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Abstract In this paper we present a detailed study of critical embeddings of weighted

Sobolev spaces into weighted Orlicz spaces of exponential type for weights of monomial

type. More precisely, we give an alternative proof of a recent result by N. Lam [NoDEA 24(4),
2017] showing the optimality of the constant in the Trudinger-Moser inequality. We prove

a Poincaré inequality for this class of weights. We show that the critical embedding is opti-

mal within the class of Orlicz target spaces. Moreover, we prove that it is not compact, and

derive a corresponding version of P.-L. Lions’ principle of concentrated compactness.
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1 Introduction

Embedding theorems are known to be very important in the theory of PDE’s. Let us recall
some classical ones. Assuming that € is an open subset of R"”, n > 2, of finite Lebesgue
measure and WO1 P(R), p > 1, the Sobolev space obtained as the closure of C5(£2) (the
space of infinitely differentiable functions compactly supported in Q) with respect to the
norm [|Vul|;» (o) (the usual LP-norm of the Euclidean length of the gradient of u) then the
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following embeddings are available

Wi P(Q) = Lr (Q) if pe[l,n), (1.1)
W, P(Q) < L™(Q) ifp>n. (1.2)

(The symbol X — Y means that the space X is embedded into the space Y, thatis, X C Y and
lully < c|lul|x for all u € X with a positive constant ¢ independent of u. As usual, symbols
|le||x, ||u|ly denote norms of the function u in the spaces X, Y, respectively.)

In the case when p = n, which is usually called critical, the situation is qualitatively
different from the previous ones. On the one hand, it is known that the space WO1 Q) is
embedded into L7(Q) for every g € [1,e0), however it is not embedded into L*(£2). On
the other hand, one can immediately see that, for any g € [1,0), L9() is not the optimal
target space within the class of Lebesgue spaces. This is in contrast to the subcritical embed-
ding (1.1), where L (£2) is the optimal target space in this class. It is due to the pioneering
work by Trudinger [25] that

W,"(Q) = L?(Q), (1.3)

where L?(Q) is the Orlicz space with the Young function ®(z) = exp(t"/*~1)) — 1 (note
that such an embedding has been announced earlier by Yudovich [26] without a proof and,
in a slightly weaker form, proved by Pokhozhaev [21]). One of the natural questions, is
whether the embedding (1.3) is optimal (in some sense). In fact, it can be proved (and it also
follows from a more general result which we prove here) that the embedding (1.3) is optimal
in the sense that there is no smaller Orlicz space L*: () (that is L+ (2) S L (Q)) such that
WO1 "(Q) < L% (Q) holds. It might be of interest that the optimality of (1.3) (unlike (1.1))
is not true within a larger class of target spaces. Namely, there exists a Lorentz space X ()
such that WO1 "(R2) — X(2) and X(2) & L®(Q). More details about that can be found
in [8] or in the survey paper [19].

Other interesting questions concern the compactness of Sobolev embedings. This prop-
erty is usually used for proving the existence of an appropriate weak solution of a certain
PDE. It is known that similarly to embedding (1.1), embedding (1.3) is not compact. Indeed,
it was shown by Hempel, Morris and Trudinger in [11]. Nevertheless, P. L. Lions derived
the so called “principle of concentrated compactness” (see [15]) which serves as a powerful
tool, e.g., for proving the existence of a weak nontrivial solution to the Dirichlet problem
for the quasi-linear n-Laplace oparator with nonlinearities in the critical growth range. The
first step to obtain Lions’ principle is the following result by Moser [16]
<oo if ¢ < ns}/",

1/n

=oo if @ >ns, ",

sgp /Qexp((oc|u(x)|)”/<"’1))dx { (1.4)

where the supremum is taken over all u € WO1 "(Q) satisfying ||Vu/[1n(q) < 1 (s, stands for
the volume of the unit ball in R").

Recently, Cabré and Ros-Oton [4] established the following weighted version of embed-
ding (1.3), that is, the embedding

W, P (@, ) — LP(Q, ), (1.5)

where ® (1) = exp(r?/(P=1)) — 1,1 > 0, and the measure u = my is generated by the mono-
mial weight, that is,
dmy (x) =2 dx = |x M- |x, [ dx, (1.6)
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where
x=(x1,...,xy) ER" A= (Ay,...,A,) withA; >0,...,4, >0 (1.7)

and
D=n+A|+--+A,.

Their proof is analogical to Trudinger’s one, which is based on the Taylor expansion of the
exponential function. Later, Lam [12] improved this result in [4] to Moser’s result (1.4) for
the measure y = my. He found a constant otp 4 > O such that

S () = sup [ exp ((elu(x))”/ V) du(x)

is finite for every ot < otp 4, and ¢, () =0 if 00 > 0tp 4. Note, in S, (2) the supremum is
taken over all functions u from to the unit ball of the weighted Sobolev space WO1 ’D(.Q,mA).

It is not difficult to see that embedding (1.5) for u = my follows from the fact that
So,u (£2) is finite for every & < otp 4 (cf. Corollary 2.9 and its proof in Section 3).

In this paper, we

(1) present (in the proof of Theorem 2.7) an alternative approach to Lam’s result that
Somy () <e0if 0 < o < Opa;
(i1) establish (in Theorem 2.8) a Poincaré inequality for functions of the Sobolev space
VV()1 P (‘(2 ,MA ) 5
(iii) deduce (in Corollary 2.9) from Theorem 2.7 embedding (1.5);
(iv) prove (in Theorem 2.10) that, for embedding (1.5), the target space L®(Q,my) is op-
timal within the class of Orlicz spaces;
(v) establish (in Theorem 2.12) that embedding (1.5) is not compact;
(vi) show (in Theorem 2.10) that the Sobolev space Wo1 ’D(Q,mA) is compactly embedded
to any Orlicz space L¥ (,m,) larger than L?(Q,m,), that is, to any Orlicz space
LY (2,my) such that L® (,my) is properly embedded to L¥ (,my);
(vii) derive (in Theorem 2.13) a corresponding principle of concentrated compactness.

It is easy to see that if Aj = --- = A, = 0 then dmy(x) = dx,p=D=n,qg=n/(n—1) and
we obtain the unweighted case (1.3). We would like to emphasize that for proving (iv)—(vii)
it is reasonable to assume that 0 € Q2. Otherwise the measure (1.6) might be equivalent to the
Lebesgue measure, which results that WOI‘D(.Q,mA) = W()l’D(Q) and LP(Q,my) = L?(Q).
Then, if some of the numbers A;, i € {1,...,n}, is positive, then D > n, which means, that
we have the embedding (1.2) and the assertions (iv)—(vii) are meaningless.

A well-known approach for proving that of Sg ,, (2) < 0 if 0 < &t < 0p 4 is based on
symmetrization. It enables to convert the n-dimensional case to a one-dimensional one. In
particular, Lam [12] used a symmetrization based on results of Talenti and of Cabré and
Ros-Oton (see Lemma 5.9 (iii) below). Our approach is a little different and in a sense
easier to understand. We express a smooth and compactly supported function u (recall that
these functions form a dense subset of Sobolev space WO1 "D(Q,mA)) as a certain convolu-
tion operator of its gradient. To obtain the main inequality we use a suitable version of an
inequality of O’Neil [18] giving an upper estimate of a rearrangement of function u by an
integral operator of the same rearrangement of its gradient (note that these rearrangements
are noincreasing functions of one variable).

The paper is organized as follows. In Section 2 we introduce basic notation, recall im-
portant auxiliary results and formulate the main results. An alternative approach to Lam’s
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one giving the exact value of the Moser constant and the corresponding embedding theorems
are presented in Section 3. In Section 4 we show that the Moser constant is sharp (proof of
this part is analogical to that of Lam) and we derive optimality of the exponential embed-
ding as well as its non compactness. Finally, in Section 5 we derive an analogue of Lions’
principle of concentrated compactness for the weighted case yt = my. The last Section 6 is
devoted to some concluding remarks.

2 Basic definitions and main results

We start this section with basic definitions and necessary preliminary results.

Measure space. By the symbol (X, ) we denote a measure space X with a nonnegative
o-measure U. If Q is a u-measurable subset of X, we denote by u () the u-measure of 2,
that is, £ (Q) = [, du(x). If X = R” with its n-dimensional Lebesgue measure du(x) = dx
and M C R” is a Lebesgue measurable set in R”, we use the notation |M| = [, dx.

Lebesgue space.  If (X, 1) is a measure space, we denote by LP(Q, 1), p € [1,], the
Lebesgue space, of all yi-measurable functions f on a p-measurable set 2 in X, equipped
with the norm

1/p .
= { U807 i <
P = .
p-ess sup .ol f(x)]  if p=oo.
If X = R" and p is the n-dimensional Lebesgue measure, then we write || - ||, o instead
of || ||p,@u- Moreover, we simply write || ||, (or ||-||,) when =X (or 2 = R"). For
p € [1,00] we define the Hélder conjugate number p’ € [1,0] by the equality % + # =1.

Convergence in measure.  Let Q be a y-measurable set in the measure space (X, ). We
say that the sequence of y-measurable functions {uy}>_, converges in measure p to a func-

tion u on 2, write uy M won Q, if, for any € > 0,

I}iﬁn;,u({xeﬂ; g (x) —u(x)| > €}) =0. 2.1

Lemma 2.1. Let Q be a -measurable set in the measure space (X, 1) such that j1() < oo,
Suppose that a sequence {uy }5_, converges to u in L' (2, 1t). Then uy s uonQ.

Proof. Recall the Markov inequality  ({x € X; f(x) >€}) < L [y f(x) du(x) (where € >0
and f > 0). Applying this inequality to f(x) = |ug(x) — u(x)|, x € Q, with a fixed € > 0 we
obtain p1 ({x € Q; |ug(x) —u(x)| > €}) < 1 [o |ux(x) —u(x)| dp(x) and (2.1) follows. O

Orlicz space. A function @ is called a Young function if it is continuous, non-negative,
strictly increasing and convex on [0,e0) such that li%l ®(t)/t = limt/P(t) = 0 (such a
104 1o

function is usually called an N-function). Let  be a measurable set in (X, ). The Orlicz
space L®(Q, 1) with a Young function @ is the set of all u-measurable functions f on
equipped with the Luxemburg norm

Iflle.0u =inf{A>0; [o@( L) du(x) <1}. 2.2)
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Another norm, equivalent to (2.2), is called the Orlicz norm

I

vau=sp [ f0)8(0) () 23
g
with the supremum taken over all y-measurable functions g such that

/Q P (|g(x)]) du(x) <1, (2.4)

where ¥ is the complementary Young function to ¢ (for more details see e.g. [20, Sec-
tions 4.2 and 4.3]). We shall need the Young inequality (its detailed proof can be found e.g.
in [27, Paragraph 4 of Chapter 5]).

Proposition 2.2. Let @ and W be a pair of complementary Young functions. Then, for all
a,b >0,

ab < &(a) + ¥ (b).

Together with (2.3) and (2.4) this inequality immediately implies that

1710 < [ @(70]) du)+1. @5

Finally, let us note that L? (Q, ) (with any of the norms (2.2), (2.3)) is a Banach space.

Remark 2.3. Note that the Lebesgue space L”(Q, 1), p € (1,0), coincides with the Orlicz
space L®(Q, 1) with Young function ®(1) =17, ¢ > 0.

Embeddings.  Given two Banach spaces X and Y, we write X — Y if X C Y and the natural
embedding id : X — Y is continuous, that is, there is a positive constant C such that

Iflly <Cllfllx forall feX

(here || f||x and ||f||y denote norms of f in X and f in Y, respectively). We say that the
embedding is compact if the mapping id : X — Y compact, that is, the unit ball of X is a
relatively compact set in Y, we use the notation X << Y.

Embedding properties of Banach function spaces.  Lebesgue spaces LP(Q, 1) as well as
Orlicz spaces L?(,u) belong to the class of so called Banach function spaces. Theo-
rem 1.8 of [3, Chapter 1] claims that if X and Y are Banach function space over the same
measure space, then X C Y is equivalent to X < Y. In particular,

LP(Q.u) cL®(Q,u) — LP(Q,u) = LP(Q,un). (2.6)
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Sobolev space.  Let Q be a domain in a measure space (R”, i) with a nonnegative Borel
measure ( and let p € [1,0]. The Sobolev space W'P(Q, 1) is defined as the set

WP ( Q) = {u; u, LuecLP(Qu)ifi=1,...,n}

equipped with the norm
ull = ullp.2.p + Vel p. 5 2.7

where Vu is the gradient of # and |Vu/ is its Euclidean length, that is,
du du < 1/2
V= (55, V= (X (9u/9x;)?)
u 8x1 axn ‘ Ll| J;( u/ X])

(to simplify the notation we are writing ||Vul|, o, instead of |||Vu|||, o ). We denote

by WOl P(L, 1) the closure of Ci(£2) (the space of infinitely differentiable functions with
compact support) in W17 (Q, u) with respect to the norm (2.7).

Remark 2.4. Tt is known that if p € (1,00) then the space WOI 7(Q, ) is a reflexive Banach
space. Moreover, if u is the Lebesgue measure, then ||Vu|| .o and (2.7) are equivalent norms

on the space WO1 P(Q) (see Theorem 2.8 below for more general case).

Monomial weight.  Let my be a monomial measure defined by (1.6) and (1.7). Thus, if E
is a Lebesgue measurable set in R”, then

my(E) = /E X dx. (2.8)

Ball in R". By the symbol B(x,R) we denote the n-dimensional ball centered at x € R"
with radius R > 0, that is

B(x,R)={y e R";

x—y| <R}.

We use the notation B = B(0, 1). It is easy to see that (cf. [12])
Dmy(B) = Ps(B),

where my is defined in (2.8) and

Py(B) = anA do(x), (2.9)

where ¢ denotes the (n— 1)-dimensional Hausdorff measure. Moreover (cf. [4, Lemma 4.1]),

L) T (3

2 2
ny B) =
®) rg+1)
Remark 2.5. If A} = --- = A,, = 0, we use the symbols s, and @,_; for the volume of the
unit ball B and for the surface area of the unit sphere S,_; = {y € R"; |y| = 1}, respectively.

That is,
a1 =ns, =nn"? T (2 +1). (2.10)
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Space of Radon measures. ~ We shall need the following result (cf. [10, Corollary 7.18]).

Proposition 2.6. Let G be a bounded domain in R". Then C(G)', the topological dual to
the space of all continuous functions C(G) on G, is isometrically isomorphic to the space of
Radon measures M (G).

Main results.  We start with a result by Lam [12]. We present an alternative proof of
the Trudinger-Moser type inequality as well as proofs of corresponding embeddings in Sec-
tion 3.

Theorem 2.7. Assume that Q is a domain in R" such that ms () < eo. Let u € C3(£2) be
such that

/ V()| dx < 1.
Q
Let
0<a<opy=DPy(B)/ P, (2.11)

Then there exists a constant co > 0 independent of u and 2 such that

‘exp((x|u(x)|D,)r4dx§co, (2.12)

@

Our first result is a Poncaré inequality. Our proof of this inequality is based on rear-
rangements and weighted Hardy-type inequalities.

Theorem 2.8. Assume that Q is a domain in R" such that my(Q) < co. Then there is a
constant ¢ > 0 such that
lullp,@my < cllVullp,gm,, (2.13)

for every u € WOI‘D(.Q,mA). In particular the quantity ||Vu||p g m, is an equivalent norm
to (2.7) in the Sobolev space WO1 "D(.Q7mA).

The previous two theorems immediately imply the following embedding.

Corollary 2.9. Let Q be a domain in R" such that ma(Q) < oo. Then
W, P (Q,ma) < LP(2,ma), (2.14)

where ®(t) = exp(t? ) — 1,1 > 0.
The next theorem is about compact embeddings.
Theorem 2.10. Let Q be a domain in R" with my () < oo and such that embedding (2.14)
takes place. Suppose that LY (Q,my) is an Orlicz space satisfying
L¢(Q,mA) g LW(.Q,mA).
Then
W, P (2,mp) s LY (Q,my). (2.15)

Remark 2.11. It follows immediately from Theorem 2.10 that if 2 is a domain in R" with
my(£2) < oo, then

W, P(2,mp) <> LP(Q,my). (2.16)

In the next theorem we claim that embedding (2.14) is optimal. For a proof of the result

we employ a system of test functions used for proving sharpness of the constant op 4. The
proof is given in Section 4.
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Theorem 2.12. Let Q be a domain in R" such that with ms(2) < e, and 0 € Q if A; > 0
forsome i€ {l,...,n}. Then

(i) the space WO1 P(Q,my) is not embedded to any Orlicz space LY (2,mys) such that
Llp(‘(27mA) g L¢(Q7mA)’
(i) embedding (2.14) is not compact.

Since, under the assumptions of Theorem 2.12, embedding (2.14) is not compact, it is
natural to ask why some weaker form of compactness can be true. The answer is positive,
we prove (in Section 5) an analogue of the concentrated compactness principle of P.-L. Li-
ons [15].

Theorem 2.13. Let 2 be a bounded domain in R" such that 0 € Q if A; > 0 for some
ie{l,....n}. Let {ux}5_, C WOI'D(.Q,mA) be such that [q |Vuy(x)|Px* dx < 1. Moreover;
suppose that

ukéuinWI‘D Q. my), up—uae inf, and |Vu(x DA X vin a(Q). 2.17)
0

Then one of the following possibilities takes place.

() Ifu=0, v =34, for some xy € , and
/Q exp (0p.a () [? ) ot dx = ¢+ ma ()
for some ¢ > 0, then
exp (0p.a \uk(x)|D/)xA Seby+malog  inH(Q).

(ii) Ifu =0and v is not a Dirac mass concentrated at one point, then there exist constants
C > 0and p > 1 such that, for all k € N,

/Qexp (popa lux(x)[”)x* dx < C. (2.18)

(iii) Ifu # 0, then there exist constants C > 0 and p > 1 such that (2.18) holds for all k € N.

In each of cases (ii) and (iii)

lim | exp (apa \uk(x)|D,)xAdx: /Qexp (apa |u(x)|Dl)xA dx. (2.19)

k—>oo

3 Moser constant, continuous and compact embeddings

Before we prove the results we have to do some preliminary work.
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Upper estimate for the gradient We shall need the following important estimate relating
u with its gradient.

Lemma 3.1. Let u € C7(R"). Then

B ()| < [ [Vute=[ bl Py v, ve R G0

Proof. To obtain the result we slightly modify the proof of formula (18) from [23, Chap-
ter V]. Since f € i’ (R") we have

u(x)z/owvu(x—tg)-gdt,

where & = (&,...,&,) is an arbitrary unit vector in R". Integrating this equality over the
unit sphere dB we obtain

(Jop &t do(@)utr) = [ ([ Vulx—18)-£ )& do(@).

Thus, applying the Fubini theorem and the change of variables y = ¢&,
(Jop & do(€)) |u(x)| < /aB ( /0 Vu(x—t)] dt) EA do (€)

:/Ooo(/aBWu(xfté:)‘éAdo(é)) dl‘:/om(/aB(O’t)|Vu(x7y)|yAdG(y))t1,Ddt
= [ 1Vute= )Py
O

Rearrangement Let f be a measurable function on the measure space (X, ). We define
its nonincreasing rearrangement f;; (on the interval (0,0)) by

fu(t) =inf{s >0; A(s) <t}, where A(s)= p({xeX; [f(x)]>s}).
We also define the corresponding maximal operator
ok 1 ! *
() = ;/0 fi(s)ds, >0,

Remark 3.2. It is easy to see that, if ¥ is a continuous and increasing function, then

g n(R) .
/Q W (Ju(x)]) du(x) :/O W (i (1)) dr.
It implies that Hqu:-’_QT“ = ||u*||¢ﬁ(0~u(_q)) and, for p € [1700), HMHPYQ,“ = HM*HP,(O#(Q))'

Rearrangements of /; in the measure space (R",m4) Set

Li(x)=x|""P, xeR" (3.2)

*
my

A(s) = ma({x eR"; |12 > 5}) :/

B(0,s1/(1-D))

Let us derive (1), and (1), with respect to the measure my from (2.8). Observe that

A= s_D//ByA dy = s 2 ma(B).

Thus,

(1), (1) = (mA(B))l/Dl, ) (z):D(mA(B))I/DI, 1> 0. (3.3)

t A t
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O’Neil inequality We make use of the following result of O’Neil [18].

Theorem 3.3. Let f and g be two [1-measurable functions on a measure space (X, ). Then
(P9 OO0+ [ g0 ds >0 (34
where the convolution f x g is considered with respect to the measure |, that is
(f &) (x) / Fr=y)g(y) du(y).

Proof. Set
T(.8)0) = (F+8)(0) = [ Fx=3)g) duly) (33)

Observe that T is a convolution operator in the sense of [18, Definition 1.1]. That means that
it satisfies the following properties:

T(fi+f2,8) =T(f1,8) +T(f2,8), T(f,g1+8&)=T(f,g1)+T(f &),
N7 (f @) loos < 11 N8l oopas 1T CFs @) ooss <M Mloopa &N 1,005 1T (Fs @)1 < 1M1 8N -

The first two identities are obvious. As concerns the third property,

1Tl < [ U 5=3)80)1 41 0) < gl [ 1766~ A0 = s gl

the fourth one follows by the same argument. It remains to verify the last property. We have

Il < [ du) [ =g dut) = [ 1e0I( [ 1=y due)) duy)
= [ 160 ( 17601 au0) dut) = 1111 gl
Inequality (3.4) follows from [18, Theorem 1.7]. O
Proof of Theorem 2.7. For the sake of simplicity we put
p=ma, f=|Vyl

and write u*, f* and f** instead of uy, f;; and f;*, respectively.
By (3.1), (3.4) and (3.3) we obtain, for o € (0, 0p 4],

al/yu*(r) < (DPA(B)I/(D—I))(D—l)/Du*(T) SDI/D'PA(B)’I/D'(II « )" (1)
p-1 [T nK) D-1
gDT’T/ 74(s) ds+/ Fo)s B ds, 0. (3.6)
0 T

Using the change of variables T = p(Q)e~" we obtain

ﬁ/ﬁexp(ah(xﬂy)fdx—m/ exp (au” (1)) d
/ Q)eft)D/)eft dr.
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Consequently, by (3.6), where we made the change of variables s = (2 )e™” at the integrals

on the right hand side

s e (et
= [on((ow@en ™ [T a1 o a)”).

Thus,

We write the integral on the right-hand side of (3.7) as

/wexp(—F(t))dt: /w |Ey| e dA,
Jo J o
where

E, ={t>0; F(t) <A1},

and we prove that

thereis Ag suchthat A <Ay — E; =0,
there are Aj,A, > 0 independent of u such that |Ey | < A;|A|+A; forall A > A.

To verify (3.11) we first observe that
F is a continuous increasing function on [0, ).

The continuity is clear. As concerns its monotonicity, we have

F(t)=1—(n(Q)" K(r)”,
where

Fo(t) :DE’%/rmf*(u(ﬂ)e‘y)e‘yciw/o Fu(R)e)e™D dy,

(3.8)

(3.9)

(3.10)

(3.11)
(3.12)

(3.13)
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and
R0 =5 (D" [ w@)e) —>dy+/f )e—y%dy)
:fDeTf*(y(Q)eft)eftJr e o / ff(u)e)edy
DTf n(@)ye e
— (=D b (¢ [ f@@)e) e dy—f (w@)e ) <o,
since

¢ [ rw@enerar<d ru@e) [evdy=fu(@)e).

t

Consequently, the first derivative of F,

F'(1)=1-D'u(@) (u(Q)b Fo(e)” " Ej ),

is positive on (0, 0) and so, the function F is (strictly) increasing on (0, o).
For ¢t > 0, we obtain, by the Holder inequality with % + ﬁ =1,

Du(@)p s [ fr(u(@)e) e dy

D1 o /D il 1/
SDefT(/ e dy) D(/t (/ (1)) (@) e dy) ATy
Observe that
12 [ VPt = [ (£ w(@)e) m(@)e (3.15)

By (3.8), (3.13), (3.14), the obvious fact that [;"e¢ > dy = 1 and (3.15), we have, for every
t>0,

D' ,
F()2FO) = (D@ [ 7 u@)e)er ) = -0 =i,
which implies (3.11).

We prove (3.12). Let 0 <11 < tp < co. By the Holder inequality with % + ﬁ =1 we
obtain

F(u(Q)e) (u(@)e™)? dy

<([7 (rw@e) u@)e o)

I

- Gae

Since [[“eYdy=e"', 1> 0, estimate (3.14) imply that, for every r > 0,

)
=
=

o)
=

o=

(\N

S
.\8
*
.y
=
=

o)
=

o

4
=

o

1)
&

5D(/,w(f*(u(sz)e*Y)Du(Q)efydy)l/D, 3.17)
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For ¢t > 0 set
1/D

g0 = ([ (ru@e) @) (3.18)

Then (3.15) implies that

0<g(r)<1 and Og(/’(f*(”(g)eﬂ’)D”(Q)ﬂdy)I/Dg1, t>0. (3.19)
0

LetA >0, 1,65 € Ej, 11 < 1. Then, using (3.8), (3.17), (3.16), (3.18) and (3.19), we obtain

n /
1 .D-1 5] D

h—A< (D/J(Q)ﬁet% /.mf*(/.t(.Q)efy)efydy—i—[.t(.Q)%K/O f*([.t(Q)efy)efydy)

1 g 1 D
< (Dg(tz)+u(!2)n(/0 ...dy-y-/t1 -~~dy)>
< (Dg(tz)m”’)#(tz—n)l/ng(rl))D . (3.20)

Thus,

/ ; D
Hh—A< (Dg(t2)+t11/D F(t—1)V/P g(tl)) . (3.21)

Assume that A > D?’ 1) = A (obviously A € E;) and t, = (6 + 1)A with 6 > 0. Then,
/ DI / /
by (3.21) and (3.19), A0 < A (2+9'/D g(l)) . Thus, 8'/2 < 2+ 6'/7 g(A). Since

lim;, g(¢) = 0, we deduce from the last inequality, that if A > A;, where 4; > D" is
such that g(4;) < 1, then 6 is bounded, and consequently (3.12) follows for all A > A;. If
A € [Ao, A1) we use the inclusion E; C Ej,, which implies |Ej | < |Ej, | < A +A2A, and
(3.12) is verified (with the constant (A; +A;A;) instead of A}) for all L > Ay.

To finish the proof of (2.12) we use (3.7), (3.9), (3.11) and (3.12) to get

ﬁ/ﬂ exp (0t [u(x)|P ) dx = /A: By dh < AZO(AI +AA) e dA = co < e,
O
Now, we outline our proof of Poincaré inequality (2.13).
Proof of Theorem 2.8. It is enough to prove inequality (2.13) for u € Cy’(R2). Using rear-

rangements, we easily see that our task is to prove that there exists a constant ¢ > 0 such
that, for all u € C3(£2),

ma (Q) D my () D
/ WP d < e / PP, (3.22)
0 0

where u* and f* have the same meaning as in the proof of Theorem 2.7. We rewrite (3.6) to
the form

- t my () -
u*(z)gc’l(f%/of*(s)ds—i—/f ! f*(s)s_% ds), t>0,



14 Petr Gurka and Daniel Hauer

where ¢ > 0 is a constant independent of u. To prove (3.22) it is sufficient to show that the
following Hardy-type inequalities

my(Q) _ t D ma(2)
/A (f%/f*(s)ds) dtScz/ P ar,
0 0 0
ma (Q) my(2) _ D ma (2)
/A (/ ) as) §c3/ T rnPar
0 t 0

(with constants ¢; > 0, ¢3 > 0 independent of f) hold. These inequalities follow from the
Muckenhoupt conditions (see [17]):

my () / ‘R D
O<RS<"1£‘(Q)((/R A /! Ddt)l D((/O dt)l D e

R my (L) /
0<Rs<l;2(g>(./o dz)l/D('/R A t—ldt>1/D .

respectively. Verifying these conditions is an easy exercise, it is left to the reader. O

and

Proof of Corollary 2.9. From (2.12) we obtain that, for all u € Wol "D(.Q7mA) such that
Vullp.om, <1, [o (exp(ocDﬁA |u(x)|D/) - l)xA dx < (co—1)/ma(L2), that is,

/Q @ (ot u(x))) 2 dr < ¢y,

where o = (xll)/fl and ¢ = (co — 1)/ms (). Consider L®(Q,m,) with the Orlicz norm

Il .m, (see (2.3)). Then, using (2.5), we obtain

llocul]

.0ms S/_{2<15(O£\u(x)\)x‘4dx+1§c1+l,

that s, |||u[|e.0 m, < (c1+1)/c, and the embedding (2.14) follows. O

To express embeddings between Orlicz spaces we have to recall other properties of these
spaces.

Definition 3.4. Let @, &, be Young functions. If there exist two positive constants ¢ and
T such that

Py (t) < Dy(ct) forallt >T,

we say that @, dominates ®; near oo and write
D <Py,

If & <X @, and P, < P; we say that @ and P, are equivalent and write P ~ D,.

Remark 3.5. It is easy to see that every Young function @ is equivalent to the function
Dy (1) = D(ki), (3.23)

where k is an arbitrary positive number.
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Theorem 3.6. Let @) and P, be Young functions and let L(Q2) < eo. Then
LY (Q,p) — L (Q, ) (3.24)

if and only if @ X ®@y. In particular, if @ is a Young function and P, k > 0, is defined
by (3.23), then
LP(Q,p) = LP(Q, ).

Proof. The proof can be done by the same way as for the case, where u is the Lebesgue
measure on R” (see [1, Theorem 8.12]), so we omit it here. O

Definition 3.7. Let ®;, &, be Young functions. We say that &, increases strictly more
rapidly than @ near oo, write @; << P, if
P
m Q(Cl‘)
i=e Py (1)

= forevery ¢ > 0.

Remark 3.8. Tt is not difficult to show that if @; and &, are Young functions and () < oo,
then

LP(Q, 1) Z L™ (Q,p)
if and only if @, << @ (cf. [20, Remark 4.5.12]).
Before proving Theorem 2.10 we need some auxiliary results.

Lemma 3.9. Let Q be a domain in R such that ma () < e. Then
Wy P (Q,ma) = L' (Q,my).
Proof. 1t is sufficient to show that the set
K ={ueWy?(Q,mp); |Vulpom <1}

is precompact in L (2,my), that is, for each € > 0, the set K contains a finite €-net. Let us
fix € > 0. For 1 > 0 set

Q"=0n{xeR";

x[<1/n, x| >n,...|nl>n}, Q,=2\Q".

By the Holder inequality and (??) we have

D D
ity s m = [, 1t @x< o, ( [, @ ax)” <e( [, #ae)”.

Moreover, observe that Q; C (UL {x € Q; [xi| <n})\B(0,1/n), and so, using the as-
sumption that m4 () < oo, fﬂn ¥ dx — 0 whenn — 0,. Thus, there exists 19 > 0 such
that, for all n € (0,7o] and all u € K,

uxanl.m, <€/3.

Fix n € (0,M0] and observe that, by Wol’D(Q,mA) < L'(Q,my) (cf. Corollary 2.9) and
by [|lull1.qn < n’(A‘+"‘+A">|\u)(Qn l1,.m, - the set K is a bounded set in the Sobolev space
WiP(QM). Since the embedding WP (QM) into L'(QM) is compact (see e.g. [6, Theo-
rem 5.4.16]) we can find a finite subset Ko = {uj,...,uy} C K such that

[l — ujl[1 .00 < 8/(3meg;)54) forallk,je {1,...,N}.
' xe
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Finally, we obtain, for all uy,u; € Ko, k,j € {1,...,N},
ke — wjll1..my < lwxxa, l1.@my + ujxa, l1.@my + | (e —uj) xan l1.0.m,
< 28/3+maxx4 Hukfu,‘||]gn <€
xe ’ )
and the proof is completed. O

Lemma 3.10. Let Q be a domain in R" such that my(Q) < oo. Suppose that ® and ¥ are
Young functions such that ¥ << ®. If the sequence {u;}y._, is bounded in L‘I’(Q,mA) and

we 25 won Q, then u, — u in LY (Q2,my).
Proof. The proof is analogous to [1, Proof of Theorem 8.24], and so we omit it here. O
Proof of Theorem 2.10. By Corollary 2.9 and Remark 3.8 we have

W, P (Q,ma) = LP(Q,ma) = LY (Q,ma).

Let 2" be a bounded set in W()I’D(Q,mA). By Lemma 3.9 there is a sequence {u;}p, C %
and a function u € L'(,ma) such that u; — u in L'(2,m,). Lemma 2.1 implies that

;. %5 1 on Q. Applying Lemma 3.10 we obtain u; — u in LY (Q,my). O

4 Optimality of the Moser constant and of the embedding

The next result can be found (including a proof) in [12, Section 3].

Lemma 4.1. Letn € N, n > 2. Then, for any &t > Op ,

sgpﬁ(m/l;exp (Oc|u(x)\D/)xAdx:oo. 4.1)

where the supremum is taken over all functions u € C3 (B) satisfying
/ V()P dx < 1.
B

Proof. Observe that if a function f is radial, that is f(x) = F(|x|), then

Vf()| = |F'(xf)| and /B(UAR)f(x)xAdx:(/anAdO'(x))/ORF(t)tD’ldt. 4.2)

For each r € (0, 1) consider the function

(fanA dG(x))il/D(log(l/r))]/Dl for 0 < |x| <r
up(x) = , XEB. (43)

(e do))tox(1/)) " log(1 /1) for r < I < 1
Then

0 for0<|x|<r

Vu,(x)| = - , XEB
et {(<f93x*‘do<x>)log<1/r>) s forr< <1’ T
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Thus,

/B Vi ()P = ( (" dor () 1og(1/r))71 (Jppx* do(x)) /1 = 1.

r

If condition (4.1) does not hold, there is a constant ¢y > 0 such that

/Bexp (o] ()7 ) dx > PP exp (t (fyp22 do(x)) P Vlog(1/r)). (4.4)

Consequently,
Dlog(1/r)+logco
~ (onx* o) Viog(1/r).

and, letting r — 0™, we obtain that & < D( [;,x* do(x)) ACu D(Py(B)Y/P=1) = oy 4
(cf. (2.11)). O

Remark 4.2. Alternatively, put ry = exp (— ([55x* dG(x))DI/DkD/), k € N. Then we can
rewrite (4.3) to the form

k if 0 < |x| <ry,
) ={ o |
([55x* do(x)k) log(1/|x]) ifre < |x| < 1.

Then ||V, ||pgm, =1 and, by (4.4), co > rPexp (OCkD/) =exp ((ot — (XD,A)le). Conse-
quently, since k € N might be an arbitrary number, ot < 0tp 4.

To prove Theorem 2.12 we use test functions from the proof of Lemma 4.1 and the
following analogue to [11, Lemma 1].

Lemma 4.3. Let @), D, be Young functions such that @ << @, and let 1(2) < oo. Suppose
that there exists a normed linear space W such that W — L2 (Q, ). Then the functional

I = [ @1(u()]) du) @3)
is bounded on bounded subsets of W.

Proof. The proof can be carried similarly to [11, proof of Lemma 1], however, for reader’s
convenience we present it here.

Since W < L®2(Q, ), there is a constant K > 0 so that ||u|¢, 04 < K]ullw for all
u € W. Assumption @; < @, implies that there is a nondecreasing function N : [0,00) —
[0,00) such that

®i(1) < ¢2(1;7> forall t > N(A).

Hence, for any u € W and A = ||u||w,

|u(x)]

(
KA

[ @) aut) < [ a(N@) du)+ [ @(50) dul) <p(@)@ (V) +1.

and the assertion is verified. O
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Proof of Theorem 2.12. We restrict ourselves only to the weighted case, that is, A; > 0 for
some i € {1,...,n}.

Statement (i). Since 0 € 2, B(0,R) C Q for some R > 0. We can assume that R = 1,
that is, B C Q (otherwise we use a scaling argument) and consider functions u,, r € (0,1),
from (4.3) extended by zero outside B. From the proof of Lemma 4.1 we have, with a fixed
K > OpA, that

IVity [p.om; =1 and 1im/exp(1<|u,(x)|D’)xAdx:oo, 4.6)
e r—04+ JB

Namely, it follows from the estimate

KD
—log

Op.A

/Bexp (K|ur(x)|D’)xA dx > rDexp( (r’l)) _ D, ~KDfaps

my(B)
Putting
@, (1) =exp(Kt?) -1,

we find that the functional J
T(u) = /Q @ (Ju(x)|) o dx

(cf. (4.5)) is unbounded on the unit ball in the space W = WO1 ’D(Q,mA). Since, by Re-
mark 3.5, @; ~ ® we have, due to Theorem 3.6, L1 (Q,m,) = L (Q,m,). From Lemma 4.3
we see that, if the space WO1 P (@, my) were embedded to some Orlicz space L¥ (2, my4) such
that LY (2,m,) G L®(Q,my), that is, & << ¥, then J should be bounded on the unit ball
in W, and it would lead to contradiction.

Statement (ii). The proof is analogous to that of [7, proof of Theorem 3.1], we are present-
ing it here for the reader’s convenience.

Putting v, = K'/?'u,, we obtain from (4.6) that

IV llpam =KYP and  lim [ (exp (|v,(x)]”) = 1) dx = oo.

r—0+ JB

It implies that the functional

Flw) = /B (exp (w(x)|”) = 1)x* dx
is unbounded on the bounded set
B ={weW,P(@,2); |Vwllp.am, <K'/P'}

of the Sobolev space WO1 D (Q,my). Thus, we can find a sequence of function {w 73721 such
that

F(wj)>j, jeN @7

Assume, that embedding (2.14) is compact. Then there exist a subsequence {w;, }x C {w;};
and a function w € L?(Q,my) such that

Hijf"VHCP,Q,mA —0 ask—>oo. (4.8)
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Hence, the function w belongs to E® (£, my) (the closure in L® (£, my) of the set of all mea-
surable functions bounded on Q). Since E ‘D(Q ,my) is a linear space (cf. [1, Lemma 8.15]),
2w € E®(Q,my) and

F(2w) < oo

Furthermore, (4.8) implies
F(2(wj, —w)) =0 ask—>oo
(cf. [1, paragraph 8.13]). Then, by convexity of &, we obtain

2(wj, —w)+2w
2

which contradicts (4.7). O

Flw) = F( ) < 3 (F@Owj —w) +F(2w)) <o

5 Proof of Theorem 2.13 on the concentrated compactness

Throughout this section let us assume that

(a) £ is a bounded domain in R",
(b) 0e€QifA;>0forsomeie{l,...,n}.

First observe that given a sequence {u }5_ | in Wy ™" (2,ma), [o | Vit (x)[Px4 dx < 1, we
can select a subsequence which satisfies conditions (2.17)

- Given a sequence {u }7>; in Wol’D(Q,mA), Jo |Vur(x)[Px4 dx < 1, it has a weakly con-
vergent subsequence in Wol "D(.Q7mA). It means (if the subsequence is denoted again
{ur}y_,) that there exists u € WO1 P (@, my) such that

w—u in Wy (Q,my). (5.1)

— Since the space W()I”D(Q,mA) is compactly embedded into LP(Q,m,) (see (2.16)) we
can select a subsequence of {uy}7>_,, again denoted as {u; };>_,, satisfying

up, —u ae.in Q. 5.2)

— Finally, by the duality C(Q), . (Q) (see Proposition 2.6), we can select another subse-
quence (denoted again {uy }7_,) such that the sequence | Vi (x) |Px4 is weakly*-convergent
to a Radon measure v in ///(Q), that is,

Vi (x)[Px* 2 v in.#(Q). (5.3)

To prove the Theorem 2.13 we need some preliminary work.

Lemma 5.1. Let {u};_, C W()I’D(Q,mA) be such that [ |Vur(x)|Px* dx < 1 and let con-
ditions (5.1)—(5.3) be satisfied. Assume that F,N C Q be two disjoint compact sets and
V(N) > 0. Then there exist constants 8 > 0 and C > 0 such that, for all k € N,

/Fexp((l—i—5)otD7A\uk(x)|D,)xAdx§C. (5.4)
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Proof. By (5.3), taking the test function ¢ = 1, we obtain
v(Q) <1 (5.5)

Set
n = dist(F,N). (5.6)

Since F, N are compact and disjoint, 7 > 0. Consider the set
Fp = {xeR"; dist(x,F) <n}
and take a function yy € C3'(R") such that
0<yp <1, yp=1 onFyy, Yyp=0 onR"\F,p.

Hence, using (5.3), (5.5) and the assumption v(N) > 0 we have

/ Vit (0)[P dx < / @IV @A T [ () dv()
F F Q Q

Izlm F%ﬂ
SV(@)*V(N)SI*V(N):ﬁ

on putting § = 1/(1—v(N))'/P > 0. Thus,
/|(1+3)vuk(x)\0x“dxg1, keN,
F

and, applying Theorem 2.7 with (1 + 6 )uy in place of u; and F in place of , we obtain (5.4).
O

We need some auxiliary results. Recall that (cf. [2, Definition 5.2.2]) a bounded set
F C L'(G) (G being a domain in R" such that |G| < o) is called equi-integrable, if given
€ > 0 there is § > 0 such that, for every set E C G, |G| < §, then sup,c 5 [ [f(x)[ dx < &.

Lemma 5.2 ([2, Lemma 5.2.5]). Let G be a domain in R" such that |G| < eo. Suppose that a
sequence { fi 7, is bounded in L' (G). Then the sequence {fi}7_, is equi-integrable if and
only if

lim sup/ |f(x)] dx = 0.
boreo keNJ{xeG: | fi(x)[>b}
We need a suitable version of the Vitali convergence theorem.

Lemma 5.3 ([2, Lemma 5.2.6]). Let G be a domain in R" such that |G| < oo. Suppose that
a sequence { fi}7_, is equi-integrable in L' (G) converges a.e. to some f € L'(G). Then

lim/Gfk(x)dx:/Gf(x)dx.

k—roo

Lemma 5.4. Let uy, k € N, and u be measurable functions such that u;, — u a.e. on . Let
there are positive constants , 6 and C such that

/Qexp((l+5)Oc|uk(x)|D/)xAdx§C forall k € N. 3.7

Then
giilgo'[(zexp(a\uk(x)|0,)x4dx:/Qexp(a\u(xNDl)xAdx. (5.8)
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Proof. For B > 0 and any k € N, condition (5.7) implies

D/
exp (o |u(x K dx
/{xen;\w)bﬁ} (i)

exp ((1+8) o ()|”) c
{(xeQ: l(x)[>B}  exp (8 ot |uy(x)[?") ~ exp (8 ap?)

Thus, the sequence {F%};_, of functions
Fi(x) = exp (ot (0)|P) ¥4, keN,

(bounded in L' ()) is, due to Lemma 5.2, equi-integrable in L' (). To complete the proof
of (5.8) we apply Lemma 5.3. O

Lemma 5.5. Let {u};_ C Wol’D(Q,mA) be such that [ |Vug(x)|Px* dx < 1 and let con-
ditions (5.1)—(5.3) be satisfied. Moreover, assume that if u = 0, then Vv is not a Dirac mass
concentrated at one point. Then there exist constants C > 0 and p > 1 such that (2.18) holds
forall k € N.

Proof. The assumption on v implies that there exists a compact set Ni C Q such that
0<Vv(N)) < V(Q) <1 (cf. (5.5)). Define the following subsets of Q:

G=Q\N, and G;={xe€Q;dist(x,N;) > 1}, 7>0.
By the regularity of the Radon measure v we have

lim v(G;) =v(G) =v(Q) —v(Ny) € (0,v(R)).

704

Thus, there is T > 0 such that
0 < v(Gar) < V(Gr) < v(RQ).

Observe that F| = G, is compact and F; "Ny = 0. Applying Lemma 5.1 with F = F; and
N = N; we find constants &; > 0 and C; > 0 such that, for all k € N,

/Fexp((1+5l)aD_A|uk(x)|D’)x*‘dxgc1. (5.9)
1
Put Ny =Gy and F = ﬁ\ G:. Obviously these sets are compact and disjoint. Moreover,

V(N2) > v(Gar) > 0.

Therefore we can apply Lemma 5.1 again, now with F = F, and N = N,, and find constants
&, > 0 and C, > 0 such that, for all k € N,

/Fexp((l+52)aDﬁA|uk(x)|D/)xAdx§C2. (5.10)

To complete the proof we use (5.9), (5.10) and the fact that F; UF, = Q to obtain (2.18)
with p=min{l1 +8;,1+ 6} and C =C; + C,. O
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Lemma 5.6. Let {u;}7 | C WOI‘D(.Q,mA) be such that [¢ |Vuy(x)|Px* dx < 1 Assume that
conditions (5.1),(5.2) with u = 0, and condition

|Vag ()P LSXO (where xg € Q) in M (Q) (5.11)

are satisfied. Then the following properties hold.

(i) Ifthere is a constant ¢ > 0 such that

lim | (exp (OcD,A|uk(x)\D/) fl)xAdx:c,

k— JOQ

then
(exp (0pa [up(x)[”) = 1) 2 ¢ 8y (x) in ().

(ii) The sequence { fi}72_, of functions

fix) = (exp(ap |ue(x)|”) = 1), keN,

is relatively compact with respect to the weak*-convergence in ./ () and the limits
of convergent subsequences belong to the set

{83 0< < (S—1)ma(Q)},

where

1 " /
S = Sl;p m /Q exp (OtD‘,A \u(x)\D ))54 dx (5.12)

through all u € Wol"D(.(LmA) satisfying [q |Vu(x)[Px* dx < 1.
Proof. Statement (i). At first observe that, for any n > 0,

i Py 1) dx=0. 5.13
fim [ (e (@alul”) 1) 19

To see this, take N = B(x,7/2) in Lemma 5.1 and find positive constants 6 and C such
that [q\ gy, ) €XP (14 8) atp.a lug(x)|P)x* dx < C. Then use Lemma 5.4 and the fact that
u, — 0a.e.on .

Thus, for any n > 0,

lim - (exp (opa lug(x)[”) = 1) dx = c. (5.14)

For an arbitrary test function y € C(2) and & > 0 find n) > 0 such that, for any x € Q,

4

< e (5.15)

x—xo| < = |y(x)—y(x0)l
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We obtain the following estimate

I = ’/_;)W(X) d(C5xo(x))_/QlI/(x)(exp (aD,A‘uk(x”D,) —l)xA d_x)
= ‘CW(xo)_/_Qll/(x)(exp(aD’Am(x)‘D’) 1) dx‘
S./.Q\B(xo.n)|W(x)|(exp(aD’A|uk(x)|D)—l)xAdx
+/B(x0’n) [w(x) — w(xo)| (exp (otpa [ug (x)[”) — 1)* dx

Flytolfe— [

(exp (OCDA’A |uk(x)|D/) — 1)XA dx‘ =S+ S+ .
B(xo,n)
For the estimate of the first term we use the fact that y is bounded on Q and (5.13) to find
k1 € N such that, for all k > k;, . < £/3. For the second term we use (5.14) to find k € N
such that, for all k > k5,

/ (exp (aD1A|uk(x)\D/) —l)x“dx§2c.
JB(xo,m)
Hence, by the estimate (5.15),

A= )~y (exp (@palu(o)”) ~ 1) de< e <

€
<— 2 —.
B(xo,n) ~ 6max{l,c} 3

Finally, by (5.14) we find k3 € N such that, for all &k > k3, %5 < % Thus, for all
k > max{ky,kz,k3}, & < S+ S + .93 < €, which completes the proof of the first state-
ment.

Statement (ii). The inequality 0 < ¢ < (S — 1)my () follows from Theorem 4.1, that is,
from the fact that the supremum S in (5.12) is finite. Since the sequence { fi };_, is bounded
in L'(Q), it is relatively compact with respect to the weak*-convergence in . (). Thus,
there exists a subsequence {fi,}, C {fi}7_, such that fi, = y in .#(Q). That means,
taking w = 1 on Q for the test function, that

by =c= Ilgg/g (exp (ap.a |uy, (x)‘D’) —1)x* dx
= lim [ () (exp (@ a g (1)) — 1)t d = /Q y(x) dy(x) =1(Q),

which completes the proof. O

Lemma 5.7. Let {ux};_, C W()I’D(Q,mA) be such that [o |V (x)|PxA dx < 1 Suppose that
conditions (5.1) and (5.2) hold and that u # 0. Then there exist constants C > 0 and 6 > 0
such that, for all k € N,

/fzexp((1+5)aD,A|uk(x)|D’)r‘dxgc. (5.16)

To prove the lemma we need the following result.
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Lemma 5.8. Let R > 0 and let {gx};_, be a sequence of non-increasing absolutely contin-
uous functions on the interval [0,R] such that gi(R) = 0. Set u(x) = gx(|x|) for x € B(0,R)
and k € N and suppose that [p g |Vuk(x) |PxA dx < 1, k € N. In addition, assume that (5.1)—
(5.3) hold. If, for any 6 >0,

lim exp ((1+5)(XD_A|Mk(x)|D/)/fAdX:oo7 (5.17)
k—o0 JB(0,R) '

then, for each r € (O,R),

klim uy =0 uniformly on B(0,R) \ B(0,r). (5.18)
—yo0
Proof. Observe that, for any r € (0,R),

lim |Vag (x)|Px* dx = 0. (5.19)
k—reo J B(0,R)\B(0,r)

Indeed, if it is not the case, then (possibly passing to a subsequence) we find € € (0,1)

and ro € (0,R) such that, for all k € N[5 )\ 5(0.19) |Vur (x)|Px4 dx > €. Thus, taking a test

function y € C(B(0,R)) such that 0 < y < 1 and y = 1 on B(0,R) \ B(0,ry), we obtain that
v(B(0,R)\ B(0,rg)) > 0.

However, by Lemma 5.1, it leads to a contradiction and so (5.19) holds.
To prove (5.18) we use the fact that the functions uy, k € N, are radially non-increasing.
Therefore, if x € B(0,R) \ B(0,rp), then r < |x| < R, and so

0 <u(x) = gr(|x]) < gr(r), keN.

Thus, it is enough to show that
lim g (r) — 0. (5.20)

k—yoo

Since the functions g, k € N, are absolutely continuous and satisfy gx(R) = 0, we have
ge(r)=— er g}.(¢) dr. Then, using the Hélder inequality (cf. also (4.2)) and (5.19), we obtain

® o) 5 R /D, (R /D
0< ()= [ lel) s < ([Tl ([t ar)
' -b 1/D
— (log B)'/P /xﬂd / Vi @PA )" 50 whenk— oo
(10g )" ([ o) “( [ L VP a) when

which verifies (5.20). O

Further we use a result of Cabré and Ros-Oton [4, Proposition 4.2] which is a direct con-
sequence of their isoperimetric inequality ([4, inequality (1.7)]) and a result of Talenti [24].
The following proposition is also mentioned in [12, Lemma 2.1].

Lemma 5.9. Let u be a Lipschitz continuous function in R" such that
ma ({x € R"; |u(x)| > t}) < oo for every t > 0. Then there exists a radial rearrangement
u® of u such that

(i) u* is nonnegative and radially decreasing;
(i) ma({x €R"; [u(x)| > 1}) = my ({x €R"; u*(x) > 1}) forallt > 0;
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(iii) for every Young function ®
/ <15(|Vu*(x)\)x4dx§/ & (|Vu(x)] )2 do;
Rn Rn
(iv) if ¥ : (0,00) — (0,00) is a nondecreasing and measurable function, then

/ W (u* (1)) d = / W (Ju(x)]) o d.
R" Rr
This symmetrization we use for proving Lemma 5.7.

Proof of Lemma 5.7. We show (5.16) by contradiction. If it is not the case, using density
of C3(£2) in Wol"D(.Q7mA), we can find a sequence of functions vx € C3'(£2), k € N, such
that

/\Vvk(x)|D)cAdx§17 vkéuinWOl‘D(_Q,mA)
Q

and
klim/ exp ((1+8)apa |vk(x)|D’)x“ dx = forevery § > 0. (5.21)
— JQ

By Lemma 5.9 we obtain (possibly passing to a subsequence) that
/ VX @PAdr <1 and vX = u* in WP (B(O,R),my),
B(0,R)
moreover,

v,;k —u* inLP(B(0,R),my) and u* #0.
Further, by Lemma 5.9 (iv),

lim exp ((l +5) OZDAAVZ((X)D/))(de:oo for every 6 > 0.
k—+e0 JB(0.R)

Applying Lemma 5.8 to the sequence {v,f }:: | (possibly passing to a subsequence) we find
that, for each r € (0, R),

Jim vX =0 uniformly on B(0,R)\ B(0, 7).
—yo0
However, it contradicts to u* #0. O

Proof of Theorem 2.13. Statement (i). It follows from Lemma 5.6.

Statement (ii). The assertion directly follows from Lemma 5.5.

Statement (iii). It is a consequence of Lemma 5.7.

The assertion (2.19) then follows, due to (5.2), by Lemma 5.4. O

6 Epilogue

Comparison with a result of Lam We want to point out that our Theorem 2.7 is slightly
different from the result of Lam [12, Theorem 1.1]. The main difference is that Lam consid-
ers the domain

QF = {(X1,~-~,xn) €Q;x;>0 whenever A; > 0}
instead of Q. Consequently, his optimal constant 0613 4 18 different from our op 4. Namely,
ap =2 P Doy 4,

where k is the number of strictly positive entries of A = (Ay,...,A,). It is not difficult to
derive all the corresponding results for the setting of Lam.
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Existence of an extremal function Let us mention an interesting question about the exis-
tence of an extremal function in (2.12) with & = op 4. That means, we are interested if there

exists a function from the Sobolev space Wo1 ’D(.Q ,my) for which the supremum

/Q exp (0tp.alu(x) [P )x* dx

sup
[Vullp.gm, <1 A ()

is attained. The answer is positive for the classical case A; = --- = A, =0, D = n. The first
result in this direction is due to L. Carleson and A. Chang [5], who proved the existence of
an extremal function when Q is a ball in R”. It was extended to arbitrary bounded domain
Q in R? by M. Flutcher in [9] and to arbitrary bounded domain 2 in R” by K. Lin in [13].
More information can be found also in the papers [14] and [22]. To keep this paper read-
able we decided to include our results concerning this topic in our forthcoming papers. At
this moment we are not aware of any results in the case when at least one of the numbers
Ay,...,A, is nonzero.
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