no solutions in Case (M7) and Case (N).

(4) Assume Case (Ms). Then, (1.14) has infinitely many solutions: for every v € (0, 0]
(also for v =0 when h Z 0 on 0N), problem (1.14), subject to

O
x| 0 ®F ()

(1.16)

has a unique solution ugj). Moreover, for v = oo, the solution ugY) satisfies

(v)
lim Yn (x) =
|z|—0 Up(x)

(a) If h £ 0 on 09, then {uE’Y) 2 0 < v < oo} is the set of all solutions of problem

3
(1.14) and for v = 0 we have lim|,| ¢ |x|p*u§7)(aﬂ) € (0,00).
(b) If h =10 on 09, then all solutions of (1.14) are {ugj) D 0<y < oo}

We point out that under the hypotheses of Theorem 1.3, the behavior near zero for the unique
solution wy, of (1.14) is provided by Theorem 1.2 in Cases (i) and (M) and by Theorem 2.1
in Case (NV). The assertions (2) and (4) in Theorem 1.3 extend corresponding results in [13] for
Q = B1(0). The novelty in Theorem 1.3 is given by the conclusions in (1) and (3).
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In contrast to Case (U), the problem (1.14) with u = 0 on 92 has no solutions in Case (My).
This can be shown using the Hardy inequality (see Remark 6.2) or by another argument relying
on Theorem 1.2. Indeed, suppose that u is a solution of (1.14) with uw = 0 on 9. Then,
lim, 0 [P~ u(x) = 0 in Case (M) since © < p_. Hence, for every ¢ > 0, we have u(z) <
glz|~P- for |z| > 0 close to zero and for every z € 99 so that 0 < u(x) < elz| P~ for every
z € Q\ {0} in view of Lemma 4.1. By letting ¢ — 0, we arrive at u = 0 in Q \ {0}, which is a
contradiction. This argument can be easily adapted in Case (A) to establish the non-existence
of solutions to (1.14) with h = 0.

For § > —2 in Case (U) and h = 0, the existence and uniqueness claim in Theorem 1.3 was
proved differently by Wei and Du [42, Proposition 2.5]. Their analysis relied on rough estimates
[42, Lemma 2.4]: there exist positive constants C7,Cs,7¢ such that every solution w of (1.2)
satisfies

Ch|z|7® < u(x) < Colz|=®  for all 0 < |z| < ro. (1.17)

Then, arguing by contradiction, any solution of (1.14) with h = 0 was shown to coincide with
its minimal solution w via the strong maximum principle and a convexity trick of Marcus and
Véron [30,31]. The condition A > Ay was essential in gaining the minimal solution w as the
limit § — 0T of the unique solution us to (1.2) in Q7 := Q\ Bs(0), subject to u = 0 on 9Q°. Tt
was shown that lim inf|, o w(x)/Us(z) > 0 by a comparison with the unique solution of (1.2) in
a suitable annular domain with zero Dirichlet boundary condition. The first inequality of (1.17)
shows that every solution of (1.2) blows-up at zero by the assumption 6 > —2 in Case (U). The
second inequality in (1.17) was derived for the maximal solution U of (1.2) satisfying U = co on
09, which was constructed in [42] as the limit (6 — 0T) of the unique solution Us to (1.2) on
the approximate domain ° with boundary blow-up.

In Theorem 1.3 we show that Case (i) is the maximal range for which (1.14) with h = 0 on
O has a unique solution. Hence, not only we give an alternative proof of [42, Proposition 2.5]
for # > —2 in Case (U) but also extend its existence and uniqueness conclusion to the entire
Case (U).

We now give some ideas behind our proof of Theorem 1.3. As a byproduct of Theorem 1.2 in
Cases (U) and (M) (and of Theorem 2.1 in Case (N)), jointly with Lemma 4.1, we find that
(1.14) has at most a solution. We obtain a non-negative solution wuy, of (1.14) as the limit when
k — oo of the unique positive solution up x of (1.2) in Q\ By,,(0), subject to u = h on 9§ and
u = C|z|=® on 0By ;(0), where C > 0 is a large constant. When & % 0 on <2 in Cases (M)
and (N), the positivity of uy in Q follows from the strong maximum principle. When h = 0
in Cases (U) and (Mz), we prove that up > 0 in Q by showing that up ;(z) > 2z5(z) for every
1/k < |x| < § and every k > kg large enough, where zs is defined by

||

25(z) 1= cUp(z) {1 - (5ﬂ Y for every 0 < [a] < 4. (1.18)

(Here, like for ws in (1.11), we fix o > 0 small, depending only on N, ¢, 6 and \.) By applying
the Kelvin transform to the sub-solution ws of (1.2) in RV \ Bs(0) for Cases (i) and (M), we
obtain that zs is a sub-solution of (1.2) in Bs(0) \ {0} for Cases (i) and (My).

In Case (M3), the solution uy constructed above for problem (1.14) is the maximal one since it
satisfies lim inf|;) o un(x)/Uo(z) > 0, which yields lim ;o un(x)/Up(x) = 1 via Proposition 5.2.
Case (M3) is the only one when (1.14) has infinitely many solutions (see Section 6 for details).

We next return to (1.2) with Q = RY. Taking Case (M;) separately from Case (Mj), we
determine in Theorem 1.4 all solutions of (1.2) in RY \ {0}, together with their behavior near
zero and at infinity. If it were to exist, such a solution would satisfy at zero the limit behavior
given by Theorem 2.1, whereas at infinity the precise behavior listed in Theorem 2.2.
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Theorem 1.4 (Multiplicity, Cases (M;) and (My)). Let Q =RV,

(1) Let Case (Ms) hold. For every~y € (0,00), equation (1.2), subject to (1.16), has a unique
solution u~. All solutions of problem (1.2) satisfy (1.13) and are radially symmetric,
being given by Uy and {u, : ~ € (0,00)}. In addition, we have u, < uy < Uy in
RN\ {0} for every 0 < v <+ < oo and Up(z) = lim—y00 u(z) for each z € RN \ {0}.

(2) Let Case (M;i) hold. For every v € (0,00), equation (1.2), subject to

M ()

im ——————=
has a unique solution, say U,. All solutions of problem (1.2) satisfy (1.9) and are radially
symmetric, being given by Uy and {Uy : v € (0,00)}.

=7 (1.19)

By the Kelvin transform in (2.7), the claims of Theorem 1.4 in Case (M;) follow from those
of Case (My), the latter being treated in Proposition 7.1. Theorem 1.4 uncovers an unexpected
feature: there are no solutions of (1.2) in RY \ {0} satisfying lim,_o [z[P~ u(z) € (0,00) for
Case (M3) and, hence, no solutions exist satisfying lim|;| o [2[P*+ u(z) € (0, 00) for Case (M).

We remark that in Case (M) (respectively, Case (M7)) of Theorem 1.4, we can obtain the
solutions u, (respectively, U,) with v € (0, 00) from the solution corresponding to v = 1. We
next make this point clear. Given p > 0, let T}, : CL(RY \ {0}) — CY(R™ \ {0}) be the operator
defined by

T, (u)(z) := pCu(pzx) for every x € RV \ {0}.
Observe that whenever Uy in (1.5) is well-defined such as in Cases (M) and (My), we have
T,,(Ug) = Uy. Moreover, the transformation 7}, sends a solution of (1.2) with & = RY into a
solution of the same equation.

Let Q = RM and Case (M3) hold. By Theorem 1.4, there exists a unique solution u; g
of problem (1.2), subject to lim,|_o u(x)/@}f(z) = 1. Moreover, uj g is radially symmetric
and satisfies lim;| o0 u1,9(2)/Uo(x) = 1. Then, all solutions of (1.2) are given by U and
{T,(u1,9) : 0 < p < oo}. (The solution u., of (1.2), subject to (1.16), corresponds to T),(u1,9)
with p = y1/(©=P+)))

If Case (M) holds instead of Case (M3), then all solutions of (1.2) are given by Uy and
{T.(U1,0) : 0 < p < oo}, where Uy g is the Kelvin transform of u; 5 with 0 = (N—2)q—(N+2+6),
namely, Uy g(z) = |22~V ul,g(x/|x|2). (The solution U, of (1.2), subject to (1.19), is T},(Uy,6)
with p = 4'/(®=p-)))

We next illustrate explicitly the findings of Theorem 1.4.

Example. Fix ¢ > 1 and —oco < A < Agy.
(i) In Case (M) if 0 = 0 +4v/Ag — A, then UyU{u, 6 : 0 < p < oo} represent all solutions
of (1.2) in RV \ {0}, where we define

2

U () o= 2| P+ (VWH N |a:|2‘/AH7>‘>7qj for z € RV \ {0}.

(if) In Case (M) if 0 = 0_ — 4/ Ay — A, then Uy U{U,p : 0 < p < oo} is the set of all
solutions of (1.2) in RY \ {0}, where we define

Upo(@) i= o] = (122 4 [00)) 74 o722 73) 7 for 2 e RN\ {0},

In Case (N), we obtain that there are no solutions of (1.2) in RV \ {0}.

Theorem 1.5 (Non-existence, Case (N)). Problem (1.2) with Q@ = RN has no solutions in
Case (N).
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This non-existence result is somehow startling and it ensues essentially from Q = RY in (1.2).
Theorem 1.3 shows that (1.2) in B;1(0) \ {0} admits solutions exhibiting near zero ecach of the
behaviors prescribed by Theorem 2.1. Yet, surprisingly, in Case (A) none of these local solutions
can be extended as a solution of (1.2) in RV \ {0}. Were it to exist, a solution of (1.2) in R\ {0}
would have the limit behavior near zero and at infinity given in Table 1. Using essentially such
precise asymptotics in Case (N), we are able to rule out the existence of solutions of (1.2) for
Q=RN.

TABLE 1. Possible profiles in Case (\)

Case (N) behavior near zero in | behavior at infinity in
0_ <0 <0+ (2.1) (2.4)
0=0_<6, (2.2) (2.4)
0=0,>0_ (2.1) (2.5)
0=0_=0, (2.3) (2.6)

1.3. Applications to weighted divergence-form equations. Here, we consider a related
problem that can be solved using our method and results from Section 1.2. For N > 3, we study
the nonlinear elliptic problem

div (|z]72*Vv) 4 d |2| 20+ y = |z® 07 in RV \ {0},
v>0 in RV \ {0},

where a,b,d, g € R, in the super-linear case ¢ > 1.

Before stating our main result on (1.20), we indicate what is known in the literature. For
b=d=0and —1 < a < (N — 2)/2, the influence of the weight |x|=2% in the divergence-form
elliptic operator on the existence and local behavior near zero of the singular solutions of (1.20) in
B1(0)\ {0} follows from [4]: there exist positive solutions satisfying lim, o 2|V 7272 v, (z) = v
for some 7y € (0,00] if and only if 1 < ¢ < N/(N — 2 — 2a); in turn, if ¢ > N/(N — 2 — 2a), then
every solution of (1.20) in B;(0)\ {0} can be extended as a positive continuous solution of (1.20)
in B;(0). In fact, more general weights than |2|~2% were considered in [4] using the framework
of regular variation theory. For recent generalizations of these local existence and classification
results to weighted quasilinear elliptic equations, see [10, 35].

Returning to (1.20) with d = 0, we point out that the local behavior near zero has not been
fully elucidated given that in the above-mentioned works, the parameters a and b are restricted
to specific ranges (e.g., a < (N — 2)/2 and b > —N), the focus being on the existence of
singular solutions near zero (see, for example, Remark 1.1 in [35]). Unfortunately, this limits our
understanding of the behavior at infinity for the solutions of (1.20); if v is a solution of (1.20),
then by applying a generalized Kelvin transform, namely,

(1.20)

() = |2 PN 0 (/) (1.21)
it is readily seen that v satisfies (1.20) but with b replaced by
bi=(N—-2-2a)qg— (N +2a+b+2). (1.22)

Using our main results regarding problem (1.2) with Q = R, for every a,b,d € R and ¢ > 1,
we obtain in Theorem 1.6 a sharp criterion for the existence of solutions of (1.20), together with
their exact profile near zero and at infinity. As a consequence, we derive that whenever they
exist, all solutions of (1.20) are radially symmetric. For ease of reference, we define

2 b+2 N -2
0‘;:%7 pr=a——5— and £:= (o0 +p)?—p*+d. (1.23)
q—
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We next state our main result concerning (1.20).

Theorem 1.6. Problem (1.20) has a solution if and only if £ > 0.
(i) If d > p?, then problem (1.20) has a unique solution given by

vo(x) == Eq—%|x|_" for every x € RN \ {0}. (1.24)

(i) If (o +p)? > p?> —d > 0 (for 0 # —p), then (1.20) has infinitely many solutions, all
radially symmetric and their total set is vo U {vy : v € (0,00)}. For every v € (0,00),
we denote by v, the unique solution of (1.20) that satisfies the limit behavior near zero
and at infinity given in Table 2.

TABLE 2. Precise asymptotics for v,

Case | Criterion for eristence | Behavior as || — 0 | Behavior as |x| — 0o
] e Gl == =l -
(M) | d=p? and o < —p :(i; u%ﬁgm

(M) | d=p? and o > —p Wf;’g%_wy %%1

Theorem 1.6 appears here for the first time except for a =b=d = 0.

We note the connection between various cases displayed in Table 2. For a solution v of (1.20)
in Case (Mj1) (respectively, (Mi2)), its generalized Kelvin transform v in (1.21) is a solution
of (1.20) (with b = b in (1.22)) in Case (Ma21) (respectively, (Maz)). (Indeed, if we denote by
o the value we obtain for o when b is replaced by 5, then ¢ = —2p — ¢ and thus the condition

o+ p<—+/p?—din (My,) translates as  + p > /p? —d in (Ma).)

To obtain Theorem 1.6, for a solution v of (1.20), we use the transformation

u(x) == |z| " v(x). (1.25)
Then, a direct calculation shows that u is a positive solution of
A
—Au— ——u+|z/’u? =0 inRV\ {0}, (1.26)

|2
where A and 6 are here given by

Ai=d+a(N—-2—-a) and 60:=a(l+q)+b.

Hence, Theorem 1.6 follows by applying Theorems 1.1, 1.4 and 1.5 for problem (1.26), then using
the transformation in (1.25).

Remark 1.7. Due to (1.25), we can put problem (1.20) in the same framework as in (1.2) and
reformulate all our findings for (1.14) in Theorem 1.3 to obtain corresponding conclusions for
(1.20) in Q\ {0}, subject to u = h > 0 on 9N, where Q C RY is a smooth bounded domain
containing zero and h € C(0Q). We leave these statements to the reader, who would then be able
to get a full picture of all solutions of (1.20) whether considered locally or globally.
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In special cases, problems of the type (1.20) but with an opposite sign in the right-hand side of
(1.20) have been studied extensively by many authors motivated by applications to Riemannian
geometry, as well as by various connections with the Caffarelli-Kohn—Nirenberg inequalities
(e.g., [8,9,19,29] and references therein); their treatment is based on variational or moving plane
methods or uses the finite dimensional reduction of Lyapunov—Schmidt.

In this paper, we follow a different approach since the sign in the right-hand side of (1.20) does
not allow us to use moving plane techniques, whereas variational methods cannot be employed
here because of certain types of singularities that appear near zero for the solutions of (1.20).

Structure of the paper. In Theorem 2.1 of Section 2, we recall from [13] all the profiles
near zero for the solutions of (1.2) with Q@ = Q. Based on this result and using the Kelvin
transform and Theorem 1.2, we deduce in Theorem 2.2 the asymptotic behavior at infinity for
the solutions of (1.2) with = Q4. In Section 3 we check that the functions ws and zs given
in (1.11) and (1.18), respectively are sub-solutions of (1.2) on suitable domains. In Section 4 we
include basic ingredients that will be often used in the sequel such as the comparison principle
in Lemma 4.1 and the a priori estimates in Lemma 4.2. In Section 5 we prove Theorem 1.1
and Theorem 1.2. In Section 6 we establish the assertions of Theorem 1.3 on the existence of
solutions of (1.14). We dedicate Section 7 to the proof of Theorem 1.4. The claim of Theorem 1.5
is proved in Section 8. We conclude the paper with comments and remarks in Section 9.

2. ASYMPTOTIC BEHAVIOR NEAR ZERO / AT INFINITY

For A < Ay and 6 > —2 the sharp local behavior near zero and existence of solutions of (1.2)
in B;1(0)\ {0} is established in [13], presenting a great diversity, which is recalled in Theorem 2.1.
The study in [13] concerned more general nonlinear elliptic equations than (1.2) by invoking
regularly varying functions (the weight |x|? in (1.2) was replaced by a regularly varying function
at zero with index 6 > —2). Some results in [13] such as those in Chapter 3.1 and the a priori
estimates of Lemma 4.1 when applied to our equation (1.2) carry over beyond the range 6 > —2
(see Lemma 4.2 in Section 4).

Theorem 2.1 (See Chapter 7 in [13]). Let Q = Qq, 6 > —2 and u be any solution of problem
(1.2).
(i) If Case (My) holds, then u satisfies (1.9);
(ii) If Case (Msz) holds, then exactly one of the following occurs:
(A) liIn|3L'|—>O |z[P~ u(z) € (0,00);
(B) There exists v € (0,00) such that lim;)_ u(z)/®Y (z) = 7;
(C) u satisfies (1.9).
(iii) Assume Case (N). Then, im0 u(z)/®} (z) = 0 and we have
(M) IfO_ <0 <64 for X\ < \g, then

lim |z|”- u(x) € (0, c0); (2.1)

|z]—0

(N2) If 0 = 0_ < 0, for A\ < Ay, then u satisfies

. 1\ N—Q—m))Jl

lim |z|P- | log — ulz) = ———— ; 2.2

150 1 ( guO ) ( q—1 (22)
(N3) If 0 =0_ =0, for \ = \g, then u satisfies

N-2 1 0%1 2 1 q%l

lim |o 52 (log ) u(z) = [(‘”)} . (2.3)

|2|—0 |2] (q—1)2
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We remark that the condition 6 > —2 in Theorem 2.1 can be removed (relevant for Case (M)
and items (A7) and (AN3) in (iii)) and the conclusions extended according to the specified case.
We indicate why in Case (M) the condition 6 > —2 is not needed to reach (1.9). The idea in
[13] is to reduce the proof of (1.9) to the case of radially symmetric solutions u(r) = u(|z|) in
B;(0) \ {0} and for these to use a suitable change of variable:

y(s) =u(r)/®, (r) with s = @I(r)/@;(r).

In Case (M), the a priori estimates in Lemma 4.2 (see Section 4) imply that lim, o+ u(r)/® (r)
0. Since lim,_,q f: plt0=(@=Dp- gr — 50 if A < Ay and lim,_,¢ f:/g POt IN=a(N=2)1/2 160 (1 /1) dr =
oo if A = Ap, then Theorem 1.1 in Taliaferro [36] gives that any two positive solutions of the
differential equation satisfied by y are asymptotically equivalent at co. This means that every
positive radial solution w of (1.2) in B1(0) \ {0} satisfies lim, g+ u(r)/Uy(r) = 1. The ingre-
dients used to reduce to the radial case work for every 6 € R, see Lemma 4.2, Lemma 4.4 and
Remark 4.5.

The claim of Theorem 2.1 in Case (N7) holds for every 6_ < 6 < 6, with the same proof
as for max{—2,0_} < 6 < 6,. Similarly, with the methods in [13], the assertion of Case (N2),
which was proved for § = 6_ and 0 < A < Ay, remains valid for A < 0.

From Theorem 1.2 and Theorem 2.1, we gain full understanding of the limit behavior near
zero for all solutions of (1.2) for every #, A € R and ¢ > 1. This and the Kelvin transform allow
us to classify the local behavior at infinity for every solution of (1.2) as follows.

Theorem 2.2 (Classification of the behavior at co). Suppose that u is an arbitrary solution of
(1.2) with Q = Qu.
o: In Case (U) and Case (Mas), we have (1.13).
o: In Case (My), exactly one of the following behaviors occurs:
(D) liIn|w|—>o<> |[z[P+ u(z) € (0,00);
(E) There exists v € (0,00) such that lim,| o [2|V 2 u(z)/®F (1/|2]) = ~;
(F) u satisfies (1.13).
e: In Case (N), we distinguish three situations:
(1) If0_ <0 < 6,4, then

lim |z/P+u(z) € (0,00); (2.4)

(2) If 0 =64 and A < Ay, then u satisfies

1

1 N—-2-2p_\a1
lim |z|P+ (log|z])7 T u(z) = <p) ; (2.5)

|z|—o00 q—1

(3) If 0 = 04 and A = Ay, then

lim [2|*7 (loge)7T u(x) =
|z|—o00

PECIia 20

(g—1)2

The existence of all the profiles at infinity prescribed by Theorem 2.2 follows from Theorem 1.3
and the Kelvin transform.

The Kelvin transform. Let Q = RY with N > 3. For a solution u of (1.2), let u, be its
Kelvin transform with respect to the unit sphere in RV:

uy(z) := |z)> N u(z/|z?) for z € RV \ {0}. (2.7)
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Since Au,(z) = |z|~N~2(Au) (x/|z|?), we obtain that u, satisfies an equation of the same type
as u, where 6 is replaced by 6 := (N — 2) g — (N + 2+ 0). In other words, we have

—Au, u, +]2Puf =0 in R\ {0}. (2.8)

||
The behavior of u, near zero (respectively, at infinity) is obtained from the behavior of u at
infinitely (respectively, near zero) by using (2.7). For such conversions, it is useful to keep in
mind that

~ 0+2 ~ Ay ~

@::qj:N—Q—G and (:=0°—(N-2)0+ A=/ (2.9)
We see that if 0 < —2, then 0 > —2 and similarly, § < —2 implies that 0 > —2 since g>1.1In
addition, if A < Ay, we have = 0y + 6_ — 0 using 01 in (1.3); thus, 0 <o_is equivalent to
0 > 0, whereas 6> 0, if and only if 6 < 0_.

What this means is that in Case (i) (Case (Mj) and Case (Mz), respectively) if u is a
solution of (1.2), then its behavior at zero leads (through its Kelvin transform u.) to knowledge
of the behavior at infinity for some other solution of (1.2) in Case () (Case (Msz) and Case
(M), respectively). Then, Theorem 1.2 implies in Case (U) and Case (M3z) that every solution
u of (1.2) satisfies a unique behavior at infinity given by (1.13) using the Kelvin transform in
(2.7) and (2.9).

3. CONSTRUCTION OF EXPLICIT “ROUGH” SUB-SOLUTIONS

In Lemma 3.1 we proceed with the explicit construction and verification of the “rough” sub-
solutions ws for (1.2) on exterior domains in Cases (i) and (M;). This will find application
in the proof of Theorem 1.2 via Corollary 3.2. In addition, through the Kelvin transform, we
immediately acquire corresponding sub-solutions zs of (1.2) for 0 < |z| < § in Cases (U) and
(Ms), which will be used in the proof of Theorem 1.3.

Lemma 3.1. In Case (U) and Case (M), for every a > 0 small, depending on N, q, 0 and X,
there exists co, > 0 such that for every constant ¢ € (0,¢,) and all 6 > 0, the function ws given

by

5\
ws () = cUp(x) [1 - (|x> } for every |z| > ¢ (3.1)
satisfies the following inequality
L (ws) + |z|° (ws)? <0 for every |z| > 6. (3.2)

Proof. Assume Case () or Case (M;). Recall that £ > 0. For every a > 0, we use the notation
A, ::1-@(1\7—2—2@—\/&)

Vo
14
Using the definition of ws in (3.1), for every |z| > J, we obtain that

. o 5 o %72 5 20 5 «
Ly(ws) = claT |z ©-2 {1— <x|> } lAa (|x|> + B, <|x|> +1

as well as |
q [e% ﬁ
- (8

T

(3.3)

Byi=—2+Y"(N-2-20-q).
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For every t € (0,1), we define
hat) = (1—t) =0 D2 (4, 2+ Byt +1).
If t = (§/]x|)®, then the inequality in (3.2) is equivalent to

ha(t) > ¢t for every t € (0,1). (3.4)
We prove below that we can choose « € (0,1) small, depending only on N, ¢, 6 and A, such that
inf hq(t) > 0. 3.5
oot fa(?) (3-5)
Let a € (0,1) be small such that A, > 0. Observe that
Aa+Ba+1:%(1—\/&)>O. (3.6)
By a simple computation, using (3.3), we find that
4
B2 — 44, = 7;)‘{AH—A+e\/a+%[a—2(N—2—2@)]}.

To prove (3.5), we analyze Case (U) separately from Case (My).
(U) Let A > Ay and 6 € R. Then, we have B2 — 44, < 0 by choosing o > 0 small enough.
Hence, A, t? + Bot+1 > 0 for every ¢t € R.

(M) Let A < Ay and @ < 6_. Then for o > 0 small enough, we have that B2 — 44, > 0
and, hence, the quadratic equation A, t?> + B, t+ 1 = 0 has two distinct roots, say t; (c)
and ta(ar). Since 0 < 0_ is equivalent to © < p_, from p_ < (N — 2)/2, we obtain that
N —2—-20 > 0. Hence, we have t; (o) t2(a) = 1/A, > 1 for a € (0,1) small enough.
Then, both roots ¢ («) and t3(«) are greater than 1 in view of (3.6). Hence, we have

Agt? + Bot+1>0 for every t € [0,1]. (3.7)

Since (3.7) holds for Case () and Case (M), using that (1 — t)_%(q_l)_2 > 1 for every
t €10,1), we deduce (3.5).

We define ¢, = (infie(0,1) ha(t))l/(q_l) > 0. Then, for every 0 < ¢ < c¢,, we obtain (3.4).

This ends the proof of Lemma 3.1. O
Corollary 3.2. Let Q = Qq. In Case (U) and Case (My), every solution u of problem (1.2)
satisfies

()

lim inf > 0. 3.8

jel=0 Uo() (38)

Proof. Let rg € (0,1) be such that B,,(0) C Q. Choose a € (0,1) as in Lemma 3.1, according to
which there exists ¢, > 0 such that for every ¢ € (0,¢,) and all 6 > 0, the function ws in (3.1)
satisfies (3.2). Let 6 € (0,79) be arbitrary. Choose 0 < ¢ < min{cq, min,esg, (0)(u(z)/Uo(z))}.
Clearly, ws = 0 < u on 9Bs(0). Our choice of ¢ gives that uw > ws on 9B,,(0). We now apply
the comparison principle in Lemma 4.1 to obtain that

u(z) > ws(x) for every 6 < |z| < rp. (3.9)
For any = € B,,,(0) \ {0}, by letting § — 0 in (3.9), we deduce that
u(z) > cUp(z) for every z € B,,(0) \ {0},
which finishes the proof of (3.8). O

Our next result is important in the proof of Theorem 1.3 to treat Case (U) with h = 0 in
(1.14) (see Lemma 6.1) and to analyze Case (M3) in Lemma 6.3.
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Lemma 3.3. In Case (U) and Case (Ms) for every o > 0 small, depending on N, q, 6 and X,
there exists ¢, € (0,1) such that for any ¢ € (0,¢o) and all 6 > 0, the function zs given by

=\"17
z5(x) == cUp(z) |1 — 5 for every 0 < |z| <6 (3.10)
satisfies the following inequality
—L(z5) + |z|? (z5)7 <0 for every 0 < |z| < . (3.11)
Proof. The claim follows from Lemma 3.1 by using the Kelvin transform. |

4. BASIC INGREDIENTS
We often use the following comparison principle, which is a consequence of Lemma 2.1 in [16].

Lemma 4.1 (Comparison Principle). Let A € R, N > 3 and w be a smooth bounded domain in
RN with w C RN\ {0}. Let b € CO7 (@) satisfy b > 0 in w, where 7 € (0,1). Assume that g is a
real-valued continuous function on (0,00) such that g(t)/t is increasing for t > 0.

If u and v are positive C1(w)-functions such that

— La(u) + () glu) < 0 < ~La(v) + b(z) g(v) in D'(w),

limsup [u(z) —v(z)] <0,
dist(z,0w)—0

then u <wv in w.

Our next result is obtained in the same way as Lemma 4.1 in [13, Chapter 4], where we take
b(x) = |z|° for x € RNV \ {0} and h(t) = t9 for every t € (0,00) with ¢ > 1 and § € R.

Lemma 4.2 (A priori estimates). Let ro > 0 be such that Ba,,(0) C Q. For every ¢ > 1
and X\, 0 € R, there exists a constant Cy > 0, depending only on N,q,\ and 0, such that any
sub-solution u of (1.2) with Q = Qg satisfies

u(z) < Colz|=®  for all 0 < |z| < 7. (4.1)

Proof. Fix xg € RN with 0 < |zo| < ro. For every @ € By, /2(0), we define

2
_ __2 20 —x
P(x) := Cy |zo|~© [¢(x)] 77T, where ((z):=1— (||x0|0|> . (4.2)
We claim that in (4.2) we can take a constant Cy > 0 that is independent of 2 and rg such that
—LA(P(z)) + |z|? (P(x))? >0 for every z € Bigy)/2(z0)- (4.3)
Indeed, a simple calculation shows that the inequality in (4.3) is equivalent to

Imoa{ 16 [ 8(¢g+1) I$—$o|2] |zol* } 1
— | N((2) + + A x)py < Cd 4.4
|l‘|0 q— 1 C( ) (J71 |.Z‘0‘2 |l‘|2 C ( ) 0 ( )

for every x € Bjg,|/2(x0). Since 1/2 < |z[/|zo| < 3/2 for each & € Bj,,|/2(20), we see that the
left-hand side of (4.4) is bounded above by a positive constant depending only on N, ¢, A and 6.

Hence, we can find Cy > 0 such that (4.3) holds. Let u be any sub-solution of (1.2) with
Q0 = Q. From the definition of P in (4.2), we have P(z) — oo as dist (z,0B|4,|/2(20)) — 0.
Then, by Lemma 4.1, we obtain that

u(xr) < P(x) for every x € Bjy,/2(20)- (4.5)

In particular, for z = 2y we have u(z¢) < P(zo) = Co |zo|~®. Since this inequality holds for
every 0 < |zg| < rg, we conclude the proof of (4.1). O
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Since the constant Cj in Lemma 4.2 is independent of the domain, we obtain global a priori
estimates for any positive solution of (1.2).

Corollary 4.3 (Global a priori estimates). Let Q = RYN. For every ¢ > 1 and \,0 € R, there
exists a constant Cy > 0, depending only on N, q, A and 0, such that every positive sub-solution
u of (1.2) satisfies

u(x) < Colz|=®  for all z € RV \ {0}. (4.6)

We next state a regularity result from [13, Lemma 4.9], proved there in a more general setting.
We recall that a positive measurable function ¢ defined on some interval (0, A) with A > 0 is
called regularly varying at zero with index m € R, or ¢ € RV,,(0+4) in short, provided that

li ¢(ET) _m

rgg+ o) for every £ > 0.

When m = 0, we say that ¢ is slowly varying at zero. Any positive constant is a slowly varying
function at zero. Non-trivial examples of slowly varying functions at zero (defined for r > 0
small) include

(a) the logarithm log(1/r), its iterates log; (1/r) (defined as log(log,_,(1/r))) and powers of

log.(1/7) for every integer k > 1;
log(1/r) .
(b) exp (1og01gog<1/r>)’
(c) exp[(—logr)”] for v € (0,1).

Lemma 4.4 (A regularity result). Let rqg > 0 be such that By, (0) C Qo. Let 0 < § < O and
g € RV_5(0+) be a positive continuous function on (0,4rq) such that limsup,_ |z|®g(r) < oo.
If u is a solution of (1.2) with Q = Qo such that, for some constant C1 > 0, we have

0 <u(z) <Cig(z|) for every 0 < |z| < 2ro, (4.7)
then there exist constants C > 0 and o € (0,1) such that

Vu(z)| < C gﬁ';” and  |Vu(z) — Vu(a')| < C if"fﬂl Iz — 2’| (4.8)

for every z,x" in RN satisfying 0 < |z| < |2'| < rg.

Remark 4.5. If in Lemma 4.4 we assume that (4.7) holds for g € RV_s(0+) with 6 < © < 0
or § <0< O, then the assertion of (4.8) remains valid, subject to a slight change only in the
second inequality, which should be replaced by

g(l="]) o
V() = Vala)| < O L o =o'
for every x, 2" in RN satisfying 0 < |x| < |2'| < ro. Here, and in the first inequality of (4.8), the
constant C' will depend on |§| (only when 6 < 0). The explanation for these changes is provided
in Remark 4.11 of [13, p. 34].

5. PROOF OF THEOREM 1.1 AND THEOREM 1.2

The claim of Theorem 1.2 follows from Corollary 3.2 and Proposition 5.2. The ingredients
necessary for proving the latter are given in Section 5.1. We conclude the assertion of Theorem 1.1
in Section 5.2 based on Theorem 1.2.

To simplify writing, by Case (M), we mean Case (M) or Case (My). Here, we assume that
either Case (M) or Case (U) holds, that is,

(M) A< XApy and 6 € (—00,0_) U (04,00);

(U) A > Ag and every 6 € R.
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We construct refined local sub/super-solutions of (1.2) with Q = B;(0), which we use to
fine-tune the behavior of the positive solutions of (1.2) near zero. We illustrate this point. In
Case (M) and Case (U), we always have at our disposal the solution Uy of (1.2). Using our
super-solutions constructed in this section, jointly with the a priori estimates in Lemma 4.2, we
obtain in Proposition 5.2 that every (sub-)solution of (1.2) with 2 = Q satisfies

lim sup
lzj—0 Uo(®)

Moreover, using our refined local sub/super-solutions in Cases (i) and (M), we show that the
proof of lim ;o u(x)/Up(x) = 1 reduces to proving

<1. (5.1)

@)
1 f . 2
i To@y O (52)

5.1. Construction and motivation of our refined sub/super-solutions. The idea of con-
structing a suitable family of sub-solutions and super-solutions to obtain more precise upper
and lower bound estimates near zero has been used successfully for various nonlinear elliptic
equations without a Hardy potential, see for example [10,12,14,15].

In our situation, the introduction of the Hardy potential in Case (/) and Case (M) poses an
extra difficulty when comparing an arbitrary solution u of (1.2) with a super-solution (or sub-
solution). Such a comparison will take place on a punctured ball, B, (0) \ {0} with ro € (0,1)
small enough such that B, (0) C Q. To apply the comparison principle in Lemma 4.1, we need to
ensure that the solution u is bounded above by the super-solution (and below by the sub-solution)
on 0B, (0) and also as |z| — 0.

Let o > 0 and v > 0 be fixed. For every € € (0,1) and n > 0, we define

14

o\
wtyfe)i= (4 2) o) b7 (14 25
. (5.3)
o\ "VE
wz (o) = (1= &) Vol ol (14 122) 77
for every z € RY \ {0}, where Uy is given by (1.5).

Assuming (5.2) and using the a priori estimates in Lemma 4.2, it is clear that we get the
desired control near zero by introducing along Up(x) the factor |z|? in the sub-solution w_, and

e
the factor |z|~" in the super-solution wZ

.

Even though for every ¢ € (0,1) and n l 0, we find that (14¢) Up(z)|z|~" and (1—¢) Up(z)|z|"
is a super-solution and sub-solution of (1.2) in B;(0)\ {0}, respectively, the shortcoming of these
becomes apparent when comparing them with « on 0B,,(0). As we take 7 — 0 and eventually
e — 0, we need another degree of freedom to adjust the values of sub/super-solutions on 9B, (0).

Previously, the above issue was resolved by adding to the super-solution a corrective term (it-
self a super-solution) such that its behavior near zero is dominated by Uy. But only in Case (Ms)
this strategy can work as follows: we can add C|z| P~ to the super-solution (1+¢) Up(x)|z|~" (or
to the solution u in order to control the sub-solution (1 —¢) Uy(z)|x|"), where C > 0 is a suitable
constant depending on u and ry. This works well only in Case (My) since then |z|®P- — 0
as |z| — 0 and C|z|~P- is a super-solution of (1.2). But the above strategy does not work in
Case (M) or Case (). Indeed, in Case (M;) we have |z|®P- — oo as |#| — 0, whereas
p— is not well-defined in Case (U) when A > Ay. For this reason, we have to reshape our
super-solutions and sub-solutions: we multiply (1 + &) Ug(x)|z|~" by an extra factor of the form

(1+ |ﬂc|“/u)1/‘/a giving the super-solution wf, and correspondingly multiply (1 — ¢) Up(z)|z|"
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by (1+ |z|*/v)” Ve 6 yield the sub-solution wZ,, where a > 0 is fixed suitably small, de-
pending only on N, ¢q, 0 and A, while v > 0 is arbitrary. The verification that er?7 and w_, is a
super-solution and sub-solution of (1.2) in B1(0) \ {0}, respectively, is done in Lemma 5.1. We

can now choose v > 0 small, depending only on ro,u, N,q,6 and A, such that w_, < u < wjn

on 0By, (0) for every ¢ € (0,1) and 1 > 0 small. By the comparison principle in Lemma 4.1, we
conclude (1.9).
We next proceed with the details.

Lemma 5.1. Assume Case (M) or Case (U). Fiz o > 0 small, depending only on N,q,0 and
X. Let v > 0 be arbitrary. For every e € (0,1), there exists ng = no(e, N, q,0,\) > 0 such that

—La(wl,) + [z’ (wl,)? 20 and  —Ly(wz,) + ||’ (w,)? <0 (5.4)
in By(0)\ {0}, for cvery 1 € (0,m).
Proof. Let a > 0. For every t > 0 and 1 > 0, we define
GE() = (1+6) 7% (AF 24 BEi+CF), (5.5)
where A%, Bni and Cni are given by
st gy YON-2-20+Va) n(N-2-20Fn+2/a)
ne L 14 ’
B gy VAN -2-20+0) 29(N-2-20Fy+a)
K L L ’
n(N-2-207Fn)
7 .
From the definition of Gi in (5.5), we find that

+ ._
Cr=1%F

@Gi() ¢(q\/a1) (14075 (Ait2+Bit+Oi)

for every t > 0, where B;]AL and éff are defined by

BE = (uf)Bi j*/aAi

-1
CE = (1ﬁ:2f> CE Vo pi
VR

We choose o > 0 small enough, depending only on N, ¢, and A, such that
lim A¥ >0, limB¥>0 and lim CF >0.
n—0 n n—0 n n—0 n

Hence, there exists n; = n1(N,q,0,\) > 0 such that A%, éff and éni are all positive for every
1 € (0,m). Therefore, G} is decreasing on (0,00), whereas G, is increasing on (0, 00), leading
to

sup G+( )= Gﬁ(O) =C and inf G, (t)=G,(0)=C, .
te(0,00) te(0,00)

By direct computations, we observe that (5.4) holds if and only if

"G (2] /v) < (L+€)7" and |a| 1OV G (j]* fv) 2 (1 - )t (5.6)
for every |z| € (0,1). Since lim, ;o C;E = 1, we observe that there exists ny € (0,71) with
7o depending on ¢, N, ¢, and A such that C;F < (1 +¢)7" and c, > (1 — &) for every

€ (0,m0). Thus, (5.6) is satisfied for every 0 < |z| < 1 and all n € (0,70). This finishes the
proof. O
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Proposition 5.2. In Case (M) and Case (U), every positive solution of (1.2) with Q = Qo
satisfies (5.1). In addition, we have
u(z) u(z)

lim inf >0 if and only i lim
20 Uo () / vy 2|0 Up ()

~1. (5.7)

Proof. Let 1o € (0,1) be such that B,,(0) C Q. Fix a > 0 as in Lemma 5.1. Let u be a positive
solution of (1.2) in 2\ {0}. We choose v = v(rg,u, N, q,0,A) > 0 small such that the following
two inequalities hold

1

U, LTy '
oro) (157 ) =, pin ul@)

Us(ro) (14 2 ﬁ> (x)
T —_— max u\x).
070 v T 2€8By(0)

Fix € € (0,1) arbitrary. Let 79 be given by Lemma 5.1. Our choice of v > 0 ensures that

wZ,(z) < u(x) <wl, (x) for every x € dB,,(0) and every 1 € (0,70), (5.8)

where w} and w=, are defined in (5.3). Using Lemma 4.2, we find that
e,m £, g 9

n

u(x)
1m
jo|=0 w, (x)

—0. (5.9)

Moreover, if liminf), o u(z)/Us(x) > 0, then we find in addition that

W, (x) _
lim St =0, (5.10)

In view of (5.4) and (5.8)—(5.10), by the comparison principle in Lemma 4.1, we infer that

w2, (z) <u(z) <wt _(x) for every 0 < |z| <r¢ and all n € (0,n0). (5.11)

For every x € B,,(0) \ {0} fixed, by letting n — 0 in (5.11), we arrive at

(1-¢) (1+ |xy|a)_ja < Zfo((a;)) <(1+e) <1+|”;a>f

Thus, for every ¢ € (0, 1), it follows that

L eu(m) u()
1 — ¢ < liminf < lim sup <l+e.
|lz|—0 Up(z) lzj—0 Uo(®)

Hence, by passing to the limit € — 0, we conclude that lim ;o u(x)/Up(x) = 1 as desired. This
completes the proof. O

Remark 5.3. In the framework of Proposition 5.2, every solution u of (1.2) satisfies (5.1). On
the other hand, to prove that lim, o u(x)/Us(x) = 1, the hypothesis lim inf |, o u(x)/Up(z) > 0
is necessary and we cannot dispense with in Case (Mz). To see this, we draw attention to Case
(Myz) in Theorem 2.1 when a solution u of (1.2) may satisfy (A) lim o |z|P-u(x) € (0,00) or
(B) limy 0 u(z)/®F (z) = v € (0,00) (and then limy,_ou(z)/Us(x) = 0). Theorem 1.3 shows
that there exist solutions for (1.2) in each of the situations outlined in Theorem 2.1.
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5.2. Proof of Theorem 1.1. Let Q = RY. We show that U in (1.5) is the only solution of
(1.2) in Case (U). Let u be a solution of (1.2). Let € € (0,1) be arbitrary. By Theorem 1.2, u
satisfies (1.9). Then, using the Kelvin transform (see Section 2), we obtain (1.13). Hence, there
exist R. > r. > 0 such that

(1-e)Up(z) <u(z) < (1+4+¢e)Up(z) for every |z| € (0,r] U[R., 00). (5.12)
1.2), we find that
Up) + |2°(1 +e)?U8 >0 in RV \ {0}

Since Uy is a positive solution of

—LA((l +e

~— o~

and, similarly,
—La((1 =€) Up) + |2/°(1 —£)?UI <0 in RV \ {0}.
Hence, the comparison principle in Lemma 4.1 gives that the inequalities in (5.12) hold for every

r € RV \ {0}. By letting ¢ — 0, we arrive at u = Uy in RY \ {0}. This ends the proof of
Theorem 1.1.

6. PROOF OF THEOREM 1.3

Our aim is to prove the assertions of Theorem 1.3 on problem (1.14), namely,
A
—Au— "u+|z|u?=0 in Q\ {0},
|z[? g M0} (6.1)
u=h>0 ondQ, u>0 inQ\ {0},
where throughout this section, 2 C R¥ is a smooth bounded domain containing zero. In
Lemma 6.1 we establish the first three statements in Theorem 1.3, whereas the last one re-
garding Case (Ms) is proved separately in Lemma 6.3.
Lemma 6.1. Suppose that h € C(09) is a non-negative function.

(1) Let Case (U) hold. Then, there exists a unique solution uyp of problem (6.1). Moreover,
if © < (N —2)/2 and h =0, then up(z)/|z| and |z|? T uf belong to L*(Q), uj, € H}(Q)
and, for every p € H}(Q),

A
/Vuh-Vgadm—/ —Quhgodx—f—/ |2|%uf o dx = 0. (6.2)
Q a |zl Q

(2) Assume Case (My) or Case (N). If h # 0 on 99, then problem (6.1) has a unique
solution uy,.

(3) If h=0 on 99, then (6.1) has no solutions in Case (M;) and Case (N).
Proof. We divide the proof into four steps.
Step 1. In Cases (U), (M;) and (N), there is at most one solution of (6.1).

Proof of Step 1. We show that any two solutions u, and U}, of (6.1) coincide.
In Cases (/) and (M), we derive from Theorem 1.2, that up(x)/Up(z) — 1 as |x| — 0. Since
up, = Uy, = h on 052, the comparison principle in Lemma 4.1 yields that, for every e € (0, 1),

(1*€)Uh <up < (1+€)Uh in Q\{O}
Thus, by passing to the limit with & — 0, we arrive at up, = U in Q\ {0}.
In Case (N) by Theorem 2.1 we have lim ;o u(z)/®} (z) = 0 with v = w;, and u = Uj,.
This means that for every e > 0, there exists r. > 0 small such that u,(z) < e ® (z) for every

0 < |z| < r.. By Lemma 4.1, it follows that u, < e®} + U, in Q\ {0}. By letting ¢ — 0 and
then interchanging wy, and Uy, we arrive at u, = Uy, in '\ {0} as desired.
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Step 2. Problem (6.1) has a solution uj;, in Case (U) and, moreover, if h Z 0 also in Cases (M)
and (N).

Proof of Step 2. We will obtain a solution wuy, of (6.1) as the limit k& — oo of a non-increasing
sequence {up k } x>k, Of solutions to boundary value problems (see (6.3)) on approximate domains
Q. := Q\ By(0) for k > ko large.

In Cases () and (M), we know from Theorem 1.2 that, whenever it exists, a solution of
(6.1) satisfies lim 0 |2|Pu(z) = £1/(a=1)  This provides the inspiration for taking the boundary

value problems in (6.3). It is useful to remark that if C' > 0 is large enough, then C|z|=© is
always a super-solution of (1.2) in RN\ {0}. In Cases (i), (M;) and (My), we need only choose
C > (Y@= In Case (N), we can take any C' > 0 since £ < 0.

If necessary, we increase C' > 0 to ensure that C' > max,ecpq |2|®h(x). Fix § > 0 small such
that Bs(0) C Q. Let kg be a positive integer such that 1/ky < d. Then, for every integer k > ko,
the following boundary value problem

— Au — iu+|;p|9uq =0 in Qk :Q\Bl/k(0)7

|z[?
u=n~h on 01}, (6.3)
u(z) = C |z|~® for every |z| = 1/k,
u>0 in Q

has a unique solution uy, x € C?()NC(). This assertion is true for all \,# € R and ¢ > 1. The
existence of a non-negative solution uy, ;, follows from Theorem 15.18 in Gilbarg and Trudinger
[27], whereas the strong maximum principle (see, for example, Theorem 2.5.1 in [32]) yields the
positivity of u  in €. The uniqueness of uy i, is a consequence of Lemma 4.1. Moreover, with
our choice of C, we obtain that

U k1 < Upp < Clz|~® in Q. for every k > k.

Using Lemma 4.4 (see also Remark 4.5) and a standard argument, we get that, up to a subse-
quence, up  — up in CL_(Q\ {0}) as k — oo, where uy, is a non-negative solution of (6.1).

It remains to prove that up > 0 in Q\ {0}. We treat Case (i) separately from Case (M)
and Case (N).

e In Cases (M) and (N) we assume that A Z 0 on 9Q. Then, by the strong maximum
principle, we conclude that wuy, is positive in \ {0}.

e In Case (U) our argument works for any non-negative function h € C(9€) since we have
Lemma 3.3 at our disposal. More precisely, for fixed ¢ € (0,¢,) as in Lemma 3.3 and § > 0
chosen above, we define zs as in (3.10). Since (3.11) holds, by Lemma 4.1, we derive that

upi(z) > zs(x) for every 1/k < |z| < § and all k > k. (6.4)

(
Thus, by letting & — oo in (6.4), we find that up(z) > zs(x) > 0 for every 0 < |z| < §. This
gives that liminf ;o un(x)/Up(x) > 0. By the strong maximum principle, we have u; > 0 in
Q\ {0}. This concludes Step 2.

Step 3. If © < (N —2)/2 in Case (/) and h = 0, then uy(z)/|z| and |z’ uf belong to L*(12),
up, € HY(Q) and (6.2) holds.

Proof of Step 3. Let © < (N — 2)/2 in Case (U). By Theorem 1.2, uy satisfies (1.9) and
thus up,(x)/|z| and |z|%F!(up(2))? belong to L*(Q). Hence, using that op(z)/|z| € L*(Q) for
every ¢ € HL(Q), we see that up(x) p(z)/|z]? and |z|? (un(x))? ¢(z) belong to L'(2). Using
Lemma 4.4 when 0 < © < (N — 2)/2 and Remark 4.5 when © < 0 (where g(r) = r® for r > 0),
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we obtain
\Vaup(z)| < Clz|=©~1 for every 0 < |z| < 7, (6.5)
where 7o > 0 is small. This implies that uj, € HL_(£2). For every € € (0,1) small, let w. be a
non-decreasing and smooth function on (0, c0) such that
w, =0 on (0,¢],
0 <we(r)<1l foreveryr € (g,2¢),

we =1 on [2g,00).

Let » € C1(Q) be arbitrary. Using pw. € C}(2\ {0}) as a test function in the equation (1.2)
satisfied by wup, we deduce that

A
/wEVuh~V<pdx—/ juh@wgdm—i—/ 2|l pwe de = —J., (6.6)
Q a |zl Q

where for every € > 0, we define J; as follows

/!
Je = / ¢ Vuyp, - Vw, de = / o(x) welz) Vup(z) - zdx.
Q {e<|zl<2¢} 2|
With the estimate in (6.5) and relying on the assumption © < (N — 2)/2, it is easy to see that
J. — 0 as € — 0. Hence, by letting ¢ — 0 in (6.6), we infer that (6.2) holds for every ¢ € C}(9).

We now assume that h = 0 in (6.1). Instead of up, we use the notation ug. We claim that
up € H}(Q) and (6.2) holds for each ¢ € Hg ().

Let § > 0 be small such that Bs(0) C Q. We define w = Q\ B;s(0). By the classical trace
theory, there exists a function f € H'(w) N C(w) such that f = uy on dw. By the classical
regularity theory, we infer that uy € H'(w). This proves that ug € H'(2). Since ug = 0 on 9%,
we conclude that ug € H}(Q).

Now, for each p € H}(Q), there exists a sequence {¢y,}n,>1 in CL(Q) such that ¢, — ¢ in
H'(Q) as n — oo. Then, by the Hardy inequality in (1.1),

N2
/deﬁo as n — o0.

Hence, by Holder’s inequality, as n — oo, we find that

/Q;T)annda:% Q‘;%godx and /Q\:c|9uggondx%/ﬂ|x|euggodz. (6.7)

For the second limit in (6.7) we also use that sup,cq |2|°+2(ug(z))?~! < oo in view of (1.9) and
up = 0 on 0. Since (6.2) holds with ¢, instead of ¢, by letting n — oo, we extend (6.2) to
every ¢ € Hg(Q). This finishes Step 3.

Step 4. If h =0, then (6.1) has no solution in Case (M;) and Case (N).

Proof of Step 4. Suppose that u is a solution of (6.1) with h = 0 in Case (M;) or Case (N).
Then, in Case (M;) we have © < p_ so that Theorem 1.2 implies that lim,_,q |z|P~ u(z) = 0.
Hence, for every £ > 0, we obtain that u(x) < e|z| P~ for |z| > 0 close to zero and for every
x € 0. The comparison principle (in Lemma 4.1) gives that 0 < u(x) < e|z| 7P~ for every
x € 2\ {0}. By letting € — 0, we arrive at u =0 in Q\ {0}, which is a contradiction.

The same argument applies in Case (N) whenever § = 6_ < 6, since from Theorem 2.1, we
have limy|_,¢ |2[P~ u(x) = 0. In the remaining situation of Case (N), namely, when 0_ < 6 < 6,
(relevant for X < Apr), we use that limg_, [z[P+u(x) = 0. The above ideas work with p instead
of p_ so that 0 < u(z) < g|z| P+ for every z € Q\ {0} and every € > 0. Hence, we again obtain a
contradiction by letting ¢ — 0. This completes the proof of Step 4 and, hence, of Lemma 6.1. [
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Remark 6.2. Despite the similarity revealed in Theorem 1.2 between Case (U) and Case (M),
the difference between these comes to the fore when considering the problem (6.1) with h = 0,
which has no solutions in Case (My). We give an alternative proof using the Hardy inequality.
Assume by contradiction that problem (6.1) with h =0 on 0Q has a solution ug in Case (My).
Observe that © < (N —2)/2 holds in Case (M1). In view of Theorem 1.2, the argument used in
Step 3 for Case (U) applies to Case (My). Hence, ug € H}(Q) and by taking » = ug in (6.2),

we get
/|Vu0|2dsc/| |2u0dw+/ﬂx|9 ud™ dz = 0. (6.8)

Since ug > 0 in @\ {0} and A < Ay in Case (My), the Hardy inequality in (1.1) yields a
contradiction. This proof breaks down in Case (U) when X > Ap.

Lemma 6.3. Let h € C(09) be a non-negative function. Assume Case (Mz). Then, for each
v € (0,00] (also for v =0 if h £ 0), problem (6.1), subject to
IO
|z|—0 @ (z)

(6.9)

has a unique solution u% ") For v = 00, we have lim|;_ uh ( )/Up(x) =

(1) If h £ 0 on 09, then the set of all solutions of (6.1) is {uh : 0 < v < oo}, where for
v = 0 we have lim|;| o |x|p*u§])(a?) € (0,00).

(2) If h =0 on 09, then the set of all solutions of (6.1) is {ugj) 1 0 <y < oo}

Proof. We first show that for v = oo, problem (6.1), subject to (6 9) has a unique solution ugﬂ.

By Theorem 2.1, any such solution ugﬁ

ugj), we proceed exactly like in Step 2 in the proof of Lemma 6.1 in Case (/) replacing uy, by
ugj). Thus, we obtain a solution ugj) of (6.1) satisfying um( ) > zs(x) for every 0 < |x| < 6.
Recall that zs is given by Lemma 3.3. It follows that liminf|; ugj)(a:) /Uo(z) > 0. Then, by
Proposition 5.2, we conclude that lim,|_o uh ( )/Up(x) = 1 as desired. The uniqueness of such
a solution is a simple consequence of Lemma 4.1 (see Step 1 in the proof of Lemma 6.1).

Let v € (0,00) be arbitrary. We prove that (6.1), subject to (6.9) has a solution uz , which is

unique by Lemma 4.1. To construct u(v) we follow the argument in the proof of [13, Lemma 5.6].
For the reader’s convenience, we give the details. From Lemma 4.1 and [13, Propositions 3.1(c)
and 3.4(c)], there exists a unique positive (radial) solution w., for the problem

must satisfy lim,|_o uh ( )/Uo(z) = 1. To construct

— Au — ﬁu + 2|47 =0 in B1(0)\ {0},
T

w=1 on 9B (0), (6.10)

im =
2|0 & ()

Fix § € (0,1) such that Bs(0) C Q. Choose a constant C' > 0 large such that
C®y >hondd and C®y >u, on 9B;(0). (6.11)
Based on the second inequality in (6.11), we derive from Lemma 4.1 that

u, < y®F +C®; in B;(0). (6.12)
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Let kg > 1/4. For each integer k > ko, the boundary value problem

) o
—Au— ——u+ |ac|9uq =0 in Q= Q\ By(0),

FE

u="h 0%, (6.13)
u=~vy® +Co; on 0By /(0),

u >0 in Q

has a unique solution uﬁ,)c € C%(Q,) N C(Q). By Lemma 4.1, we see that

ugz,)cﬂ < ugjll < 7<I>;\r +C®, inQy for every k > ko. (6.14)
As before, we obtain that, up to a subsequence, ugyl)c converges to uﬁ) in CL_(2\{0}) as k — oo,

where u}(j) is a non-negative solution of (6.1).

From our choice of C, (6.12) and Lemma 4.1, we infer that
u,(z) < C @y (v) + ugyl)c(x) for every 1/k < |z| <é.

By letting k — oo and using that lim, o u., (z)/® (z) = v, we arrive at

(v)
lim inf uh+ (2) > .
lz[—0 @ (x)

()
h

Moreover, from (6.14), we find that limsup,,|_ ugj)(x)/@j(a?) < ~. Hence, u;'’ is a solution of

(6.1), subject to (6.9).

We next take v = 0 and assume that ~ Z 0 on 0. Let C' > 0 be large so that the first
inequality in (6.11) holds. As before, we consider (6.13) (with v = 0) and obtain a non-negative

solution uﬁy) of (6.1) satisfying (6.14). It follows that lim|,_q ugj) (z)/®@} (z) = 0 and since

h #Z 0 on 012, by the strong maximum principle, we infer that ugj) > 0in Q. By Theorem 2.1, we

have lim ;|0 |2[P~ uf{”(:ﬂ) € (0,00). Moreover, there exists a unique solution for (6.1), subject
to (6.9) with v = 0. Indeed, if up and Uy are two such solutions, then by Lemma 4.1, we have
ug < e @Y +Up in 2\ {0} for arbitrary ¢ > 0. It follows that ug < Up in ©\ {0}. By interchanging
uo and Uy, we conclude that ug = Uy in Q\ {0}.

To finish the proof of Lemma 6.3, it remains to show that if A = 0 on 992 and v = 0, then
(6.1), subject to (6.9), has no solutions. Indeed, if such a solution u were to exist, then for every
e > 0, we would have u(z) < e ® () for every z € Q\ {0}, which would lead to u = 0 in Q2 by
letting € — 0. This is a contradiction. The proof of Lemma 6.3 is now complete. 0

7. PROOF OF THEOREM 1.4

As explained in Section 2, by using the Kelvin transform, it suffices to establish the assertions
of Theorem 1.4 in Case (M3), which we state below.

Proposition 7.1 (Multiplicity, Case (M3)). Let @ = RY and Case (Ms) hold, that is, A\ < Ay
and § > 0. Then, for every~y € (0,00), problem (1.2), subject to limy, o u(x)/®{ (z) =, has a
unique solution u., which is radially symmetric and satisfies (1.13), that is, lim|,| o Uy (7)/Up(x) =
1. In addition, we have

Uy <up <Uy  inRY\ {0} for every 0 < v <4 < o0,

Uo(z) = V1er010 u,(z)  for each x € RN\ {0}. (7.1)
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The set S of all positive solutions of (1.2) is S = {Up} U{uy : v € (0,00)}.

Proof. We split the proof into three steps. The first one deals with the existence and uniqueness
of the solution u, of (1.2), subject to limy,_ou(z)/®{ (z) = v. The claim of (7.1) is proved
in Step 2. The asymptotic behavior of w, in (1.13) follows from Theorem 2.2, while the radial

symmetry of u. follows from uniqueness and radial symmetry of the problem (1.2). In Step 3
we show that Uy and {u, : v € (0,00)} make up all the positive solutions of (1.2).

Step 1. For every v € (0,00), there exists a unique solution u. for problem (1.2), subject to
limy, 0 u(z) /@Y () = .
Proof of Step 1. We fix v € (0,00) and show that any solutions u and @ of (1.2), subject to
lim, 0 u(z)/®¥ (z) = 7, must coincide. Let & > 0 be arbitrary.
We define v.(z) := (14 ¢)u(z) + ¢ @} (z) for every x € RV \ {0}. It is easy to check that v.

satisfies

—La(ve) + |z|? (v(2))? > 0 for every z € RM \ {0}.
From lim|,| o u(z)/u(x) = 1, there exists r. > 0 small such that

u(z) < (I+e)u(x) <wve(x) forevery 0 < |z| <re.

The assumption 6 > 6, yields that © > p, > p_. Hence, by Corollary 4.3, there exists
R, > 0 large such that u(z) < elz| P~ < v.(x) for every |z| > R.. Then, by Lemma 4.1 with
w:={z e RY: r. < |z| < R.}, we find that

u(z) < wve.(z) for every z € RV \ {0}. (7.2)
For = € RV \ {0} fixed, letting ¢ — 0 in (7.2), we obtain that v < @ in RV \ {0}. By interchanging
u and %, we conclude that u = @ in RV \ {0}.

We next prove that for arbitrary v € (0,00), there exists a solution u, of problem (1.2),
subject to limj;ou(z)/®{ (z) = 7. By Theorem 1.3, for every v € (0,00) and k > 1, there
exists a unique solution uy , for the problem

—L(u) + |#|%u? =0 in By(0)\ {0},

et @) (7.3)
u=0 on 9B(0),
u>0 in B (0) \ {0}.

Moreover, uy ~ is radially symmetric in By(0) \ {0}. Recall that Uy in (1.5) is a solution of
(1.2) and limy,|_o Up(x)/® (z) = oo since we are in Case (My). By the comparison principle
in Lemma 4.1, we have

0 <up~y <ugpt14 < Uy in Bi(0)\ {0} (7.4)

By a standard argument, we deduce that, up to a subsequence, ug , — u, in CL_(RM \ {0}) as
k — oo. Moreover, u, is a radial solution of (1.2). From (7.4) and lim, 0 uk(2)/®¥ (z) =~
for each k > 1, we find that

liminf 22 > (7.5)

For every € > 0, we define w.(z) := (v +¢) ®{ (z) + Up(1) @} (x) for every 0 < |z| < 1. Since
we is a super-solution of (1.2) in B1(0) \ {0} such that ui ~(z) < w.(x) whenever |z| = 1, by
Lemma 4.1, we deduce that

Uk~ (2) <we(x) for every 0 < |z| <1 andall k> 1. (7.6)
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For € B;1(0) \ {0} fixed, we have u,(z) < w.(x) by letting k¥ — oo in (7.6). This proves that
limsup ;o uy(z)/®Y (x) < y+e. Lettinge — 0, jointly with (7.5), we find that lim ;o us (2)/®7 (z) =
~. This ends the proof of Step 1.

Step 2. Proof of (7.1).

Proof of Step 2. Since lim,_o Up(z)/®@} (z) = oo and u, satisfies (1.13), from Lemma 4.1 we
deduce that

wy, <upy <Uy  in RV \ {0} for every 0 <y <4 < o0. (7.7)
To show that u, — Uy pointwise in RN\ {0} as v — oo, it suffices to show that for every sequence
{7j}j>1 with lim;_, o v; = oo, there exists a subsequence of {u,} (relabeled {u.,}) that con-
verges pointwise to Up in R \ {0}. Without loss of generality, we can assume that {v;};>1 is in-
creasing to co. Then, using (7.7) as before, we find that, up to a subsequence, {u.,};>1 converges
in C (RN \ {0}) to a positive solution us of (1.2), which satisfies lim;_o tues(2)/®7 (z) = 0.
Then, Theorem 2.1 gives that lim|,_o use(7)/Up(xz) = 1. With the same argument as in Step 1,
we infer that us, = Uy in RV \ {0}. This finishes Step 2.

Step 3. The set S of all solutions of (1.2) is S = {Up} U{uy: v € (0,00)}.

Proof of Step 3. In Case (Ms), given any solution u of (1.2), exactly one of the alterna-
tives (A), (B) and (C) in Theorem 2.1 holds. The alternative (C) arises from the case
lim, |0 u(z)/®} (z) = co. The fact that Uy is the only positive solution of (1.2) in the sit-
uation (C) proceeds exactly as in Step 1 for the uniqueness of u,. Option (B) corresponds to
u, with v € (0, 00).

We show that option (A) is not viable, that is, problem (1.2) has no solutions satisfying

u(z)

im = 7.8
z|-0 & (2) (78)

From the assumption 6 > 6, we have © > p;. Hence, Theorem 2.2 gives that
lim |z|P* u(z) = 0. (7.9)

|z]|— 00

We reach a contradiction by showing that u = 0 in R \ {0}. Let € > 0 be arbitrary. Given
the definition of ®{ in (1.7), we distinguish two cases:

(i) Let A < Agp. If Vo(z) := € @ (x) = € |z| 7P+ for each z € RV\{0}, then lim ;o u(z)/Vz(z) =
0 in view of (7.8). For every z € R™ \ {0}, we have

—La(Ve) + 2]’ (Vo)? = [2]” (Vo)T = 0. (7.10)
Since lim| ;o0 u(z)/Vz(x) = 0, by Lemma 4.1, we have
u(z) < Ve(x) =elz|P+ for all z € RV \ {0}.
By letting e — 0 we arrive at u = 0 in RY \ {0}, which is a contradiction.

(ii) Let A = Ap, that is, p— = p; = (N — 2)/2. Then, from (7.9), for every £ > 0 fixed, there
exists R > 0 large such that u(x) < e|z| 7P~ for every |z| > R.. For every 0 < |z| < R, we
define

e, R _
Vila)i= el tog (1) + elel -
£

Using the definition of ®{ in (1.7), we remark that V. satisfies (7.10) for every 0 < |z| < R..
From (7.8), we observe that lim;_,ou(x)/Vz(z) = 0 and also u(z) < e|z|7P~ = V_(x) for every
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|z| = R.. Thus, Lemma 4.1 gives that

u(z) < Ve(x) for every 0 < |z| < R.. (7.11)
Now, R. — oo as € N\, 0 so that for every fixed 2 € R \ {0}, we have 0 < |z| < R, for every
e > 0 small enough. Hence, by letting e — 0 in (7.11), we arrive at u = 0 in R \ {0}.

Since in both cases we find a contradiction, we conclude that in Case (Mys), equation (1.2)
has no positive solutions with lim;_,q |z[P~ u(z) € (0,00). This finishes the proof of Step 3.

From Step 1-Step 3, we conclude the proof of Proposition 7.1. O

8. PROOF OF THEOREM 1.5

Let O = RY. We show that (1.2) has no solutions in Case (N), that is, if A < Ay and
0_ <0 <0,. Suppose by contradiction that u is a solution of (1.2). By Theorem 2.2, we have

lim |z|P~ u(x) =0, (8.1)
|z|—o0

whereas at zero, we derive from Theorem 2.1 that
lim |z|P~u(x)=0 if6d=0_,

|z|—0

8.2
lim [z|®u(z) =0 if - <6<6,. 8:2)
|z|—0
Let € > 0 be arbitrary. For all z € RV \ {0}, we define
elz| 7P ifo=06_,
Ve(z) = o .
ele|™° +elz|™P- if - <6 <0,

Recall that @ (z) = |z| 7P~ satisfies L)(®} ) = 0 in RV \ {0}. On the other hand, the assumption
6_ <6 <6, implies that £ < 0, where £ is given by (1.4), which means that ¢|z|~® is a super-
solution of (1.2) since
—La(|lz]7®) = —¢|z[®72>0 in RV \ {0}.

Consequently, for every _ < 0 < 6, we have

—La(V2) +|2° (V.)2 >0 for every z € RV \ {0}.
From (8.1) and (8.2), we find that

lim w(z)/Ve(x) =0 and lim wu(x)/V:.(z)=0.

|z|—0 |z] =00
Hence, by the comparison principle in Lemma 4.1, we have
u(z) < Vi(x) for every z € RV \ {0}. (8.3)

Fixing € RY \ {0} and letting ¢ — 0 in the above inequality, we see that u = 0 in RY \ {0},
which is a contradiction with the positivity of u. This completes the proof of Theorem 1.5.

9. COMMENTS AND REMARKS

In the study of equation (1.2), it is customary to assume € > —2. Singular solutions arise
precisely in this range, see Remark 9.3, and thus the methods available in the literature for
analyzing problem (1.2) are often adapted to 8 > —2. In this paper, we treat (1.2) for every
A, 0 € R, by distinguishing four cases: (U), (M1), (Mz) and (N). For the latter three cases, we
compare § with the critical exponents 01 defined in (1.3). Hence, we need to carefully design
our techniques based on sub/super-solutions so that they work in a unified manner, without
depending on any behavior of the solutions near zero.
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To facilitate a comparison of our results with previous ones in the literature and to highlight
the influence of the Hardy potential A|-|~2 in (1.2), we express the findings of this paper by
treating 8 € R and ¢ > 1 as fixed parameters and letting A vary in R. From this perspective,
when Q = R” in (1.2) we gain a threshold for ), denoted by \* = \*(V, 6, q) defined as follows

. N-2 0+2\?
A=Ay ( 5 q—l) =0(N-2-0). (9.1)
For problem (1.2) with = RY (or for (1.14)), a real number will be called a threshold for \ if
the existence of solutions happens if and only if A is (strictly) greater than that number.

Note that \* < Ay with equality if and only if ¢ = g9, where we define
_ N+20+2
dnN,e = T N_2
Clearly, gno > 1 if and only if # > —2, which means that for § < —2, the structure of the
solutions of (1.2) is less varied. Theorems 1.1, 1.4 and 1.5 show that (1.2) with Q = RY admits
solutions if and only if A > A\*. If, moreover, A > Ap, then Uy is the unique solution of (1.2) in
RN\ {0}. On the other hand, when \* < A\ < Ay (for ¢ # qnyg), then (1.2) with Q = RY has
infinitely many solutions and all its solutions are radially symmetric. Their asymptotic behavior
near zero and at infinity is specified in Corollary 9.1.

Corollary 9.1. Fiz 0 € R and q > 1. Let A € R be arbitrary. Problem (1.2) with Q = RN has
solutions if and only if X > X\* and, in this case, the structure of all solutions is as follows:

1. If X > Ag, then Uy in (1.5) is the only solution of problem (1.2).
2. If X* < X < Ag (whenever g # qn o), then all the solutions are radially symmetric and
the set of all solutions of problem (1.2) is given by

Uo U{Uygx = 7 €(0,00)},

(9.2)

where we have
(a) If ¢ < gn,g only for 8 > =2, then U, 4. is the unique solution of problem (1.2) that
satisfies

im U%j_)\(x)
lz[—0 @) (x)
(b) If ¢ > max{qng,1}, then U, 4. is the unique solution of problem (1.2) that satisfies
U N=2p1
lim 77’(1’)‘(96) =1and lim —|$| - 1.0 (%)
|z|—0 Uo(CC) |z|—o0 <I>/\ (1/‘.’E|)
Remark 9.2. For A=0, g > 1 and 8 > —2, Corollary 9.1 shows the following:

(I) Problem (1.2) with Q = RN has no solutions if ¢ > (N +0)/(N —2); this fact follows from
[15, Theorem 1.3] (with p = 2 there) or from the celebrated paper of Brezis and Véron [6] when
0 = 0, using also that every solution tends to zero at infinity by Corollary 4.3.

(II) Problem (1.2) with Q = RN has infinitely many solutions, all radially symmetric, if
1 < g < (N+0)/(N—2); moreover, in this case, the set of all solutions is UyU{U, 4 : 7 € (0,00)},
where for each v € (0,00), the (radially symmetric) solution U, 4 of (1.2) satisfies

. _ o Uyq(x)
1 Mo = d 1 LI = 1.
|£1\r—r>10|x| %q(l’) Toan |a:|1£>noo Uo(.r)
Hence, for A\ = 0 = 0 in Case (II) above, we regain Theorem 8.2 of Friedman and Véron [23]
(with p = 2 there) and also reveal the precise rate at which U, , vanishes at infinity, namely

2 2
li 2/(¢=1) =— | —-N+2).
\z|lgloo |I| U’y,q q— 1 q— 1 +

=v€(0,00) and lim Yraal@)

= € (0,00). (9.4)
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Remark 9.3. (i) For § = —2 in Corollary 9.1, we have \* = 0 and Uy = \/@~V_ If§ = -2
(respectively, § < —2), then whenever it exists, every solution of problem (1.2) with Q = R is
radially symmetric and converges to \/(@=1) g |x] — 0 (respectively, vanishes at zero precisely
like Up).

(i) On the other hand, for > —2 every solution of problem (1.2) in RN \ {0}, whenever it
exists (see Corollary 9.1), is radially symmetric, blows-up at zero and vanishes at infinity.

We now review Theorem 1.3 on the structure of all solutions for the problem

A
—Au— ——u+lz/’u?=0 inQ)\ {0},

BE Ed \ {0} (9.5)
u=h ondQ, wu>0 inQ\ {0},

where Q C RY is a smooth bounded domain containing the origin and h is a non-negative and
continuous function on 0§). We separate § > —2 from # < —2 to underscore the changes that
occur when going from one case to the other. In Corollaries 9.4 and 9.5 we assume h = 0 in
(9.5). When h # 0 in (9.5), the structure of all solutions is discussed in Corollaries 9.7 and 9.8.

Corollary 9.4. Let § > —2, ¢ > 1 and A € R. Define qng as in (9.2). Suppose that h =0 in
problem (9.5).

L. If X > Ay, then problem (9.5) has a unique solution ug and, moreover, we have im0 uo(x)/Up(x) =
1.
2. If ¢ > qn,p, then for every A < Ay, problem (9.5) has no solutions.
3. Let 1 < q<qgnp.
(a) If \* < X\ < Ag, then all the solutions of problem (9.5) are given by {u( : 0 <~ <
oo}, where uY) is the unique solution of (9.5), subject to lim ;o u(x) /@Y (x) = 7.
When v = oo, we have
€0)
im & (z)
lz|—0 Uy (x)

(b) If A < \*, then problem (9.5) has no solutions.

=1.

Corollary 9.5. Fiz 0 < —2 and ¢ > 1. Let A € R be arbitrary. Assume that h = 0 in problem
(9.5).

L. If X > Ay, then problem (9.5) has a unique solution ug and, moreover, we have lim| o uo(x)/Up(x) =
1

2. If X < Ay, then problem (9.5) has no solutions.

Remark 9.6. For problem (1.2) with Q = RN, we observe from Corollary 9.1 that \* =
A*(N,q,0) in (9.1) is the threshold for X\ no matter how we fir 6 € R and ¢ > 1. In addi-
tion, unless ¢ = qn.g (relevant for 8 > —2), we see that the threshold \* is less than \g.

On the other hand, when considering problem (9.5) with h = 0, the threshold for A becomes
Mg for every 6 € R and ¢ > max{qn,1}.

To complete our comparison, we next consider h Z 0 in (9.5).

Corollary 9.7. Fiz 0 > —2 and ¢ > 1. Assume h £ 0 in (9.5). Then, for every X € R, problem
(9.5) has at least a solution up,.

(I) There is only one solution uy, exactly in the following cases:
(@) A>Ag; (b)) M <A<Ay and ¢>gng; (c) A <A™ (9.6)

In cases (a) and (b), the solution uy, satisfies lim|, o un(x)/Uo(x) = 1. Furthermore,
in case (c), we distinguish three situations:
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(c1) If X = X" and q > qn g, then uy, satisfies (2.2).
(c2) If A= X" and g = qn g, then uy, satisfies (2.3).
(e3) If (A= X" and q < qn,p) or A < \*, then lim ;0 |2[P~ up(x) € (0,00).
(IT) For \* < A < Ag and g < qn,, the set of all solutions of (9.5) is {ug) ;0 <y < oo},

(v)
h

where w;,"” is the unique solution of (9.5), subject to limy 0 u(z)/® (z) =~. We have

limy |0 u;j) (x)/Uo(x) =1 if y = 00 and lim ¢ |2[P- ugL'Y)(x) € (0,00) if vy =0.

Corollary 9.8. Fiz 0 < —2 and q¢ > 1. Assume h Z 0 in (9.5). Then, for every A € R, there
exists a unique solution uy for (9.5). Moreover, we have:

(1) If X > X*, then up(z)/Up(z) — 1 as |z| — 0.
(ii) If A = A*, then uy, satisfies (2.2);
(iii) If A < A*, then lim|z 0 [2[P~ un(x) € (0,00).

Remark 9.9. Let ,\ € R and ¢ > 1. No solution of (9.5) with h £ 0 can be extended as a
solution of (1.2) in RN \ {0} in the situations below:

(1) A< A%
(2) A > /\H and h 7_é Uo‘ag,
On the other hand, if \* < X < Ag (for g # qn,), then we see that

(1) for ¢ > max{qn.,,1}, the unique solution un of (9.5) can be extended to a solution of
(1.2) in RN \ {0} provided that either h = Uglaq or h = U, 4a|oq for some v € (0, 00),
where Uy 4 x is the unique solution of (1.2) in RN \ {0} that satisfies (9.4).

(2) for q < qn,g (only when 8 > —2) and every v € (0,00] (but not for v = 0), the unique
solution ugv) of (9.5), subject to lim,_o u(z)/®} (x) = can be extended to a solution
of (1.2) in RN\ {0} provided that h = Up|aq for v = 0o and h = U, 4 x|aq for v € (0,00),
where U 4\ is here the unique solution of (1.2) in RN \ {0} that satisfies (9.3).

These facts follow by comparing Corollaries 9.7 and 9.8 with Corollary 9.1.
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